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Secondary Swirling Flow in a Bend

Osami Kito

Department of Mechanical Engineering
(Received September 3, 1981)

An analytical study was made on the secondary circulating flows created in a curved duct when a
shear type axial flow with a swirling component was introduced in the duct. Depending on the inlet
conditions of the flows and configuration of the curved dcut, three different types of swirling motions
are shown to be created along the curved duct. The results were compared with experiments,

1. Intreduction

Flow of a fluid in a curved duct has been the subject
of much attention among engineers in relation to flow

sters and estimation of flow resistance in pipe line
layout, and also among scientists for its physical in-
terest, and many valuable results have bzen obtained.
However, most of these results were for cases in which
fully developed flows without swirling components were
introduced into a single or a combined bend duct.

In practical cases, however, the flow appr(.)aching the
bends is not always in a fully developed state, as is in-
dicated in Fig. 1, and the flow pattern in the bends may
be considerably different from those for a fully developed
flow entrance.

For the case of a shear type flow entrance,
Hawthorne? and Horlock? studied the flow theoreti-
cally by considering the vorticity of flow, and showed
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Fig. 1 Uneven flow components introduced in bend

the occurence of an alternative change of the shear
direction along the bend axis. This method, however, is
difficult to analyze the entering swirling flow with
uniformly distributed or unévently distributed axial ve-
locities, since the streamlines of flow are twisted helically
downstream and the angle between the principal normal
of the streamline and Bernoulli surface varies considera-
blly along the line. In principle, this variation was not
considered in Hawthorne’s analysis, although some cor-
rection for this was given in Lakshminarayana’s®
paper.

Some detailed experimental studies®® have been
performed for these cases, but no theoretical approach
has been made.

The present study is concerned with an analytical
approach to this secondary flow, and the method in-
volved would be applicable to any type of swirling flow
if the velocity profile is approximated by a simple model.
Formulation of the flows was performed by use of the
momentum theory written in an integral form. The in-
viscid solutions are firstly given to facilitate understand-
ing the qualitative nature of the flow in a bend. Then the
effect of the wall friction is considered to meet quanti-
tative discussion, and comparison with experiments is

given.

2. Nomenclature

r, 8,0 coordinate system, (see Fig. 2)

V., Vs,V, velocity components in r, @ and ¢ directions,
respectively ’

Va mean axial velocity
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V., velocity just outside of wall boundary layer
2,4, moment of momentum around pipe axis, P-
axis and N-axis, respectively

M,,,M,,, momentums of fluids entering to or issuing

out

from the control surface

7 moment of external force

i,k unit vectors directing toward pipe axis, P-axis
and N-axis, respectively

C; friction coefficient

P pressure

o radius of pipe

R radius of curvature of bend

@ direction of shear (see Fig. 5)

i) flow angle next to pipe wall

g size of sand roughness

v . kinematic viscosity

& shear intensity (see Fig. 5)

® angular velocity of fluid

Tg,, Ty, Shearing stresses in r and pdirection in a pipe
section

T,. Ty, Shearing stresses in 7 and gdirection on pipe

“wall
prime’ dimensionless variables

subscript zero values evaluated at the bend entrance

section

3. Theory

In this study we assume a steady incompressible flow.
The fundamental equations which govern the secondary
circulating flows in a curved duct were obtained by
considering a change of angular momentum of flows
across the curved duct. Figure 2 shows the coordinates
system employed in this study; 6 is the angular position
of a section measured from the bend inlet, and r and ¢
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Fig. 4 Definitions of momentums 2, 4 and =

are the polar coordinates of a point within the section.
Figure 3 shows an elementary part of the bend duct
whose deflection angle is 48, and the dotted lines de-
note a control surface across which a momentum ba-
lance of the flow will be considered. The flow entering
the section of 8 = 8, the upstream section of the con-
trol surface, generally has some angular momentum
components around the center line of the section and
also -around the P- and N-axis, Fig. 4. They are ex-
pressed respectively by

ro(2x
9(0):,)50 So v, Var’dgdr Ok

A0) = pg; °S:”V52r2cos¢d¢dr )
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5@)= pS;OS:" Brisingdpdr G)
From the definition of the momentum, it is evident that
the axes of reference are different in up- and downstream
sections, since the downstream section is inclined by
A0 to the upstream one.

