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This paper deals with a single-server priority queuing system consisting of several terminals with single

buffers. The service rule is a policy on a prlOrity
basis, that is,the terminal with the highest

input rate having

the bigbest priority, -, and the terminal with the lowest input rate baying the lowest priority･
It is shown that

the initial busy period has a monotonicity property under the service rule･

1. lntroduction

This paper deals with a prlOrity queuing system･

The system consists of M terminals with single

buffers and the server attends to one of busy termi-

nals. The service time of each job atal1 terminals is

assumed to be
a
unit time.

The system is observed at

time t-0, 1, 2,
･･･. The i-thterminal (i-1, 2, ･･･, M)

generates one new jobineach period with probability

a., independently of the other terminals and
indepen-

dently from period
to period. It can be assumed

without
loss of generality that l≧al ≧偽≧

･･･- ≧ak>

0. A new job a汀iving at a teminal in service is not

allowed to enter into its buffer.
The service rule is a

policy on
a
priority

basis, the teminal with the

bigbest input rate having the highest priority,
-, and

the teロninal with the lowest input rate having the

lowest priority. The purpose of this paper
is to show

monotonicity of
an initial busy period under the

service rule. It should be noted that the monotonicity

leads to the optimality of the policy
on the priority

basis mentioned abovel).

In the real world the above system
is found in

data networks uslng Packet switching techniques2･3･4),

and is closely related to communication systems with

po11ing5･6)･ Any optimal serviceru1e, however,
has

never been discussed for a single-server queuing sys･

ten consisting of termiⅢals with fillite buffer spaces.

An optimal servicerule in a multiclass queulng Sys-

tem with infinite buffer spaces has been studied
by

HarrisoI17). Furtbemore, Wan Tcba and Pliska8)

have dealt with this system with feedback.
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Tbis paper is organized as follows･ In Section 2･

the preliminaries aregiven. In
Section 3, it is proved

that the initial busy period has the monotonicity

under the service rule.

2. Preliminaries

Tbe system is obseⅣed at time t-0, 1, 2,
- The

state of the system is described by the vector i(i)
- (il

(i), -, iM(i)), Where ih(i), k-1, ･･･, M, i-0,1,2,-

represents the number of jobs at the k-th terminal

and takes the value 0
or 1. The state space coIISisting

of all possible states is denoted by
S. Denote by A(∫)

the set (k l ih-1, k-1, ･･･,M) and
define l(i) by l

(I-)-min(k lkeA(i)I. The system in state i next

moves to state j -O'1, ･･･,ふ) with
the transition

probability P(i, i)given by

P(i, i)-II ((1-ah)+jA(2ah-1)〉

ktA(i)

for jw-0, jn-1 (m≠l(i)EA(i))

-o, otherwise. (1)

Let P be the 2Mx2M-dimensional matrix whose (I',J')

component is P(i, j).

Let i(i) be the initial busyperiod, i. e., the first

epoch at which the system starting
from the initial

state I'is cleared of jobs. Define F(i) as the expecta-

tion of dKl), where d is
an arbitrary constant between

o and 1. Here, we
assume that F(0)-1. Let S'bethe

set s-(o). It is clearby (1)that F(i) satisfiesthe

following relation for any ieS':

F(I')-dP(I', 0)+d ∑ P(I',i)Fur). (2)

jsS′
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3. Monotonicity of Initial Busy Period

ln order to prove the monotonicity of the illitial

busy
peoriod, it suffices to show that of F(I'). For

this purpose, let a partial order i<j be defined for I-=

(il,.･･,iM) and i-Ul, ･･･,

}'M)as the relation that iA=

0, i'-1,jA-1,jl-Ofork<land im-jm for m≠k, l. If

F(i)≦(<)Fu) for all i andj such that I'<j,then the

column vector F is said to be (strictly) monotone.

Let tm(i) be the first epoch at which the system

consisting of the first terminal to the 那-th terminal

(2≦∽≦〟-1) is cleared of jobs, given that the ini-

tial state is i-(il,ち, -, iM). Since tm(i) is not

affected by ih, A-m+1,.･., M, define Fm(im) as the

expectation of dim(I)given that the initial state is im-

(il,-, iれ)･Denote by Sm the state space consisting of

all possible im, and by Sm'the set Sm-(Om), where Om

stands for the state with iA-0, k-1, ･･･, m.

