
名古屋工業大学学報 第38巻(1986)

Fundamental tnequalities on Higher Order

Metrics in Severa一 Comp一ex Variables

93

:コi

[コ

Shozo MATSUURA

Department of Mathematics

(Received September 4, 1986)

By making use of the Bergman kernel K. H. Look gave a useful fundamental theorem with respect to the

estimation of lauf(i) J for any bounded holomorphic mapping Ion a bounded domain in Cn･

Tbe main object of this paper
is to generalize and sharpen the fundamental theorem of Look [8] and the

theorem of Habn-Burbea [2]with respect to some higher order metrics on a bounded domain･ As applications,

the Cauchy type estimation formulas in the L2-bounded class on a bounded domain
and the generalized

Schwarz-Pick type lemma between a bounded homogeneous domain and a
bounded (or bounded homogeneous)

domain are given.

As an example the best possible inequality with the generalized
Schwarz constant between the Bergman

metrics of the classical Cartan domain of the first type Mz(れ×n)inCmn and the unit ball in CA isgiven.

The main tools are the L{minimum problem and the properties of the Bergman kernel and the

Carath吾odory metric.

1. L2-minimum prob一em, higher order metrics.

Throughout this paper let D=Dn be a bounded

domain in Cn. Hol(D, Gh) (resp.
hHol(D))

denotes

the class of bolomorphic mapplngS Of 刀 into another

bounded domain Gh in Ch (resp. the class of k-tuple

holomorphic column vector functions in D). Further

let
hL,(D)

be the class (f∈hHol(D)I(i I)D<-〉,

where

(ff)D- llflLD2-/Dlf(a)l2-i-♂/Df(I)f･(I)uz･
Hereafter wz, 6 and 'denote the Euclidean volume

element, the trace symbol and the adjoint symbol,

respectively.

AHol(D
: R) (resp.AL2(D

: R)) denotes a bound-

ed class (f∈hHol(D)l lfl≦R〉 (resp. 〈g∈hL2(D)

=gllD≦Ri).

For ∂/∂z-(∂/∂zl, ･･, ∂/∂zn)(I-i(zl, -, Zn)∈

D) andu-i(ul,.･, un)⊂Cn-(0) set ∂z,j･-(aux- ×

∂u)･- 〈(∂/∂zx-×∂/∂z)･〉(ux-×u)(j-times

kronecker product), then we may consider bounded

linear functional vectors

(1. 1) LJ(mu…LJ(,),帥-(∂ujl, -, ∂uj')a=t,

I(r)-(jl, -, j,),0≦jl<j2<･･<j, (r≧1).

Let ¢(2)-t(¢1(I), d2(I), -)
be a complete

ortbonomal system iⅢ刀, then we have the Bergman

kernel KD(I, i)-¢'(i)¢(I) for (a, i)∈DxD and

the Bergman tensor

TD(I,i) - a2logKD(I,i)/az'az,

a/az'- (a/az)'.

Lemma 1. 1. Let
A^p(佃(D)

be the L{mini-

mum Value for the chzss (g∈.L2(D)LLJ(,)tug-(Pl,

-, P,)…P(r)〉, then we have

(1.2)
hlp(佃(D)
-q (P(r)(LJ(佃暮LJ(佃KD)~1P'(r)〉,

u)hey7e KD≡KD(a, E)-¢暮(E)¢(I) denotes the Bey:g-

man kemel and LJ(,"u'LJ(,)tuKD
- (LJ(.)tu≠)I(LJ(,)tu≠)

(see dehu'Ls in [11]).