In order to apply the momentum theory, a unification
of the reference axes will be necessary. Let the down-
stream section 84-460 be this reference section, then
the expressions of Egs. (1), (2) and (3) for the upstream
section shoud be changed to those referring to this new
reference one. Let unit vectors referred to the center
line of the duct and P- and N- axes in the downstream
section be i, j and k, respectively, then momentum
flowing across the upstream section can be expressed as
follow

Min=i(Q—A46)

+1 ((—pR{{ v, Vo rsinpdpdr+-pR(|
V, Vyrcospdpdr + Q)40+ A}
+ (R |V, Varcospdpdr+ pR(

V, Vorsingdpdr)40+ E} O]
On the other hand, the momentum flux across the down-

stream section is
Mout= (!2-!——‘33—410) +j (A—i—%de)
+k (E-}-%AQ) G

Then the momentum balance across the control surface
will be

Min—Mout=" ( T —4) 40+ (—pRSS
v, Virsinpdpdr
+or{{7; Varcospdpdr+ @~} 40
+k (pRSS v, Vircospdpdr
+ pRSS v, Vgrsingod¢dr———"2;:) 48 10

If the external force acting on the elementary volume
of the fluid is denoted by I7, the following relation will
be obtained.

IT+4Min—Mout=0 @

4. Solution for Fritionless Flow
To see the qualitative nature of the flow, solutions of

the flow are found in a frictionless case. Neglecting the
effect of the body force, the external force acting on the

control surface can be written as

=i (—SSPcoswrquo dr) A6

+j (— Sg'aa_lf; cos gr 2d(pdr)‘ A6

+k(—SS%§sin¢r2d¢dr)Aa C®
if the referring surface is taken to be the downstream
one. The pressure acting on the internal surface of the

bend, P,, contributes to the moment of the order of

© (40)* and because of its srhal]ness, it can be neglected

against the monent given by Eq. (8). For conven-
ience, the following dimensionless expressions will be
introduced.

QlprrdVi=Q AlprriVi=A,

ElpnrdVi=&', Pl3pVi=P, tlro=r', Rlry=R,

Vol V=V, Vol V'u=Vy', VilVa=V],
In order to solve Eq. (7), the proper assumptions for the
velocity distributions will be required. As a flow model
in a bend, a forced vortex type flow with a shear type
axial velocity as shown in Fig. 5 is assumed as

Hawthorne obtained in his analysis, and
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Fig. 5 Assumed velocity distributions in bend

Ve=rw .
_ ®
Vo=V n+récos(p —a)
Except for a special case of a small swirl or weak shear
component at the bend inlet, radial velocity ¥, is much
smaller than ¥, and V,, and V, can be neglected in a
qualitative discussion of the flow paitern.
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Now, substitution of the relation of Eq. (9) into Egs.
(1), () and (3) gives

. 1 4
£ 2
=1 ¢cosa (10)
E’:-é_f’sin @ J
where &'=¢£/ (L) and a)’=a)/(ﬁ.)
. ry Mo
Euler’s equation of motion in the r- direction
oV, Vs av, v, Vi
Ve or * r o¢p v oZ r
_Visine __ 9 (L) an
R-rsing ar \ p

gives the pressure distribution in the cross section, if
the relationship of Eq. (9) is substituted and an integra-
tion is performed over the section with respect to r.

Let Py be the pressure at the center of the duct section,
then

P—P, 1 ,, Récos(q)—oz))2
g +(V”'+7sin(o In

(1 —%sin 40) +récos(p—a) RV, + —@;g;a)

+4-rEcosip—a) a2

In the following analsis it is excluded the case in which
flow separation occurs in a bend. The separation is
avoidable when R’ > 3, and the term of 1n (1 — /R sin
@) can be expanded in power series as

2
In (1 —' sin 1) ) ~ ——;<~sin q)—-i— (—Ir{—sin q))

R
N 3
——%—(—;Tsm q)) (13)

if |#/R sin ¢ | << 1/3 is assumed.
Substituting the relations of Egs. (9), (12) and (13) into
Eq. (7), the momentum equation yields

d.Q/ — o q
a1 a9

d/ll RO 9
S -=—RQE+Q (15)

dE' _ prpoy
L —RAQ ; (16)

where small terms including 1/6R’? are all neglected.
Equatidn (14) gives the same formula as Eq. (12) in
Hawthorne’s paper if we assume the streamline being
parallel to the bend curvature and avaraged vorticities
over the cross section being introduced.

Elimination of A4’ and 5’ form above equations gives

the following differential equation for £2° which de-

scribes the angular momentum change of fluid along the .

bend center line

2y
L +1-RE@+L R=0 an

where K =%R’Q’2 + 5 =%R’.Q{,2 + Ej== const.