First, we consider the case where m-2. From (2),

F2(10), F2(01) and F2(ll) satisfythe following rela-

tions:

F2(10) - d(1一偽) +daJ2(01)

F2(01) -d(1-al) + da.F2(10)

F2(ll) - dF2(01).

That is, the 3-dimensional column vector F,(島′)- [F2

(10), F2(01), F2(ll)]T satisfies

F2(S'2) - dB2 + dT2F, (S'2), (3)

where the 3-dimensionalcolumn vector B2 and 3 × 3

-dimensional matrix
T2 are glVen for constants c1. - 1

-al and cll-al, by

A- (:cl:%]and ･2- [.Ocll:A.00 (4)
Let Bm be the transition probability vector from

state imeS′m to state jm-Om and Tm be the transition

probability matrix from state i,neS′m to state J･meS,m.

For m-2, ･･･, M-1, define for vector or matrix 0

whose components are all zero,

cmJ'- (1 -am)cm1.,., (5)

cm.1 - [(1-am)cn-I..,amCm_1,O,
amCm_1.1], (6)

cm - [c,.,o,cm.1], (7)

an:m･l-

〔(ト:;o1'Bm〕 (8)

T巾..-

(1一‰+1)㌦ α桝1β∽ ‰.1㍍

cm,
1 0 0

0 Bm Tm

where cl,0, Cl,I, B2 and T2 aregiven by (4). The follow･

1ng lemma holds :

Lemma l･ For m-2,
-, Mll, the (2m'l11)一

dimensional column vector Bm.1 and (2m'l-1)×

(2m'1
-
1)-dimensional matrix Tm.1 Satisfy (5) through

(9) and the (2m'1 -1)-dimensional column vector
F,n.1

(S′m.I)- [Fm.1(S'm,0)T,Fm.1(Om,1), Fm.1(S'm,1)T]T

sat isfies

Fm.1(S′m..) - dBm.1 + dTm.1Fm.I(S'm.1). (10)

Proof･ It follows from (1) that the transition probabil-

ity matrix isgiven by [Bm, Tm]. Using Bm and Tm, and

noting that cm is the transition probability vector

from state im-Om to state jmeSm, we can obtain

Fm.1(S'm, 0)-d(1-ah.1)Bm+d(1-am..)Tm

x F,n.1 (S'm, 0) +dam.1B,nFm.1(Om,1)

+ dam.1 TmFm.1 (S′m,1), (ll)

Fm.1 (Om,1) - dcm,. + dc郎Fm.1 (S′m,0) (12)

and

Fm.1(S'm,1) -dBれFm.1(Om,1) +dTmFm.I(S′m,1). (13)

SumTnarizing (ll)through(13) leads to (5)through(10).

□

Since dn[Tm.1]n converges to 0 as n tends to

infinity, the inverse matrix (トd㍍.1)-1 exists for

identity matrix I. Therefore, (10)with m replaced by

m-1 leads to

Fm(S′m) - (I - dT,.)~ldBm. (14)

DefineFm(s′m) as Fn(S′m)with d replaced by (ll

am'1)d･ From (12),the next lemma is obtained, because

O≦(1-a,.'1)d<1, Bm and Tm are independent of d,

and Fm(s'm)-o for (1-‰.1)d-0.

Lemma 21 If Fm(S′m) is (strictly) monotone for any

d(0<d<1), then Fm(s'm) is also (strictly)monotone

for any d(0<d<1).

Lemma 3.

(a)Fm.1(S'爪,1)-Fm.1(0,～,1)Fm(S′机).

(b)Fm.1(S'm,0) - [1-F,～.1(Om,1)]Fm(s′m)

+ Fm+1 (Om,1)Fm(S'n).

Proof.

(a) From (13),Fm..(S'n,1) isgiven by

Fm.1 (S'm,1) - Fm.1 (0れ,1)(l
-
dTnt)~1dB,A.

Consequently, (14)yields (1S).

