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In this paper the chaotic behaviour in nonlinear electric circuits is discussed,
and as a modification of

the L-RIDiode nonlinear system, the chaotic behaviour in R-L-ferroelectric system is analyzed.

il. Introductlon

Nonlinear dynamics have been a concern of many

theoretical and experimental scientfic researchers in re･

cent years･ト10) There are many nonlinear phenomena

observed in the electrical circuits. They are known to

be the dynamical systems named chaos and the bifllrCa-

tion phenomena. It is also reconfirmed by extensive

computer simulation of the mathematicalmodel; the 31rd

order autonomous ordinary difLerentialequation.

Matsumoto et al･3-9) reported the nonlinear 5-ele-

ments electrical circuit system. Despite the simplicity of

the circuit, it shows the great variety of the bifurcation

phenomena. By
chan由ng the capacitance values, many

phenomena主ncluding Hoph bifurcation, periodic-double

cascade,
Rossler's spiral-type and screw-type attractors,

boundary crisis, Sbilnikov-type phenomana, etc, have

been observed. These systems are now very important

for the basis of the chaos-type mural computer･10)

In the ferroelectric or piezoelectric crystal, these

nonlinear dynamics have been investigated by 血any

researchers.11･12) D. ∫. Jefferies has been reported the

periodic multiplication and chaotic behaviour in the

Rochelle salt crystal. The pleZOelectric active vibration-

al resonances were tuned over a 2:1 range by an applied

voltage.ll) At highdriving amplitudes, subharmonics of

the driving frequency occur, accompanied by regions of

chaotic behaviour. Huang and Kin observed the charac-

teristics of the nonlinear response of a driven KH2PO4

crystals at temperature near the ferroelectric

transition.
12)

This paper reports the review of the chaotic be-

haviour in electric circuits. In i2, the results of the cal･

culation of the chaotic behaviour for the nonlinear effects
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of the iterated system･ The nonlinear dynamics in elec-

tric circuitsare discussed in $3 and $4. In §5, the

chaotic behaviour in ferroelectrics is described.

$2. Chaotlc Bohavlour of the lterated System

Tbere are many mathematical models of chaotic

bifurcations. The example is the iterated eqution of

forms such as

xn+1-4Åxn (1-xn) (1)

It shows onset tbresbfolds in for noD-COnVergent be-

haviour and quiet bands where the period can be multi-

plied by an integer number･ The figure 1 shows the be･

haviour of the bifurcation as the function of A.

For the double chaotic model for two variables is

glVen by

入

Flg. - Bifurcation diagram oftbe eq･ (1)･
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xn+1
-yn+0.008 (1

-0.05yn2)yn+I (xn)

yn- -xn+I(xn+1)

/(∫)-〝∬+2(1- 〟)∬2/(1+∬2). (2)

Thereare many interesting cases for various values of

〟. Tbeplotfor /1ニー0.Sand /`=0.9areshowninfi･

gure2 (a) and (b).
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F19. 2 2-Dmapofeq･(2)･ (a) fL--0･8･ (b) FL=

0.9.

i3. Tho Doublo ScroH Blfurcatlon

T. Matsumoto et al. reported the double scroll

bifurcation system observed in the electrical circuit.

They used a simple circuit as shown in Fig. 3. They

observed the extremely complicated non-periodic

wave forms. The v-i characteristic of the nonlinear reg-

ister R is described by

cl (dVcl/dt)-G (Vc2- Vcl)-g (Vc1)

c2 (dV,2/dt)-G (Vcl- Vc2)
+iL

L (diL/dt)=-Vc2 (3)

where the function
ど__(∫)

is given by figure 3(b), and C

is the conductance chosen as the bifurcation parameter.

The numerical simulation of the bifurcation phe-

nomena observed
from the physicalcircuit Figure 3.

Equilibria of eq. (3)aregiven by

G(Vc2-VEl) -g(Vc1) -0

u

0 V

(b)

Flg. 3 Simple uncoupled circuit with chaotic attrac-

tors; (a) circuitry, (b) 〟-i characteristic of

tbe non-linear register.

G(Vcl-Vc2) +iL-0

vc2-0 (4)

Therefore for fixed values of C, these are three

equilibria:

P+:Vcl-k, Vc2-0, iL=-Gk

0 :Vcl-Vc2-iL-0

P-:Vc1--k, Vc2-0, iL-Gk (5)

where k and -hare the positive and negative solutions

of

GVc1+g(V,1) -0. (6)

Many bifurcation were derived from various parameter

values of c1, Such as Hopf bifurcation, Periodic doubling,

etc. The result for the case of Hopf bifurcation is shown

in figure 4.
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ーベi8.vcl

lL

Flg. 4 Periodic orbits onthe (iL,.Vcl)-plane･

R L

(c)

FIg. 5 Driven R-L-Diode circuit; (a) circuitry, (b)

equivalent circuit, and (e) simplified capaci･

tor characteristic.
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i4. The driven F7-L-Dlode circult

The bifurcation in a driven R-L-Diode circuit was

discussed by Tanaka et all
9)･ The

used
driven circuit

is shown in figure 5. Despite of its simplicity, the cir-

cuit e血ibits a rich variety of interesting bifurcation

phenomena. The diode is replaced by a parallel conec-

tion of a nonlinear registor and a capacitor glVen by fi-

gure 5(b). The relation V vs. q is rather complicated,

therefore the nonlinear capacitor is replaced with the

piecewise capacitor given by figure 5 (c). For the

simplicity, the sinusoidal electric field was replaced by

a square wave voltage source of the period
T- 1//･

Then the dynamics of the circuit is described by

dq/dt-i

L (di/dt)--Ri-

-Eo

i

q/cl ifq>-0

q/C2
if

q<0

+E
iEnT<E<(n+1)T

-Eif (n+1/2)T<t<(～+1) T

(7)

where q is the charge stored in the capacitor, i is the

∫

I

･.;::',/

/

u

iZ5
iZ!