Equation (17) can be solved for a given bend if the inlet

%%——) =—A4) and K, are defined.
o

The nonlinear terms in this equation prevent an analy-

conditions, £, (

tical approach, and recourse should be made to a nu-
merical method.

Before a detailed discussion, the general nature of the
differential equation will be given. Eliminating 5’ from
Egs. (14),(15) and (16) and integrating once the resulting
equation with respect to 8, the following expression will
be obtained

A+ (U—RE)@*+ L RQ*=C as)

where C is integral constant.

<| R=6 c=02
| C- 0l

: / c-0
c=-0l

T C>0 L
P C=-02

ol c=0
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Fig. 6 Relationship between 2° andA” calculated by
Eq. (18) when R’ =6

Figure 6 indicates the relationship of Eq. (18) in
the case of R’=6. The fundamental difference in the
behavior of £’ occurs depending on the sign of C, nam-
ely, C>0, C=0 and C<0. When C>0, £ changes
sinuoulsy and alternative swirl motions occur along the
bend. On the other hand, C < 0, the sign of &’ remains
the same and gives-an unidirectional swirl. Whe C=0,
all uneven components at the bend inlet disappear
gradually. In practice, however, the last case may not
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Fig. 7 Change of €’ along 6 when swirling compon-
ent enters bend

occur, because the effect of wall friction and radial ve-
locity on the swirling flow both of which were neglected
in the present discussion become predominantly large in
this case.

Equation (17) can be solved numerically by use of a
finite difference method for given inlet conditions.
Figure 7 indicates the calculated results when an uni-
formly distributed flow accompanying a forced vortex
type swirl component (2;=0.4, 4;=0"5;=0) is in
troduced to a bend, of which curvature is changed in

various values.
5. Solutions for Viscous Flow

Friction forces acting on the control surface are
shown in Fig. 8. If the downstream section is taken to
be the reference one, the moment of these forces can be
expressed by

, . a
II=i {rggrw(R—rosm »)dp —S rz—%&d(pdr} A6
+j {rggrwgcosqz(R—rosin @)dy +5Srw,9 r{r-Rsin g)dpdr
+RSS79, rcospdy 01} A9+k {r%Srw(R—rosinqo)sinq)dqa

+RSSV‘L'9, cos (adgodr—l—RSSrg, sin ¢rd¢dr} 48 (19

In order to simplify the equation, Baker’s results® for
turbulent swirling flows in a duct may be employed.
According to him the shearing stress 7y, will satisfy the
following inequality relations ’

Af
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Fig. 8 Shearing stresses on control surface

Rﬁp Vo V,r sin god(pdr>RSSP g, Sin pdpdr
Q= pSS V¥, rzdwdr>SSrg¢ r? dpdr

RSSp VoV, rcos ¢d¢dr>RSSr,,¢ rcos pdpdr 0

If the flow angle near the wall is denoted by 8, and the
wall shear stress in the flow direction by r,, Fig. 8, the
components of the stresses 7,4 and 7,, can be given by

Tw=T, COSP, 7,,=T, sinf Q@n
With the results of experiments on swirling flows in
straight pipes™, the shear stress in the above equations
can be expressed with the resultant flow velocity
Ve=A/V%+VZ, as

7,=pC; V2 22)
where C denotes a friction coefficient of the pipe, which
depends on reougness of the pipe wall.

If the friction factor for a rough pipe is denoted by

A and that for a smooth pipe by 4,, Cy can be evaluated
by

C,=0.002)/1, 23)

Vw Vwg

Flow
. Twe . direction

Fig. 9 Direction of flow and shear stress next to pipe
wall - S e :
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When the swirling velocity component V,, is small

vy
compared with the axial velocity component V.4, V.,
can be approximated by V4, and the following relations
can be written;

1305 PC1 VoVt Two=PCr VoVt (eZ)
According to the results of experiments in the past, the
value of 74, in one section increases linearly from zero
at the center to a maximum value of 7,4 at the wall,
and the value of 74, at any radial position of r can be
estimated by ‘

- T, Ty p(F[70) 25
Us1ng the relationship of Eq. (9) together with Egs.
(24 and (25), the momentum equation of Eq. (7) yiclds
the following three dimensionless equations, ‘

ao N '

B ——aCQR-EV-4 26)
AN e o8 o) morEo
G20, 4 [FR-2)-ROEHE @)
ds/ E - WY

b =2, (SrE - 514

+CHRQA @8

The first terms in the right hand side of each equation
express the effects of wall friction.