(b) It follows from (ll)and (13)that

Fm.1(S′m,0) - (1-am.1)dBm+ (1-am.1)dTm

x Fn.1 (S′机,0)+ am.1Fm.1 (S′m,1).
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Thus,

Fm.I(S′m,0)- [J
- (1
-a,n.1)dTm]~1[(1-am.1)dBm

+ am.1Fm.1 (S'm,1)]. (17)

On the other hand, (14)and (15)lead to the following

relatioI一:

am.1 [I
-
(1-aれ.I)dTm]~1Fm..(S'm,1)

00

-am.1 ∑ (1-am.1)ndn[Tm]nFm.1(Om, 1)F,A(S′m)
n=0

00

-am.1Fm.1(Om,1) ∑ (1-am.I)ndn[Tm]n
n=0

× (I-dTm)~ldBm

OO

-am.1Fm.1(Om,1) ∑ (1-am.I)ndn[Tm]n
n=0

(〉○

× ∑ dA'1[Tm]hB.A
h=O

OO OO

-am.1Fm.1(Om,1) ∑ ∑ (1-a,n.1)ndh'1
n=Oh=n

x [Tm]hBm

oo A

-am.1Fm.I(Om,1) ∑ ∑ (llam.1)ndh'1h-On-0

× [Tm]hBm

OO

-Fm.1(Om,1) ∑ [1-(1-am.1)h'1]dA'1[Tm]hB,n
h=0

- dFm+I(Om,1)(I- dTm)~lBm

-
(1-am.1)dFm.1(0爪,1) [I- (1-am.1)dTm]-IBm.

(1ゆ

Combining (17)with (18)yields

Fm.I(S′m,0)- [1-Fm.1(Om,1)] [J- (1-am.1)dTm]~1

× (1-am.1)dBm+F,n.1(Om,1)(I-dTm)~1dBn. (19)

Using (14),(19)is rewritten as (16).The proof is complet･

ed. □

Noting that from the definition of Fm..(0,n,1), 0<

Fm.1(0仇,1)<1, we have the following lemma from

Lemmas 2 and 3.

Lemma 4. If Fm(S′m)is (strictly) monotone forany d

(0<d<1), then Fm+1(S'm,0) and Fm..(S'れ,1) are also

(strictly) monotone for any d(0< d<l).

Lemma 5.

(a)Fm+I(Om_.,1,0) ≧Fm+1(Om_1,0,1).

(b) Fm+.(im_1,1,0)≧Fm.1(im_1,0,1)

for all im_1eS′れ_I.

In particular, when l≧al>偽>->ah > 0
,
the strict

inequalities in (a) and (b)bold.

Proof.

(a)From Lemma 3(b), it follows that

Fn.1 (S'm,0)

-Fm(s'm) +Fm.1(0れ,1) [Fm(S'm) -Fm(s'n)].
¢o)

Combining (12)with (細,we have

Fm+1(Om,1)

- dcm.. + dcm,1 [Fm(s′m)+Fm.1 (Om,1) [Fm(S'm)

-F,n(s'm)]].
since Fm(s'm) -

[Fm(s'mII,0)T,Fm(om_1,1),

Fm(s'm_1,1)T]T, it follows from (5) and (6)that

cm.1Fm(s′m)
-

(1-am)cm_ljm(s',n_I,0)
+ amcm_1,｡Fm(Omll,1) + amcm_1,1た(s′m11,1).

Hence, using (6) again, Cl) is rewritten as

Ql)

Fm.1(Om,1) - d(1-am)cm_I,.+d(1-a,n)cm-1,1

×
-Fm
(s'm_1,0) + damcm_I,.F,a(0,A_1,1)

+damcm_1,1Fm(s'm_1,1) + dFm.1(Om,1)cm.1 [Fm(S'm)

-
Fm(s′m)]

- dcm_1.. + dcm_1,1Fm(s′m_I,0)
-
damcm_1.. [1

-Fm(om_1,1)] -
damcか1,1 [Fm(s′m_1,0)

-Fm(s'm_1,1)]+dFm.1(Om,1)cm,.
[Fm(S′m)

-Fm(s′机)].
On the other band, Lemma 3 implies that

¢2)

Fm+1(S'm,1)

-Fm.I(S′m,0)-[1-Fm..(Om,1)]Fm(s'm).
¢3)

Combining位2) and (12)with但3)gives us

Fm.1 (0,n,1)- dcmll,. + dcmll,1Fm (s'm-1,0)

-dancm_1,0[1-Rm(om_1,1)卜dam[1-Pm(om_1,

1)]xcm_"Fm_I(S,m_1)

十dFm.1(Om,1)cm,1 [Fm(S'm)
-
Fm(s′m)]

-良(om_1,1) -da桝[1-Pm(om_1,1)]
[c,n_1,.

