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A method for enumerating the whole of partitions of n-,set
Nn- (0,･･･,n-1)

is obtained by

using a certain set Dn of n-adic
integers･ And, also by using Dn. the following rule is glVen for

Bell's

number B(n), (the number of partitions of Nn) :

n

B(n)-∑ ∑ 1Al･2也････rh',
r-1 Al+･.+kT-n-r

where kl/.I, k, are non-negative
integers.

1. n-adic representatioTLS Of the partitions

of n･set

For each n-adic integer q- (so,-, sn_1) where O≦

si≦n-1(i-1,
-,

n-1), let Dn(q)

denote the following condition :

so-0<∀･i(0<i≦n-1-クWS,･+1≧sz･),
j<zl

and let Dn be 〈o･lDn(6),0･ is an n-adic integer〉

TheII We have the following.

PROPOSITION 1 LetCn bethesetofallpartitions

of the n-set Nn
- (0,･･･,n-1〉.Then a 1-1 onto mapping

gfromDn toCn isgivenasfollows:g(or)-(ii Isz.-Oi,

〈ilsz･-1〉,
･･･, 〈iIsz.-m(q)〉〉,.where6-(so,･-,Sn-1)

and m(o')- maxs,I.
0≦zl≦n-1

Proof The proposition is clear
in the case :

n-1.
For

any q and Te I)n where o'-(so,
･-,

snll)≠T-(to,
･･･

,

tn_I) and n>1, 1etldenotemin li Is,.≠t,･,0<i≦n-1〉

. Then, without loss of generality, (s｡-t｡,
-

,
sト1-

tト1,)s.< tl. On the other hand, T∈ Dn impliesmaxtj+
}'<1

1≧tI>sト

Thenmax sj-max tj≧s[. So, s,･≧sl for somej<
j<[ z'<I

I. LetJ -

minij l s,･≧sl andj<I〉 ,thensI-SJ-tJ.

[Because, sI≧s. and, for every j<J, sj<sI･ In the

case : J>0,max sj<sI. So,s)≦max sj+1≦sI≦sJ.
In

j<J jd

thecase:J-0,s)-so-0≦sI≦s】.] Thus,a(of)∋ 〈iI

s.1-S.)∋J,I,andg(r)∋ 〈iFt,･-sI) ∋Jand 〈ilt,A-sI〉
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事Ⅰ.So, g(q)≠g(T). Therefore, the mapping g is 1-l･

Foranarbitrarypartition C - くAl, - , A♪〉 of

Nn- iO,-
,n-1〉 ,1etd(k) -minAh(k-1,･･･,p).

Then, without loss of generality, we can assume that

d(1)-0 and d(1)<d(2)<･.･<d(p) inthecase : p>1･

Let p-(ro,
･･･

, rn_1)such that r,.-j-1 for all i∈Aj(j-

1,-
,p).
Thenwecaneasilyseetbatg(〟)- 〈Al,-

,
Ap) andp∈ Dn. That is, g isa mapping from Dn onto

Cn.

2. A nonrecursive expre8Sion of the n･th
Bell's

number B(n).

By PROPOSITION I, the number
B (n) of

partitionsofn･setNn- (0, ･･･
,n-1)

,
isequal tothe

number of the elements of
Dn. Thereby, the following

proposition
holds.

Fil

PROPTOSITION 2 B(n)- ∑ ∑ 1Al･
r-I Al+･･･◆Ar-n-T

2h2･･･.rh,,where kl,
-

,
k, are nonnegative

integers･

Proof Forr, o≦r≦n, letdl+-+dr-n and di≧

1(i-1, -

,r).
Moreover, let (～(dl,

-

, dr) denote

i(so, ･･･, snll)e Dn I∀j(1≦j≦r-(sd,.-..a,_.-j-Ⅰ<

∀i(dl+-+d,･_1≦i<d,+-+d,･-0≦sz･≦j-1)))〉

where dl+･-+dJ_.denotes o when j-1.

We represent n･adic integer o･- (so, ･･･, sn-1) by a

line-graph which connects the points (0, so), (1, sl),
･･･

,(n-1,
sn_I)one by one.



138 Bulletin of Nagoya lnstitute of Technology
Vol. 34 (1982)

Fig. 1 A line graph which represents an element of Q(dl, -･, dr), where dl+-+d,-n and dl≧1,
-, dr≧1.