Neglection of the radial velocity component in the
above equations may cause a certain amount of error
in evaluation of = in the bend duct, even in the case of
a fully developed flow entrance, since secondary flows
due to the curved motion in the bend will always de-
velop in the duct. The effect of the radial velocity com-
ponent can be accounted for briefly in the first approxi-

mation if an extra term is added to Eq, (28) as

ds’ _ v 2 e 1 .2)
' zc,( RE—55'—— A
FC R A A , 29)

The value of ‘A in this equation may be determined so as
to accord with the experiment in fully developed flows,
but here we use the values of Table 1 given for some of
the bend ducts which can be calucalted from simplified
potential flow model. Numerical solutions of Egs. (26),
(27) and (29) give the characteristic changes in £ in
curved ducts. Figure 10 shows the relationship of &’ and

Table 1
R/r, 0° <8 <45 45° < 6 < 180°
3 0.253 —0.0845
4 0.173 —0.0576
5 0.134 —0.0446
6 0.114 -0.038

50° 100 T 150° g

Fig. 10 Change of swirl intensity along @ when sw1r1-
ing component enters bend

0 when a uniform axial velocity with a swirling com-
ponent introduced to a bend. of R/r,=6. The friction
factors of Cf' used here are those which cover the ranges
in practical use. In the case of C,=0, namely a fric-
tionless case, the swirling intensity £’ changes sinuously
as ¢ increases and shows no decay. If C;>0, the decay
in Q along the duct appears and wavy change of &'
becomes weak.

6. Comparison of Numerical Solutions with
Experiments

- The results of numerical solutions of the equations
giverr in the previous section are confirmed by experi-
ments.

The present author measured the flow in a single bend
when swirling flows with various intensities were in-
troduced, and the effects of wall rougness on the se-
condary swirling motions were also studied. The ex-
perimental equipment is shown in Fig. 11. The bend
duct was made of brass and had a hydraulically smooth
surface. Its inside diameter was 50.9mm and the bend
radius R/r, = 6. To check the effects of wall friction
the surface of the wall was roughened artificially with
sands. Velocity distributions were meéasured at five
sections of §=0°, 90°, 135° and 180°, respectively,
by use of a cylindrical Pitot tube, when Re=2—V’f-nﬁ=
105, In each section, the Pitot tube was traversed in
four directions; along P- and N-axes and along its bi-
sectors. The momentum fluxes were obtained by sub-
stituting measured values in Egs. (1), (2) and (3) and
integrating it numerically. ;

Experimental uncertainties for the measured values
are estimated as flollowy

Limitif 0; & 1.5°
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Fig. 11 Experimental apparatus

Limit of V,,: 4 3% (at about V,,= 1.7m/s)

Limit of ¥3: 4 0.03V ,.(except wall region)

Limit of Vp: & 0.02 V¥, (except wall region)
Uncertainties concerning to the values of Q' A4’ and &’
are difficult to estimate because numerical integrations
of Egs. (1), (2) and (3) were performed using limited
point measurements (108 points in one section) instead
of infinite number of them, but many repeated measure-
ments make possible to offer the accurate values of
@', A" and E’ within the error of - 0.015,

Figure 12 shows the experimental results of momentum

change along the bend when an uniform axial flow with
:%{0.4(
~
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Fig. 12 Comparison of theoretical and experimental
results in case when a nearly uniform axial
flow (4; = — 0.003, =’ = 0.015) with a
swirling component (2, = 0.382) enters bend
of Rir, =6
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Fig. 13 Comparison of experimental results with
theoretical ones when a swirl component is
introduced to bend with different wall rough-
ness (24 = 0.35 ~ 0.39)

a swirling component enters the bend. This inlet con-
dition corresponds to the case of C = — 0.059 in Eq,.
(18), which gives an unidirectional swirling flow in the
bend. The dashed lines indicate the calculated results
for the same inlet conditions as the experimerits. The
agreement is satisfactory for £ and A’ but only qualita-
tive for =’.