+cm_1.1Fm_1(S′n_1)]+dFm.1(Om,1)c叫[Fm(S'm)

-Fm(s′m)]+ah.1d[cm_I,.+Cm_.,1Fm(s'm-1,0)],

where Fm_1(S,m_1) denotes Fm_1(S′机_I) with d re-

placed by (1-am..)(1-am)d. Thus we obtain

Fm(om_1,1)
-Fm.1(Om,1)

- dam[1-i,～(om_1,1)][c,n_...+cm_1,1

×Fm_1(S,m_1)]
-dFm.1(Om,1)cm,Ⅰ

[Fm(S'れ)

-
F,n(s'm)]

-am.1d[cn,_I,.+cm_1.1Fm(s′m_I,0)].
Therefore, Lemma 3 leads to :

Fm.I(Om_1,1,0) -Fm.1(Om_1,0,1)
- [1-Fn.1(Om,1)]Fm(om_1,1)-Fm.1(Om,1)[1

-Fm(Om_1,1)]
-

dam[1-Pm(on_1,1)] [cm11,0+c.n_1,1

× Fの_1(S,m_.)]+Fm.1(Om,1) [(Fm(0,A_1,1)

一Fn(o,n_1,1)〉-dcm.I(Fm(S'm) -Fm(s'm)〉]

-a,n.1d(cm_1,.+cm_1,1戸桝(S'm_l,0)〉.
Using (12),伽)is rewritten as

伽)

Fm.I (Om_1,1,0) -Fm.1 (0,～_1,0,1)

-

dam[1-Pm(oか1,1)] [cm_1,,+Cmll,1

× Fn_1(S′m_1)]+dFm.1(Om,1) [〈cm_1,1Fm(S'm_1,0)

一Cn,1Fm(S′,n))-
(cm_1.1Fm(s'm_1,0) -cm.I
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x Fm(s'm))]
-am.1d(cm_"

+cm_1,1Fm(s′m_I,0)〉 il-Fm.I(Om,1)〉. 但5)

On the other band, from (6) and (7), it follows that

cm,lFm(S'm)
- (llam)cmll.1Fm(S'm-1,0) +amcm_I,OFm(Om_.,1)

十a,ncm-1,1Fm (S′m_I,1)

- (1-am)cm-l.1Fm(S'm_1,0) +a,ncm-1.1Fm(S'm_.,0)

+amcmll,OFm(Om_1,1) +amcm_1,1 [Fm(S′m_I,1)

- Fm(S′m_I,0)].

Combining Q6) with C23),we have

cm,lFm(S′m)

-

cmll.1Fm(S′m_1,0)+amcm_1.OFm(Om_I,1)

-amcm_1,1 [1
-Fm(Omll,1)]

Fm_1 (S′,n_1).

From (抑, it is immediate that

cm11,1Fm(S'm_1,0)
- cれ,1Fm(S′机)

-am[1-Fm(Om_l,1)]cm_1.1F,n_1(S',n_1)

- amc,n_1.OFn(Om_1,1).

and

cm_1,1㍍(S′n,_1,0トcm.1Fm(s′,A)
=

-am[1-Fm(om_1,1)]cm_1,1Fm_I(S'm_.)

- ancm_1,.F,A(Om_I,1).

冨冨

(28

㈹

任9)

Combining ㈹ and但9) with ¢5)leads to

Fm.1(Om_.,1,0)
-Fm.1(Om_1,0,1)

- dD,A+ d[11Fm..(Om,1)]am[1-i,n(o,A_I,1)]

× cm_1,1 F桝_1(S′m11)+damFm.1 (Om,1) [1

1Fm(Om_1,1)] cm_1,1戸幻Il(S′m_1)-dam.. [1

-Fm.1(Om,l)] [cm_1,.+cmll,lFm(s′m_1,0)],

where for notational convenience Dm is defined as

Dm-am[1-Fm(om_1,1)] cm_1..-a,nFm.I(Om,1)cm_1,.
× [Fm(Om_1,1)

-Pm(om_1,1].
(30)

It follows from (12)and 00) that

Dm -am [トFm(om_1,1)] cm_1,.-amFm.1(0れ,1)cmll..