Definition 1. 1. For aboundeddomain D we can

define the m-th order metrics (m≧1) :

(1. 3) kC-D,m(i, u)-Sup〈l∂umf(i)llf∈hHol

(D:1)),
.A

(1. 4) hSD,m(i, u)-hSD,m(i, u)KD-I/2(i,
i)

-sup〈I∂umg(i)lKD~1/2(i, i)lg
∈AL2

(D :1)),

the (k, m)-Carath6odory-Reiffen metric

(1.5.)
hCD,m(i, u)

-sup(l∂umf(i)Ilf∈hHolmtu(D
: 1)〉

(cf.[2])and the (k, m)-Bergman metric

(1.6)
hSD.m(i,u)

-sup〈I∂umg(i)IKDll/2(i, i)lg∈hL2
‥ mtu

(D:1))

(cf.[2]),where for Lmtu- (1,∂zL,･I, ∂um-1)z=t
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(1.7)
hHolれtu(D: 1)

- 〈f∈hHol(D : 1)FLmtuf-(0, -, 0))

and

(1.8)
hL2:mtzL(D: 1)

- 〈g∈hL,(D : i)lLmtug-(0, ･･, 0)).

Lemma l･ 21 For each m(≧1) hCD.m(I, u), hSD.m

(I, u), hCD.m(I, u) and hSD,m(I, u) coincide with

them for k - 1, yleSPectively.

1CD.1(I, u) and lSD,1(a, u) coincide with
the

usual Cayathe'odory and Bergman metn'cs (u)e denote

them as CD(I, u) and SD(I, u)), YleSPectively.

Py100j: The similar procedure as in [4]for m-1

enables us to prove this lemma. Therefore we have

only to treat the case of hCD.m.

Suppose that fl∈1Holmtu(D : 1), thenf-i(fl, 0,

-, 0) belongs to
hHolmtu(D

: 1) with l∂umf(i)I-

I∂um^(i)J.Thisgives
hCD,m(i, u)≧1CD,,n(i, u).

On

the other hand set j;-z,I for any I-i(A, ･･, fh)E

hHolntu(D
: 1) and v-(vl,

-,

Uh)∈Chwith lL,I-1,

then we havefl∈lHolmtu(D : 1). Therefore we have

lCD,m(i, u)≧sup〈l∂um^(i)llfl∈lHolmtu(D.･ 1)〉

-sup〈lvaumf(i)∫I
f∈hHolmtu(D : 1), y∈CA(lvI-1)〉

≧s芋ps?plvaumf(i) l-supl ∂umf(i)f-ACD･m(t･ u)･
This completes the proof. (See also Lemma 1. 3.)

Lemma 1. 3. For each m(≧1) and k(≧1) we

have

( 1. 9) hSD,m2(i, u)-JD,m(i, u)/KD(i, i)JD,m_1

(i,u)

and

(1.10) hSD,m2(i, u)-hSD,m2(i, u)/KD(i, i)

-∂u'm∂umKD(i, i)/KD(i, i),

where JD.,(i, u) -det(L(,.1)tu'L(,.1),UKD) for Lv.1),u

-(1, ∂zL,
-, aZ,r)Bit.

Py100f Using Lemma 1. 1 forg∈hL2
‥mtu(D

: 1)

we have

l≧(g, g)D≧h^p(m.1)tu(D)
- l∂umg(i) l2JD,m_1(i,u)/JD,m(i, u),

where P(m+1) -L(m.1)tug- (0,
･
･, 0, aumg.(i)). They,e-

fore we have

J∂umg(i) l2/KD(i, i)

≦JD,れ(i,u)/KD(i, i)JD.m_1(i, u).
The normal family argument on

kL2:m,u(D
: 1)

shows that the supremum of the left band side of the

above inequality for each (i,u) is attained by some go

∈hL2
:mtu(D.･ 1)

(see [1],[2]). The extremal fun°-

tion g. 1S unique uP tO unitary transformations by a

Hilbertspace argument. Nowwehave ( 1. 9). ( 1.

10) is similarly obtained by Lemma 1. 1.

Theorem 1. 1. For each m(≧1) and arbity7a7y

Positive intege7S k and r we have

(1.ll)
hCD,m(i, u)<,SD,m(i, u)

(cf. [2],[4],[6]) and

(1.12)
heD,m(i, u)<voll′2(D),SD,m(i,u),

tED, uECn-(0).

Py100f By Lemma 1. 2 it is sufficient to prove this

theorem for A-r-1. (i.ll) has been proved for

k-r-1 by Burbea [2].