Figure 13 exhibits the effect of wall roughness on
secondary swirling component. The inlet conditions are
the same as the case of Fig. 12, except for a small dif-
ference in £ . The secondary swirling becomes smaller
as the wall is roughened as expected from Eq. (26). The
calculated results, dashed lines, deviate somewhat from
experiment in rough wall,



152 Bulletin of Nagoya Institute of Technology Vol. 33 (1981)

Counter rotating region

Main

swirl
Inside I Oufside
of bend of bend

Vo/Vim 8 =135

{=0073

\ Outside
of bend

Inside
of bend

Bottom

Vo/Nm 6 =135
=0232

Fig. 14 Velocity distributions in bend when uniform
axial flow with swirling component (Qf =
0.306, 0.156) enters a bend of Rjry = 6

7. Distributions of Velocities

Figure 14 shows the velocity distributions measured
at the section of §=135° in the bend of R/r,=6.
When 0'==0.073 (a weak swirl), the tangential velocity
shows approximately a forced vortex type profile except
in the wall region, where a vortex pair with the opposite
sign is seen to be created as in an ordinary secondary
flow in a bend. The occurence of the vortex pair will
bring about some discrepancy in the theory and experi-
ments, eépecially in the case of a weak swirl. When the
swirl intensity is irc¢reased to Q' = 0.232, a free vortex
type profile is developed in the tangential velocity com-
ponent, and the effect of the secondary flow due the
duct curvature on the total flow pattern bacomes less.
The axial velocity proﬁefs exhibit a shear flow type mo-
tion as was assumed, but different concave pattern ap-
pears as the swirl is increased.

Although the assumed velocity profile are not ex-
actly the same with the measured ones, they give fairly

good agreement in the values of momentum except for
a case of weak swirl. Calculation with the assumpation
of a forced-free vortex with concave axial velocity as
seen in the measured flow gives no substantial change
in the estimation of £’ from that of Eq. (9).

8. Concluding Remarks

A secondary swirling flow in a bend caused by uneven
inlet velocity distributions was described theoretically,
and the results were compared with those from experi-
ments. The following are the main conclusions.

(1) The behavior of the secondary swirling flow can be

classified into three flow types, depending on the inlet

conditions and the configurations of the duct curvature;

(a) Flow with a unidirectional swirl

(b) Flow with an alternative directional swirl

(c) Flow with a gradual terminating swirl, although it
may not appear in practical cases

(2) Change of the swirl intensity is generally observed

along the axis of the curved duct. The o¢curence of this

change can be explained on the basis of the conservation

law of the inlet momentum of fluids around the duct

axis.

(3) Friction forces on the duct wall have a damping

effect on secondary swirling motions.