× [cm_1,ld(Fm(S′m_1,0)
-
Fm(s'm_1,0)〉

+da,n.1〈cm_1,0+cmlljm(s'm_1,0))]

-am[1-Pm(om_.,1)] cm_1,0-amFm..(Om,1)cm_1,.
× [cm-I,ld(1

m-Fm(s',n_1,0)〉
+ dim.1〈cm11,0

+cm_1,1Fm(s′m_1,0)〉]

+amFm.1(Om,1)cn-1,.dcm_I,1 [1m-Fm(S'm_1,0)]

-am'1Cm-1,0[1-Fm.1(Om,1)] + (am-am.1)cm_1,. [1

1Fm.1(Om,1)] -amcm_..｡[Fm.1(Om_1,1,0)

-Fm..(Om_1,0,1)],
where lm denotes the m-dimensional column vector

lm-(1,1, ･･･, 1)T.

By
using Lemma 3, we obtain

Fm.1(Om_I,1,0)
-Fm.I(Om_1,0,1)

- [1-Fm.1(Om,1)]瓦(o,n_1,1)[(am-am..)/(ll

am.1) -damcm_I.1〈Fn_1(S'm_1)-Fm_I(S′m_I)〉]

- dam[cm_1,.+cm_1.1Fm_1(S'm-.)]

× [Fm.1(Om_.,1,0)
-Fm.I(Om_1,0,1)],

(31)
ノヽ

where Fm_1(S′m_1) denotes Fm-1(S′m_1) with d re-

placed by (1-am.I)d. From (31),it holds that

Fm.1 (Om_I,i,0)
-Fm.I(Om_1,0,1)

-

[トFm.1(Om,1)]Fm(om_1,1)Zm(am.1)/[1

+ dam(cm_1,0+cm_I.1Fm_1(S′m_I)〉],

where

Zm(am.1) - (am-am.1)/(1 -am.1) -amdcm_l,1

× [Fm_1(S'm_1)-Fm_.(s,m_I)]

for O≦am.l≦an.

監琶

¢3)

Define h(i) as h(i)-i(1-a)t-1dt. Then,

&h(i)-(lla)t-1dt･t(lla)i-1dtln[(1-a)d]

-[1+tln((1-a)d)](lla)tlldt.
Hence, defining t'as t'--1/ln[(lla)d], we have

m?x [h(i)]-h(t')

-(lla)-1t'[(lla)d]t'

-(1-a)-1e11t'. (34)

On the other band, the following holds : for a≧0,

芸[(トa)dead]-ト1.(1-a)d]dead<0

and

lim[(1-a)dead] -d≦1.
a-0

T here fore
,

[(1-a)de8d] ≦d≦1,

and

-ln[(1-a)d]
≧ ln[ead].

Hence,

-ad/ln[(1-a)d]
≦1. ¢9

Since at-bt-(a-b)(aレl+at-2b+-+bt-I),

Im(‰.1)

-

[(am-am.1)
-

(1-am.1)amdcm_I.1〈Fm_1(S'm_I)

-Fm_1(S'm_I))]/(トam.1)
- [(am-am.I) -(1-am.1)amdc桝_1,1〈E( (1

-am.1)tdt IS'm_.〉-E((1-am)tdt IS′m_1))]/

(1-‰+1) ¢¢

- [(am-am.1) - (1-am.1)amdc杓_I,1(am-am.Ⅰ)
t-I

xE(dt∑ (1-am.1)t~L-1(1-a,～)LIS′mll〉]/
`-0

(1-am+1) 抑

Using 1-am.1≧1-am, it follows from 04) and C17)that

lm(am.1) ≧ [11 (llam.1)amdcれ_1..E(t(1

-am.1)t-1dtIS'm_1)]
(am-am.1)/(1-am.1)

≧ [1-(1-am.1)amdcm_I.1(llm(1-am..)11e11/

ln( (1-am..)d))] (am-a,n.1)/(1-an.1)
-

[11(e-lan/am.1)cm_I,11m( -am.1d/ln((1

-am.1)d))]
(am-am.1)/(1-am十1). 朗)
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Since cm_I,.+cm_l,1 1m-1 and
cm_1.1 1m<1, it holds

from ㈹ and ¢9) that

Zm(a加1) ≧O for a,ne-1 ≦am.1 ≦am. (39)

On the other band, by ¢乱

ノヽ

1im Im(am.1)
-a,n[1-dcm_I.I(F,n_I(S'm_1)

am+I-0

-Fm_I(S'm_1)〉]
≧0.