Set F(I)-vol-I/2(D)f(I) for fEIHol(D : 1),

then we have

l≧(F, F)D≧ l∂umf(i)l2(vol(D)lS^D,m2(i,u))-1
from (1.2),i.e.,

1CD,n2(i, u)≦vol(D).SD,m2(i, u).

If the equality of this holds for some (i, u) and I.E

IHol(D
: 1), then we have (F., F.)D-1 for F.-

vol~1′2(D)fo(I), i･ e･･ /D(111fo(I)l2)-I-0･which

shows lf.(I)F-i in D. By the maximum principle we

have i.(I)-constant in D. This is a contradiction.

(1.ll) and (1.12) give us various estimations of

higher order differentials of f∈hHol(D : R) or
hL2

(D : R) in terms of the Bergman kernel.

Remark 1. 1.

(1)
hCD,m and ASD.m

are biholomorphically

invariant [2] but
heD,釈,kS-D,m

and hSD,m
are not SO.

(2) From Definition 1. 1 we have

(1.13)
kCD,m(i, u)≦hCD,m(i, u)

and

(1.14)
hSD,m2(i, u)≦ASD,m2(i, u)

-hSD,m2(i, u)/KD(i, i)

since for R-ASD,m2(i, u)- ∂u●粥∂umKD(i,i) we have

JD.m(i, u) -det (pQ･RQ)-JD,の_1(i, u)(a-Q'P-IQ)
≧JD,m_.(i, u)R

ill(1.9),

where P is a positive Hermitian matrix.

In particular, if D is a bounded complete circular

domain with center at 0, say a classical domain, then

we have

(1.15) hSD,m(0, u)-hSD,m(0, u)

-voll′2(D)hSD,m(0,u),



名古屋工業大学学報 第38巻(1986) 95

■~

I

[コ

>

u∈Cn-〈0) , since ∂z,'z'∂z,jKD(0,0)-0 (i≠j) and

KD(0, 0)-VOI-1(D) hold (see [10]).

(3 ) From Definitionl. 1
hCD,m, heD,m and.SAD.m

have the antimonotonicities, say

(1.16) hCG,m(i, u)≦ACD.m(i, u),

t∈D⊂G⊂⊂Cn (cf. [3]).

(4) FromDefinition 1. 1 (1. 5) ACD.nhasthe

decreasing property :

(1.17) hCM,m(I(i), ∂uf(i))≦ACD,m(i, u),

fEHol(D, M) (cf. [3]).

( 5 ) We easily have biholomorpbic invariances :

(1.18) Ilヴ=lASD,,12(i,u)

-JD.N(i, u)/KDN(i, i), N≧1.

2. Cauchy type estimation formulas.

Lemma 2. 1. LetB…&(0, r) bea ballofnzdius

r with center at 0, then we have

(2 ･ 1) hSB･m2(t･ u)-(mm'n)(m!)2(n･1)-m･
･hSB,12m(i, u),

(2. 2) ACE,m(i, u)-m!.CB,1m(i, u)

and a geneylalization of Gyiaham [3,Proposition l] :

(2 ･ 3) ASB.m2(i, u)-(mm'n)hCB.m2(t･
u)･

t∈B, u∈Cn-(0). Zn particuhzr u)e have

(2. 4) hCB.m(0, u)-heB,m(0, u)-m!(lul/r)m

<.SB,m(0, u)-ASB,m(0, u)-voll/2(B)･

･AS^B.m(0, u)-(mm'n)1′2m!(lul/r)m･
Py100f By direct calculations and (1.15) we

have

(2. 5) hSB,m2(0, u)-hSB,m2(0, u)

- ∂zL'm∂umKB(0, 0)/KB(0, 0)

-(mm'n)(-I)2(l
uE/r)2m

-(mm!n)
(m!)2(n+1)~mASB,12m(0, y)

since hSB,12(0, u)-lSB,12(0, u)-(n+i)(1ul/r)2.
From the biholomorphic invariancies of hSB,m(i, u)

(m≧1)wehave (2. 1).