The author would like to show his thanks to
professor M. Murakami of Nagoya university for his
kind advice and to Mr. H. Yoshida for his collabora~
tion in experiments.
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名古屋工業大学学報第33巻（1981）i45Seco盟担鍛y　Swiri畳既悪F置ow　in馳】塁e猷“Osami　KITOD卿吻7θπ’（ゾ福θ伽〃’cα1石順πθθ酌馨　　　（R�teived　September　3，1981）　　　An　analyt董cal　study　was　made　on　the　secondary　circulating　Hows　created　in　a　curved　duct　when　ashear　type　axiaHlow　with　a　swirling　component　was　introduced　in　the　duct．　Depending　on　the　inletconditions　of　the月ows　and　configuraでion　of重he　curved　dcut，　three　dif驚renUypes　of　swirling　motionsare　shown　to　be　created　along　the　curved　duct．　The　results　were　conやared．　with　experlments，亙。　Introduction　　Flow　of　a　fluid　in　a　curved　duct　has　been　the　suhiectof　much　attention　among　engineers　ln　relation　to　Howmeters　and　e3timation　of負ow　resistance　in　pipe　llneIayout，　and　also　among　scientlsts　for　its　physlcal　ln−terest，　and　many　valuable　results　have　been　obtained．However　most　of　these　results　were氏）r　cases　in　which　　　　　　　，fully　developed　Hows　wlthout　swirling　components　wereintroduced　into　a　single　or　a．combined　bend　duct．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　コ　　In　practical　cases，　howevcr，　the　f【ow　approaching　th6bends　is　not　always　in　a　fUUy　deve互oped　state，　as　is　in−dicated　in　Fig．1，and　the　aow　pattern　in　the　bends　maybe　conslderably　di飽rent　f士om　those　fbr　a　fully　developed且ow　entrance．　　For　the　case　of　a　shear　type　fiow　entrance，Hawthorne1〕and　Horlock2）studied　the　How　theoreti−cally　by　considering　the　vorticity　of　fiow，　and　showedVcive．Axiolsheorcomponen奮・．Combiped　bend／：Bend・甜冒一一　　A瓦iol　sheαr　ond　　　swirl　c。mponen量s’こ＼＼　1the　occurence　of　an　alternative　．change　of　the　sheardirection　along　the　bend　axis．　This　method，　however，　isdlmcult　to　analyze　the　entering　swirling　fiow　withμnifbrrn．ly　distributed　or　unevently　distr量buted　axial　ve710cities，　slnce　the　streamlines　offlow　are　tWisled　helicallydownstream　and　the　angle　between　the　principal　normalof　the　streamiine　and　Bernoullisur甑ce　varies　considera−bUy　along　the　Iine．　In　princlple，　this　variation　was　notconsidered　in　Hawthorne’s　aロalysis，　although　some　cor三rection　fbr　this．was　given　in　Lakshmlnarayana’s3）paper。　　Some　detailed　experimental　studies4・5）haVe　beenperR）rmed　fbr　these　cases，　but　no　theoretical　approachhas　been　made．．　　The　presellt　study．ls　concerned　with　an　analytica：1approach　to　th1s　secondary　How，　and　the　metho．d．奄氏Evolved　would　be　appli．cable　to　any　type　of．swirling　fiowif　the　velocity　profile　is　approximated　by　a≦imple　modeLFormulation　of　the　Hows　was　perfbrmed　by　use　of　themomentum　theory　written　in　an　integral　fbrm．　The　in−viscid　solutions　are　firstly　given　to　facilitate　understand−ing　the　qualitative　nature　of　the　fiow　in　a　bend．　Then　theef艶ct　of　the　wall　ffiction　is．モ盾獅唐奄р?ｒｅｄ　to苅qeet　quanti−tative　discussion，　and　comparison　with　experi皿ents　isgiven．2．Nomenc夏a加re　　　Fluid　muchineヒ　　　　　　　　　　　　　　Swirl　componenそFig．1　Uneven　fiow　components　iIltrodロced　in　bendr，θ，ψ　coordinate　system，（see　Fig．2）耽，巧，％velbφty　components　in　r，θand卯directions，　　　　　　　resp�ttively玲　　　mean　axial　velocityi46諺。ll，tt。。f醤、g・y・i・・titbt・・f　Tecim・i・gy　V・L　33（1蜘7w　　　v610city．