Equation郎) yields

∂

aam+
1

[(1-a,n.1)Im(am.1)]ニー1+amdcm-I.1

×[E((1-am.1)tdt lS′m_I)-E((1

-am)tdt lS'm_I)]+(1-am.1)amdcm_1,lE(i(1

-am..)tlldt I
S'm_1)

and

∂2

∂2an+l
[(lla,n.1)Im(am.1)]ニーamdcm_1.1

¢0)

×E [t(1-am.1)i-1dtIS′m_1]-amdc,A-1,1E[t(1

-a,A.I)ト1dt IS′m_1]-(1-am.1)amdcm-1,1

×E[t(i-1)(1-am.1)t12dtIS'm_l] ≦0.

Hence, (1-am.I)Im(am+1) is concave with respect
to

am.I. This property of (1-am.1)Im(am.1) being con-

cave and relations ¢9) and (40)lead
to

(1-am+1)Zm(am.1)≧O for O≦am.l≦an.

Since 1-鶴.1≧0, it holds that

Zm(am+1)≧O for O≦am+l≦an.

Thus, from ¢2),

Fm.1(Om_1,1,0) -Fm+1(Om_1,0,1)
≧0. (41)

In particular, when l≧a.>a2>->aM>0, the strict

inequality holds. The proof of Lemma 5(a) is complet･

ed.

(b) From Lemma 3, we note that

Fm+1(S',n_I, 0, 0)

Fm+1(Om_1, 1, 0)

Fm+1(S'm_1, 1, 0)

-[1-F,n..(Om, 1)]

+Fm..(Om, 1)

Fm+1(S′m_I, 0, 1)

Fm.1(Om_., 1, 1)

Fm.1(S′n_I, 1, 1)

-Fm.1(Om, 1)

-F,n+1(S′m, 0)

Fm(s′m_1, 0)

争m(om_1,1)

F,～(s′m-1,1)

-Fm+1(S′m, 1)

Fm.1(S'm_1, 0, 1)-Fm.1(Om, 1)[〈1

盟市E

(畑

-Fm(Om_I,
1))Fm_1(S'm_1)

+Fm(Om_1, 1)Fmll(S'm_1)]

and

Fm(s,m_., 1)-Fm(om_., 1)Fm_.(s′m_1).

Combining (42)through(45)gives us

Fm.1(S'mll, 1, 0)-Fm.1(S'm_., 0, 1)-[〈1

-Fm.1(Om,
1)〉F,n(om_1, 1)-Fm.I(0れ, 1)〈1

-Fm(Om_1, 1)〉]Fm_I(S'm_1)+Fm.I(Om,
1)〈1

-Fm(Om-1, 1)〉〈Fm_1(S'm_1)-Fm_1(S′m_.)〉.
(46)

By (42),(46)is rewritten as

Fm.1(S′m_i, 1, 0)-F,n.1(S'か1, 0, 1)

- [Fm.I(Om_1,1, 0)-Fm.1(Om, 1)]Fm_1(S'm-I)

+Fm.1(Om, 1)[1-Fm(Omll, 1)][Fm_1(S'm_I)

-Fm_1(S′m_1)].
(47)

Noting that Fm_1(im_.)-Fm_1(im_1)≧O for all I'm-1e

s'm_1 because (1-am..)d≧(1-am)d, we see from (41)

and (47)that

Fm.I(im_1, 1, 0)≧Fm.1(im_1, 0, 1)

for all i,A_1eS′m11.