For f.(I)-(u'z)m/(rlul)m we have I.∈1Holmtu

(B : 1) with ∂umf.(0)-m!(luI/r)m. Therefore from

(1.13) webave

keB.m2(0,u)≧hCB,m2(0,u)≧
I∂umf.(0) l2

-(m!)2(Fu./r)2m.

On the other hand set F(s)-I(us/lul) (SEC) for

anyf
∈
hHol
(B : 1), thenwehaveF(m)(0) -

m!

(27ti)ll/.s.r-i F(s)s-(m'1)ds, 0<e<r, and thus

IF(m)(0)l- I∂umf(0) I/lul桝≦m!/(r-e)m. Therefore

we have

(2.6)
.CB,m(0, u)-ACE,m(0, u)

-m!(lul/r)m-m!ACB,lm(0, a).

Noting the biholomorphic invariancies of hCB,m(m
≧

1)wehave(2.2). From(2.5)and(2.6)we

have(2.3). (2.4)isclearfrom(2.5),(2.6),

(1.ll) and KB(0, 0)-vol-I(B).

Theorem 2. 1. At any tED with r-dist(i, aD)

we have

( 1 ) the geneyalized Ckuchy's estimation for-

muhLS for a bounded maMingf∈.Hot(D
: R) :

(2. 7) l∂umf(i)l≦R(m!)(lul/r)nf,

u∈Cn-〈0), m≧0[5], and

( 2 ) the generalized αuchy妙e estilMtion for-

mukts for a L{bounded mapping g∈AL2(D : R) :

(2. 8) l∂u桝g(i)I≦R((m+n)./m!/♂)1/2lulm/

r桝n, u∈Cn-(0) , m≧1.

Proof. Since from (1.16), (2.2) and (2.4)

we have

.eD,釈(i,u)≦heB(ち,),,A(i,u)

-hCB(W.m(i, u)-m!(lul/r)m

andthus (2. 7), whereB(i, r)-Bn(i, r) denotesthe

maximumball in D with center at tED. From the

antimonotonicity of.SD.n,(i, u) (see
Remark 1. 1

(3)) and (2.4) webave

I∂umg(i) l2≦R㌔SD,m2(i,u)≦R㌔S^B(&n,m2(i, u)

-R2KB(W(i, i)hSB(W.m2(i, u)

-(mm'n)vol-1(B(i,
r))R2(m!)2(l uI/r)2m

for g∈hL2(D : R), where vol(B(i, r))-7rnr2n/n!.

Lemma 2. 2. For anyfEF=(fEAHol(D : R)

lLmtuf-(E, 0, -, 0)) (E-I(i)) u)e have

(2. 9) E∂umf(i)l2≦(R2-If(i)l2)ASD,m2(i,u),

t∈D, u∈Cn-〈0) , where the equality holds IHf(I)-

E (conshmt vector withfEl-R) in D.

Pyvof. From the reproducing property of the

BergmaIl kemel we have

o≦/Dl(I(I)-E)KD(I,i)[2uz

-/D(lf(I)l2-ほl2)lKD(z･
i)l2句z
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≦(R2-ほl2)KD(i, i)…L2, f∈F.

Therefore F(I)-U(I)-E)KD(I, i) U∈F) belongs

to
hL2 'mtu(D

: L)with P(m+1)-Lm.I)tuF-(1, ∂u,

･･, ∂um)5_tF-(0, -, 0, ∂umf(i)KD(i, i)). Henceby

Lemma 1. 1 we have

L2-(R211EF2)KD(i, i)≧(F, F)D≧h^p(m."u(D)

- l∂umf(i)l2KD(i,i)/ASD,m2(i, u),

whichgives (2. 9).

Ifthe equality of ( 2. 9 ) holdsforj.∈F, thenwe

have (R2-l引2)KD(i, i)-(F･ F)D, i･ e･･ /D(R2-Ffo(I)
r2)lKD(I, i)l2GOz-0. Therefore we have lf.(I)1-R

a･e･inDwith lf.(i)l-lEJ-R. Seth(I)-E'f.(a)/R,

then we have h(i)∈1Hol(D : R) with h(i)-R. By

the maximum prlI-Ciple of holomorphic functioIIS in

D⊂Cn we have h(I)-constant, i. e., E'fo(I)-R2 in

刀. Hence we have

lfo(I)-El2-U.(I)-E)●U.(I)-E)

- flo(I)l2-2Re(E'f.(I))+ほl2

-R212R2+R2-0, ZED,

whichgivesf.(a)-E (ほl-R) in D. Converse istrue.