just　outside　of　wall　boundary　layerΩ，zl，8　moment　of　momentum　around　pipe　axis，　P・　　　　　　　axis　and　N−a〜【is，　respectively．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ロ　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ロ　　　　　　　　　　ロバ4．，払蹴momentums　of　fiuids　entermg　to　or　lssulng　　　　　　　from　the　control　surf包ce．π　　　　moment　of　external負）rce’，ノ，ん　　　unit　vectors　directing£oward．　pipe　axis，　p−axis　　　　　　　and　N−axls，　respectivelyC／　　ffiction　coe伍CientPpressurer。　　　　　radius　of　pipeR　　　　　　radius　of　curvature　of　bendα　　　　　direction　of　shear（see　Fig．5）β　　　　flow　angle　next　to　plpe　wallε　　　　　　size　of　sεmd　roughness．り　　　　kinematic　viscosityζ　　　　　shear　intensity（see　Fig．5）ωangular　velocity　of　fluidτθr，τθσ　　shearing　str6sses　in　r　and　g｝direption　in　a　pibp　　　　　　　　　　　　　　　　　　　　　S�ttlonτwr，τwψ　shearing　stresses　in　r　andψdirgction　on　pipe　　　　　　　wa11．pri加e’　dimensionlessマarlablesUpsfr66m　side　　　　ブ、　　　　ノ　　『、　　　’　　　　　鳩N＝　　　’　　　　　　　　r　　　’　　　　　　　　　　　　ド！　／L．．墨i＿＿＿一＿＿」　　Inf「ow，幽i，．　　　　　　Confrol　surf（〕ce�_ミ�dミ￥ミ　　　　　、コ　タ　　θ・θ　　　　　　，’　　　　　　1　　五θ．Downsf?戦?　　ロh》　　　　　．｛｝一k　　lΦ　，θ・θ＋オθ．P−Axis3ubscr1pt　zero　values　eva】uated　at　the　bend　entrance　　　　　　　　　　　　sectlon3．Theory　　In　this　study　we　assume　a　steady　inco皿presslble　How・士he　fundamental　eqha重ions　which　govern　the　secondary．6i止culating　flows　in　a　bu士ved　duct　were　bbtained　by60psidering　a．change　of　angu夏ar　momentum　of　Ho犠lsacross　the　curved　duct．．@Figure　2　shows　the　coordinatessyste血6mployed　in　this忌tudy；θis　the．angular　positiQnbf．ｯse6tk）h　measured　fr6m　the　bend．　inlet，　and　r　andψP−AxisOufflowP−Axi＄Cen雪er　ofCαrvα音ure　　　　　　N−Axis．F董g．3　SmaU　elementary　part　of　bend　　　　　N−A麗15N−Akis・／’珍rθR．Cen†er　6fcurvO量ureF亘9．2　Coordinates　system．一　噸鴨一一lnflow郵g．4．De且nitions　of　momentumsΩ，浸andεare　the　pola士coordinates　of　a　point　within　the　section．Figure　3　shows　an　elementary　part　of　the　bend　duct．脚hose　de且ection　angle　is∠1θ，　and　the　dQtted　lines　de剛note　a　control　surねce　across　which．a　momentum　ba−lance　of　the　flow　will　be　considered．　The　fiow　enteringt耳esection　ofθ＝θ，　the　upst士eam　section　of　th得con−trol　surface，　generally．?ａｓ　some　angular　momentumbomponents　around　the　center　line　of　the　section　andalso　around　the　P・and　N−axis，　Fig。4．　They　are　ex−pressed　respectively　by　　　　Ω（・）一・∫『∫：π噛伽．　　　（・）・　　　、4（・）一・∫『∫ll鞠2・・卿吻砂　　−（・！lI1121111ti、名古屋工業欧露学報第33巻（�R8i）　　　ε（・）一・∫lo∫：恥・・卿〃　　　（・）From　the　de丘nition　of　the　mo血entum，　it　is　evident　thatthe　axes　ofrefbrence　are　dif琵rellt　in　up−and　downstreamsections，　since　the　downstream　gection　is　inclined　by∠fθto　th6　upstream　one．　　In　order　to　apply　the　momentum　theory，’a　unificatio血of　the　refbrence　axes　will　be　necessary．　Let　the　down−stream　sectionθ十4θbe　this　re免rence　section，　thenthe　expressions　of　Eqs，（1），（2）and（3）負）r　the　upstreamsection　shoud　be　changed　to　those　refbrring　to　this　newrefbrence　one．　Let　unit　vectors　refbrred　．to　the　centerline　of　the　duct　and　P−and　N−axes　in　the　downstreamsection　be∫，ノandん，　respectlvely，　then　momentumHowin琶across　the　upstream　section　can　be　expressed　asfbllow　ル伽一∫（Ω一∠∠θ）＋ノK一・・∬彫rs・・卿〃…∬7．鞠rcOSψ∂φ〃＋Ω）」θ＋4｝＋・｛（・・∬隣C・・卿〃…∫∫　　　　　　　レ｝％rsin卯吻ζか）∠1θ十3｝　　　　　　　　　　　　　　（4）On　the　other　hand，　the　momentum　Hux　across　the　d6w1レ　　　　　　　　　ロ　　　　　　　　　　　コStream　SeCt10n　IS惚一（・＋窒詔）・ノ侮艶・）．、＋・（・＋髪夢・・）　　．　