Then Q(dl, ･･･, d,)is represented by the set of all

the line-graphs, each of which intersects inpo- (0, 0)

Pl-(dl, 1),p2-(d.+d2, 2), -, Pr_1-(dl+-+dr_1,

r-1)and has the segment for every interval [dl+-+

dj-I+1≦i≦dl+･･･+dj-1]ina limited
region

O≦s,･≦

i-iI

Therefore, we can calculate the number of the

elements of ¢(dl, -, dr)as follows :

#(Q(dl, ･･･,d,))
- lil-l･2d21l.･･････rd'-1･ (1)

On the other hand, it holds clearly that

Dn-1≦Y≦ndl.…+dr=nQ(dl･
････ dr)

U

dl≧1,
-,dr≧1

Moreover, let l≦r, r≦n, dl+-+dr-n,

dz･≧1(i-1, -,

r), d′l+･･･+d六-n and d;.≧1

(i-1, ･･･,

r?. Then(dl, ･･･, d,)+(d;, ･.･, d',I)

implies Q(dl, -, d,)nQ(d′1, -, d',･)-¢.

Therefore, B(n) -#(Dn)(the number of I)n)

∑ ∑
=1≦r≦n dl+-+dr=n‡(¢(dl,

-, dr))･

dl≧1,
-,dr≧1

Thus, by(1)and(2), PROPOSITION 2 holds.

(2)

3･ An enumeration of partitions of n･set.

For every two n-adic integers q- (so, -, sn_1)and

I-(to,
･･･, tn_1), let o･>T meanthat ∃h(0≦k≦n-1<

(so-to<･･･<sト.-th_1<sA>th)).

Then, we define inductively the k･th element 〟(k)

of Dn(k-1, -, B(n)) asfollows :

(i) p(1)=(0;P.To)
(ii) p(k+1)-min(q Ip(k)<q ando･EIDn〉,for

each k<β(∩).

Then, a procedure for enumerating all the parti-

tions of n･set is also obtained by using Dn.

PROPOSITION 3 For
each k, 1≦k<β(n), by

using 〟(k)-(s｡, -,

s…), we can calculateβ(k+1)-
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(s'o,･･･, s'n_I) as follows :

Let I-max (i I O<i≦n-1<max s,･+1>s,･〉. (3)
}'<t

Then s'o-so, ･･･,s]'_I-Sl_1,

s′1-Sl+1,

s′Ⅰ.1-･･･-S′n_1-0.

Proof First, we notice that the fillal element of D〃 is

p(B(n))-(o,1,･･･,n-1).

So, if p(k)-(so, ･･･, sn_1) is not final in Dn(that is,

k<B(n)), then ∃E(0<i≦n-1<max sj+1>s,･)holds.
J<z'

Therefore, I - max li lO<i≦n-1<maxsj+1>s,･〉
j<t

is definable. Let I denote (s'., ･･･, s'n_I)which is

obtained by the above calulation (4)from 〟(k)-(s｡,
･･･,

sn-I), Where k<B(n). Then, to prove thatp(k+

l) - I, it suffices to verify the following :

(i) p(k)<Tand re Dn

(ii) p(k)<JL<T impliesJL ¢ Dn.

The former part of ( i ) is clear, since p(k)-(so

,.･･,sn-1)
and T･-(so,-･,Sト1,SI+1,0,-,0). p(k)-(so

,
･･･,

sn-.)∈ Dn and (4)imply that max s'j+1≧s′,I holds
j<zI

clearly, for each i-1,
-, Ⅰ-1, Ⅰ+1, -, n-1, and it

also holds for i-Ⅰ, since max sl+1-max sJ+1>sI-
}'<I j<T

s′.-1. And s'o-so-0. So, I-(s′o,
･･･,

Sニー1)∈Dn.

The hypothesis of ( ii) is written thus p(k)-(so
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,
･･･, s._I, SI, SI.1, ･･･,

Sn-I)<JL-(mo,
･･･, mI-1, mI, m]'1,

-,mn_1)<T-(so,
･･･, Sト., SI+1,0,

--･, 0).

Thus, it implies that I<n-1 and (mo, ･･･,

mIll)-

(so, ･･･, sI_I), and then (mI,
･･･,

mn_I)<(sI+1,0,･･･, 0)･

So, mI<s.+1. Moreover, mI≧sI. Thus, mI-Sl･

So, (sI.1, -, Snー.)<(mI+1,
-･,

mn_1).

Therefore, for some J>I, (so, ･･･, s)_I)-(mo,
･･･,

m)_I) ands)<mJ. So,by(3)andJ>I,mJ>sJ-maXSj+
j<J

l-maxm,I+ 1.
J<J

Thus,
JL年Dn.
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