[['/EI]
Pl ′
HLl

㌔＼
-=sr.I.,i
i

q

＼

(b)

Flg. 6 Projectedorbitson (q, i) -plane;

(a) o<t<1/2, (b) 1/2<t<1･
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current of the circuit, R is the registor,
L is the induct-

ance and Cl (C2) is the capacitance of the capacitor.

Tanaka et al. analysed the circuit of figure 5 driven

by sinusoidal voltage source. They observed the

bifurcation tree which represents a one-dimensional

Poincare section taken at each fundamental period, T=

1// of the sinusoidal source.

The results are easily simulated by the 2-D map

wbicb mimics the point transformation. They plotted the

〟 vs. i curves as shown in figure 6. On the trajectory,

which passes throughthe origin, a trapezoid A at t-0

is deformed along the flow as t increases.

A simple 2-D map model was proposed to describe

the point transformation, and to exhibits the same

bifurcation phenomena as those observed experimentally

from the circuit in figure 5. The bifurcation phenomena

was described by

x.+1=yn-1

yn+I =bx"

+alX. ifxn>0

-a狐ifxn<0

(8)

For the R-LIDiode circuit, Tanaka et al. showed the

one-parameter bifurcation diagram of x with al-0.7,
b

ニー0.13 and a2 is varied over range O<a2<20. (Fig.

7)

0 o2 20

Fig. 7 0ne-parameter bifurcation diagram of x for the

2-D map model.

i 5. Blfurcatlon Response h Ferroelectrlcs

Huang and Kin showed a real-time display a

periodic doubli-ng response observed in KDP･ 12)
when

the frequency was used as a bifurcation parameter, they

observed a complete periodic-doubling sequence to

cbaos. Jeffries showed the result observed in Rocbelle

salt.
ll)

In this paper we report its simulation of the non-

1inear beba▼iour effects in ferroelectrics. The circuit

Fig. 8 Driven R-L-Ferroelectric
crystal(C) circuit.

used for the computer simulation is shown in fi卯re 8,

which is quite same as Fig･ 5･ The_Gil)bs free energy

appropriate for the second order phase transition in fen

roelectric crystal is

G- (1/2)qp2+ (1/4)Pp4 (9)

Itgives the electric field E-dG/dP as function of the

polarization P;

E- qP+ βp3. oo)

The dynamics is described by

I.ld-ll-●l.------■■-

ーー●--.～

....-..--.-.l''一●`一●.__.___ー_.L

Ih:i;I-I---一一---

_..__---------ーー~､､､~ー

ぜ≦ー+:～

-.I

ーー-こニ==ニー-ノI--I--,.-----.-_._..--.一/-､＼-ー-.-.--～_I

~
●
-
-
.
-
-
～
.
.
_
_

I.■■--ー-_■●-_.■l..,r

(b)

円g. 9 Periodicorbitsonthe (q, i) -plane; (a) a

ニー0.0001, b--0.9845,.c-0.1, (b) a--

0.102, b-10.9845, c-0.2.

(a) period-two
signal, (b) period-three signal.
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dq/dt-i

Ldi/dt- V-VR- Vc

where Vc-aq+bq3･

(ll)

Tberefore we get the differential equation corres･

pond to eq.(ll)as

dq/dt-i

di/dt- -ai -bq3+c (1珍

From the equation we get the flow (q-i
curve), which

is shown in figure 9. For the system shown in Fig. 9,

we get the multiplication oE the frequency voltage

imposed. The result calculated from eq. (12)areshown

in Fig･ 10･ The 3-rd harmonic oscilation of the frequency

is found･ The detailed analysis is now on progress.

(b)

円g. -0 Multiplication characteristic of the circuit

shown in Fig. 8 (a)period-twosignal,

(ち)period･tbreesignal･

163

References

1) L. 0. Chua;IEEETrans. CAS27 (1980) 1059･

2) 氏. W. RollinsandE. R. Hunt;Pbys. Rev･ Lett･

49 (1982) 1295.

3) T. Matsumoto, L. 0. ChuaandS. Tanaka;Phys･

Rev. A30 (1984) 1155.

4) T. Matsumoto, L. 0. Chua and M. Komuro;

IEEE Trams. CAS 32 (1985) 797.

5) J. M. Perez;Phys. Rev. A32 (1985) 2513.

6) L. 0. Chua, M. Komuro
and

T. Matsumoto;

IEEE Trams. CAS 33 (1986) 1073.

7) T. Matsumoto, L. 0. Chua and M. Komuro; Cir-

cuitTheory and Appl. 14 (1986) 117.

8) T. Matsumoto, L. 0. ChuaandM. Komuro;Phy-

sica 24D (1987) 97.

9) s. Tanaka, T. Matsumotoand L. 0. Chua;phy-

sica 28D (1987) 317.

10) K. L. Babcock and R. M. WesterveLt ; Physica

28D (1987) 305.

ll) D. J. Jefferies;Phys. Lett. 90A (1982) 316.

12)J. Y. HuangandJ. J. Kin:Phys. Rev. B34 (1986)

8122.