In particular, when l≧al>ab>･･･>aM>0, the strict

inequality holds･ Thus the proof of
Lemma 5 is

completed.
ロ

Theorem 1. Forany d(0<d<1), F ismonotone･ In

particular,
if l≧al>偽>->aM> 0

,
then F isstrictly

monotone for any d(0<d<1).

proof. Suppose that F,A(S'm) is monotone for any d

(0<d<1). We note that

Fm..(S'm.I)

Fm+1 (S'm,0)

Fm+I (Om,1)

Fm.1 (S'm,1)

Fm+1 (S'm_1,0,0)

Fm+1 (Om_.,1,0)

Fm.1 (S'm_1,1,0)

Fm.. (Om_I,0,1)

Fm.1 (S'm_I,0,1)

Fm.1 (Om_1,1,1)

Fm十l(S'm_I,1,1)

For im_1 Such that iL-1 and ih=O
for k≠l, the states

(om_1, 1, 0) and (im_1, 0,0,) 8(S′m, 0) satisfy the

relation

(Om_1, 0, 1)<(Om_1, 1,0,)<(i仇_1,0, 0). (48)

By (4ゆand Lemmas 4 and 5(a),we obtain for such im-1,

Fm.1(Om_1, 0, 1)≦Fm.1(Om_1, 1, 0)

≦Fm+1(I'm_1,0, 0). >FWE

For im_. and i'm_.eS'm_I Such that

i,-1, in-0, ill-1, i;-1 and ih-i'h-0 for

k≠l, n, the states (im_1, 1, 0)and (iム_1,0, 0)e(Sふ, 0)

satisfy the followlng relation :

(Om_1, 1, 1)<(imll, 0, 1)<(im_1, 1, 0)

-(il,
･･., in_I, 0, in.1, -, im_1, 1, 0)
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<(il, ･･･, in_1, 1,in.1, ･･･, im_1, 0, 0)

-(/'ムー1,0, 0) (50)

Lemmas 4 and 5 and (50)give us for such im_1 and I'去_1,

Fm.1(0,n_I, 1, 1)≦Fm.1(im_1, 1, 0)

≦Fm.1(iふ_1, 0, 0). (51)

For im-1 and /'ふ_lesん_ISuch that il-0, iL'-1 and ik-

i左for k≠l, the states (im_1, 1, 0) and (i㌫_l,0, 0)

satisfy the followlng partial order :

(imll, 0, I)<(im_1, 1, 0)-(i., ･･･, iE_I,0, iE.1,

･･･, imll, 1, 0)<(il,･･･, i,_I, 1, i,.1, ･･･, im_1, 0, 0)
- (I'L-I,0, 0). (52)

Combining Lemmas 4 and 5 with (52),we have for such

im-I and i㌫_lesん_1,

Fm.i(im-I, 0, 1)≦Fm.1(im_1, 1, 0)

≦Fm.1(J'ふ11,0, 0). (53)

For im-1 and i㌫一1eS㌫_1Such that il-0,i'l-1 and ih-i左

for k≠l, the state (iふ_1,1, 0)e(S㌫, 0) satisfies the

relation

(im-1,1,1)-(il,･･･, i,_I,0, iE.I,･･･, im_I,1,1)<(il,･･･,

il-I,1, i1.1, ･･･, im_1, 0, 1)-(iL_1,0, 1)<(/'L_I, 1,0).

In a way similar to (53),we have for such im_I and iL_i

eSふ_I,

Fm.I(/'m_1,1, 1)≦F,n.1(J'ふ_1,0, 1)

≦Fm.1(iふ-1, 1, 0). (54)

From (49),(51),(53),(54)and Lemma 4, we see that if Fm

(S′m) is monotone for any d(0<d<1), then Fm.1

(SL.1) is also monotone for any d(0<d<1). There-

fore,
since by (3), F2(S;) is monotone, it follows by

induction on m that FM(S品) is monotone for any d

(0<d<1)･ In particular, when l≧al>･･･>Lh>OjM

(S'M) is strictly monotone for any d(0<d<1)

because from Lemmas 4 and 5 strict inequalities in (49),

(51),(53)and (54)hold･ Thus the proof is completed.

+

4. Conclusion

ln this paper, we deal with a slngle-Server Prior-

ity queuing system consisting of M terminalswith

single buffers･ It is proved that the initial busy period

has the monotonicity under the seⅣice rule oI一the

priority basis･ the first terminal with α1 having the

highest priority, ･･･,

and the M-th terminalwith aM

having the lowest prlOrity, where al≧a2≧･･･≧aM.

The monotonicity leads to the optimality of the ser-

vice rule mentioned above. It should be noted that

this seⅣice rule is optimal among dynamic probabilis-

tic policies depending on the entire history9).
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