(2. 9) includesTheorem 1. 1 (1.ll).

Theorem 2. 2. Let D=Dn be a bounded domain

in Cn and H…HA be a bounded homogeneous domain

in Ch･ Let BA(c, Rc) be the least ball conhu'ning Hh

with center ai an arbitr;a7y Point c∈Ch and JL(α,H)

be the lnLaXimum chayacteyistic value of the Bergmn

tensor TH(α, α). SufQose that I belongs to Hol(D,

H) and a is an aylbitra7y point in H, then we have a

geney7alization of the Schu)ayz-Pick 妙elem狩∽ Of

Look [8] :

(2.10) SHU(i), ∂J(i))≦K.(H)SD(i, u),

t∈D, u∈Cn-(0) , whe71e

Ko2(H)-inf〈JL(α, H)(Rc2-Iα-c12)l α∈H, c∈

Ch) .

P7100f Iff belongsto Hol(D, Bh(c, Rc))with L2tu

i-U(i), ∂uf(i)), then we have

(2.ll) l∂uf(i)F2≦(&2-Ff(i)一CI2)hSD2(i,u).
Indeed, for g∈Hol(D, BA(c, Rc)) with L(,n.I)tu

g-(g(i), 0,
-, 0, aumg(i)) wehave, from (2. 9),

l∂umg(i) l2≦(&2- lg(i)-cl2)hS.D,,n2(i,u), t∈D.

Set m-1, then we have (2.ll).

Now, forf∈Hol(D, H)⊂Hol(D, BA(c, Rc)) with

I(i)-E, set F-hEOf with F(i)-α∈H, where hE is

a transitive mapping of H with hE(E)-α, then we

have F∈Hol(D, H)⊂Hol(D, B.(c, Rb)) (c∈CA),

L2tuF- (1,∂u)z=tF- (α, (dhE(E)/du))∂uf(i)) and

lF(I)-cI≦Rc for z∈D. Therefore from ( l.ll) we

have

F(dhE(E)/du))∂uf(i) I2≦(Rc2-EF(i)-cl2)hSD2(i,u),

F(i)-α. On the other hand, since

TH(E, E)-(dhE(E)/dw)'TH(α, α)(dh∈(E)/dw)

≦JL(α,H)(dhE(E)/du))I(dhE(E)/dw)

holds, then we have ( 2.10) by making use of

SH2(/(i), ∂uf(i))-(auf(i))'TH(E, E)∂uf(i),

E-f(i), and Lemma 1. 2.

Remark 21 1. Let Bh(y, Rγ) be the least ball

containing H, then we have

Ko2(H)-inf〈JL(α, H)(Rc2-1α-cl2)1 α∈H, c∈

Ch)

≦inf(FL(α,H)Rγ2I α∈H)-K2(H)

since R,2- lα-γl2≦Rγ2holds･ Therefore K.(H) is

a
sharper bound than K(H)given by Look [8],

because R,2-lα-γl2<R,2 holds when γ≠H･

3. Genera一ized Schwarz constants.

Let H ≡ Hn be a bounded homogeneous domain in

Cn, then from Theorem 2. 2 there exists a least

positive constant K(H) depending only on H such

that

(3. 1) SHU(2), ∂uf(I))≦K(H)SH(a, u),

z∈H, u∈Cn-(0) ,
holds for any f∈Hol(H, H),

where SH denotes the Bergman metric of H. K(H)

is called the Schwarz constant of H and is biholomor-

pbically invariant. K. H. Look [8] has given the

Schwarz constants of the classical domains.

Now we shall treat the generalized Scbwarz

-Pick
lemmas between arbitrary two sorts of bound-

ed homogeneous domains which are not necessarily

bibolomorphically equivalent each other.

Theorem 3. 1, Let H≡Hn⊂Cn and H'…HI⊂

CA be arbit71ary bounded homogeneous domains, then

u)e have the geneydized Schu)ayzIPick lemma

(3. 2) SH･U(I), ∂uf(I))≦K(H,H′)SH(I, u),

z∈H, u∈Cn-(0) , wheyle

(3. 3) K2(H, H')-inf〈R2(p, H')JL(A H')･

･(r2(a,H)zJ(a,H))-1I aEH, PEH').

Heyle
JL(a, D) (resP. zJ(a, D)) denotes the maximum

(71eSP.minimum) chwactm'stic value of the Bey:gmn

tensor TD(a, a) for a bounded domain D and R(a,

D) (,坤. r(a, D)) denotes the 71adius of the circum-
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spheyle (resZ).insm'bed spheyle)of D u)ith center at
a･

Proof Noting B(α, r)…Bn(α, r(α, H))⊂H⊂

Bn(α, R(α, H))…B(α, R) for any α∈H, we have

CB(a.R)(α, u)≦CH(α, u)≦CB(a,,)(α, u)

from the antimonotonicity ( 1.16). Since

CB(a,p)(α, u)-lul/p
from (2.4) and

L'(α,H)Iul2≦SH2(α, u)-u'TH(α, α)u

≦JL(α,H)luI2,

then we have

(R2(α, H)JL(α, H))~1SH2(α, u)≦CH2(α, u)

≦(r2(α, H)tJ(a, H))-ISH2(α, u), u∈Cn-(0).

Making use of the biholomorphic invariancies of CH

(α,u) and SH(α, u) and the
homogeneity of H we

have

( 3. 4 ) (R2(α,H)JL(α,H))~1SH2(I,u)≦CH2(I,u)

≦(r2(α, H)I/(α, H))~1SH2(I, u),

α∈且

From the left and right band sides of ( 3. 4 ) and the

decreasing property ( 1.17) for f∈Hol(H, H') we

obtain (3. 2).

Definition 3. 1. If a bounded domain D satisfies

(3.5) TD(α, α)-CBh, c>0, α∈D,

then it is said that 刀 has "軸(A)" at α∈β, where

En denotes the unit matrix of order
n (see [10]).

Coro=ary 3. 1. Lf H…Hn is a bounded homoge-

neous do〝∽in with Prop(A) at O∈H, then we have

(3. 6) SHU(I), ∂J(a))≦K(H,H)SH(I, u),

f∈Hol(H, H), wheyle K(H, H)-R(0, H)/r(0, H)･

The classical (Cartan) domains M) O'-I, 1:I,1II,

IV) with Prop(A) at O∈M) are defined as follows :

Mz…M/(mxn)- (z∈Cmnl且IIZ'z>0, a-(zt･j) : mXn

matrix, m≧n〉 ,

M(z≡M/z(n)- (z∈Cn(n'1)I21En-x'x>0, x-(xl･j) : n

x n symmetric matrix, I-(zz･j),
Xz.,I-Zzlz･, Xtj-21′2zij

(i+j)) ,

MLZT…MLZT(n)- (z∈Cn(nll)/21Eh-z'z>0, I-(zl･j) : n

x n skew symmetric matrix) and

MN=MN(n)- (zECnl 1+ltzzI212z'z>0, 11ltzzl>

0, I-i(21,
-,

Zn)〉.

Further we set

Mv…Mv(n)- (z∈Cnl a-i(zl, -,Zn), lzil<1(i-1,

･･,

n)). (See [8].)

These are complete (Caratheodory) circular

domains with center at 0 and multicanonical
domains,

i. e., the Bergman minimal, Bergman representative

and also Mitcbell moment minimal domains with the

same center at o (see [10]).Prop(A) isrelated to the

Mitcbell moment minimal domains.

Lemma 3, 1. For Mj O'-I, 1I, Ill, IV, V) we

have the table

] ∫ II Ill ′Ⅴ Ⅴ

JL(0,Mj)=y(0,Mj) m+n n+1 n-1 2ナ‡ 2

R(0,M,.) nl/2 nlJ2 [n/2]1/2 I n1/2

r(0,M,.)
1 1 1 2-1/2 1

(see [7L [8]).

Coro‖ary 3. 2. For Mj O'-I, II, Ill, ZV, V) we

have

( 3. 7 ) SM,I(I(I),∂uf(a))≦K(M,･,M,･)SM,(I,u),

z∈Mj, u∈Cdlm(Mj)-〈0) , wheyle

∫
IIIIIIIV■V

K(M,.,M,.) nl/2n"[n/2]lI22l/2n1/2

and these coincide with the
Schwwz conshmts of Mj

for f∈Hol(Mj, M,) O'-I, 1I, 1:II, ZV, V)given by

Look [8].

we may set the conjecture such that
for the

classical domains
M,･ with Prop(A) K(M,., Mj) (i,j-

I, IZ, Ill, ZV, V) fora-P-0 inTheorem3･ 1givethe

generalized Scbwarz constants.

we shall treat this elsewhere.
Here we onlygive

an affirmative example of this conjecture, whilch

gives a generalization of the theorem of
Ozaki-Mat･

Sun°.

Example3. 1. Set M…Mz(mxn) andB≡BA(0, 1),

then from (3. 2) we have

(3. 8) SB(I(I), aJ(I))≦K(M,B)SM(I, u),

z∈M, u∈Cntn-(0〉 , forf∈Hol(M, B), where K(M,

B)-(k+1)/(m+n) since R(0, B)-r(0, M)-1,

JL(0, M)-7,(0, M)-m+n and JL(0, B)-I,(0, B)-

k+1 hold.

we should like to emphasize that ( 3. 8) is best

possible, that
is, K(M, B)gives the generalized

schwarz constant for Hol(M, B). Owing to show

this, it is sufficient to prove the equality of ( 3 ･ 8 ) at

t= 0, namely,
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(3･ 9) l∂uf(0)i-R(0,B)r-1(0,M)luJ-lul

for some u and some fEHol(M, B) since the Berg-

man metrics of 〟 and β are invariant uIlder transi.

tive mapplngS Of 〟 and β, respectively.

Take u-ub-i(1, 0, -, 0) (mnxl type) and

I(I)-fo(I)-(E., 0)I-,where島-i(1, 0, ･･, 0) (kxl

type), (ら,0) is a kxmn matrix and

I-(zL,I)-i(Ill, Z21, ･･, Zml ; Z12, ･･, Zm2;
-

∫ Zln, ,

zmn) for I-(z.･j)∈M, then I. belongs to Hol(M, B)

and satisfies (3. 9) : l∂uJo(0)I-fubr-1.

By tbewayweshowthat ( 3. 8 ) givesageneral-

ization of the theorem of Ozaki-Mats皿0 [9 ] for Hol

(B, B)(B=Bh(0, 1)) which is a direct generalization

of the usual SchwarzIPick lemma for the unit disc A.

Since

SM2(I, u)-JL(2, M)lul2-(m+n)(1-=zII2)-2Iul2

and

SB2(I(I), ∂uf(I))-y(I(I), B)l∂uf(I)l2

=(k+1)(i- ff(I)l2)~Nl∂J(I)l2,

where N=2 for k-1
and N-1 for k≧2, then from

(3.8) wehave

(3
･10)
lfdf(I)/dzH2-sup〈l∂uf(I)I2/lul2f

ful-1)

≦(llJf(I)l2)N/(11=z=2)2,

where IlAH2 denotes the maximum characteristic

valueofA'A,i･e･, HAJl-sup(IAul/JuF) I lul-1).

In particular we have the theorem of Ozaki

-Matsuno :

(3
･11)
Hdf(I)/dzH2≦(1-If(I)J2)/(1-lzI2)2,

z∈B≡&(0, 1), forf∈Hol(B, B) (k≧2) and the

usual Scbwarz-Pick lemma :

(3
･12)
ldf(I)/dzI2≦〈(1-1f(I)l2)/(1-IzL2))2,

zed, forfEHol(A, A).
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