（・）Then　the　momentum　balance　across　the　control　surfacewill　be漁一漁一’i一署一・）蜘（一・・∬　　　　　　　％吻sin卿〃　　　　　＋・・∬聯・c・・卿砂＋Ω溜）・・　　　　　＋・（・・∬鞠…�梶@　　　　＋・・∬脚…贈一面）・・　　（�@If　the　external　fbrce　acting　on　the　elementary　volumeof　the　fiuid　is　denoted　by　17，　the　fbllow量ng　relation　w三11be　obtained．　　　11十ノレf∫π一、砿。μ！＝0　　　　　　　　　　　　　．　　　　　　　　　　（7）4．So置ution　fbr　Frit重onless　Flow　　To　see　the　qualitative　nature　of　the　flow，　solutions　ofthe　qow　are　fbund　in　a　frictionless　case．　Neglecting　thee驚ct　of　the　body　fbr�t，　the　external　fbrce　acting　on　thei47control　surface　can　be　wr｛tten．as　　　π一・（一∬・・卿・・卿）・・　　　　　封（一∬告諾・…細）ψ　　　　　＋・（一∬器・吻・�梶j・・　　．’（・）if　the　ref6rring　surface　is　take耳to　b6　the　downstreamone．　The　pressure　acting　on　the　internal　surface　of　thebend，　P。，　contributes　to　the　moment．of　the　order　of（∠fθ）2and　because　of　its　smal】ness，　it　can　be　neglect6dagainst　the　monent　given　by　Eq．（8）．　Fo士cgnven・ience，　the　fbllowing　dimens1onless　expressions　wi互I　beintroduced．　　　Ω！ρπ’98囎一Ω’護／ρπア8囎一∠’，　　　司ρπr8環＝8’，P／壱ρ囎＝P’，r／r。一〆，R／r。＝R’，　　　％／砺一十％／7’。一％’，川臨＝71，In　order　to　solve　Eq．（7），　the　proper　assumptions　fbr　thevelocity　distributions　will　be　required．　As　a且ow　modelin　a　ben斗afbrc『d　vortex　type；｛iow．w量th　a　shear　typeaxial　velocity　as　shown　in　Fig．5is　assumed　as　亘awthorne　obtained　in　his　analysis，　andVm導rAxiqi　veloclfy　profile　qf．9＝α　　．．・、．　　　　　　　　　　　　　　　　　　　　，酷．Equiqxiαl　veloci廿ycon昔ourτ1Gngen脅iαl　veloci萱ypro歪i［e　　『』（．forced　vo．rfex⊃Fig。5　Assumeαvelocity　distributions　in　bend．職＋，ξ、。、（，．。）．｝．．．φ）．Except　fbr　a　speclal　case　of　a　smaU　swirl　or　weak　shear．component　at　the　bend　inlet，　radial　velocityレ�nis　mhchsmaller　than％andレ多，　and　7，　can　be　neglected　in　aqualitative　discuss．ion　of　the　fiow　pattern．．i4色Bul！早tin　of　Nagoya　Institute　of　Techhdogy　Vo1．33（1981）　　Now，　substitution　of　the　relation　of．Eq．．（9）into　Eqs．　（1），（2）and（3）gives　　　　9’＿．』’　．　　　　．1　　　　　　　　　2　　　　・’一1ζ’・…　．．．．．．．．．（10）　　　　・・一．1ζ’・・nα／画rζ’「ζ／（籍）．a吻一三）．Euler’s　equation　of　motion　in　the　r−direction　　　　曙・梶号†暢髪一孕　　　　一偏鵠一二諾）　．　（1i・gives　the　pressure　distr圭bution　ih　the　cross．9ecti6n，　ifthe．relationshit）of　Eq．（9）is　substitut6d　and　an　integra−tion　is　perfbrmed　over　the　section　with　respect．to　r．　　Let　Pd　be　the　pressure　at　the　center　of　the　duct　section，正hen　　　　�nPo−1拙（・・＋讐等箏　　　　（レ÷・吻）＋・ξ…（・一・）（・匹＋Rξc重罪一α）　　　　＋1．・・ξ2c・s2（・一・）　　　．（12）In　the　fbllowing　analsis　it　is　excluded．the　case　in　whichHow　sφaration　occurs　in　a　bend．　The　separation　isavoldable　when　R’．〉．．．3，　and　the　term　of　l　n（1−r／R　sinのcan　be　expanded　in　power　series　as　　　　・（1＿アsi　　　　R）ん一襲・…一÷（羨・1・・）2．　　　　一1（÷1…）1　　　．田（13）iflr／．R　sinの1＜1／3　is　assumed．Substituting　the　relations　of　Eqs．（9），（12）and（13）intoEq．（7），　the　mo加entum　equation　yields　　　　．4Ω’　　　　　　　　＝一∠’　　　　　　　．　　（14）　　　　4θ　　　　需’一π餌＋・’　．．：．．．（15）　　　　箒ノー・槻　．　、　　（16）where　sma11　terms　induding　i／6R’2　af6　a11　neglected．Equation（14）臼ives．the．same　fbrmula　as．Eq．（12）ihHawthorne’s　paper　if　we　assume　the　streamline　beingbaセa11el　to　the　bend　cufyature　and　avarξしged．vorticitiesOver　the　cross　section　being　introduced．　　．耳limination．of，4’鋤d∬fbrm　above　equations．glves．恥e．fbllQwing．　dif轟診rential　equation　fbr　9’which　de−scribes　the　angular　mQmentum　change　of且uid　along　the．bend　center　line　　　　ゴ浮’・（1rR’，K）・・＋1・’・・’・一・　（17）．噸e．剛堅’・’・羊・・』圭盆・ぬ6・＋E6〒・・…Equation（工7）can　be　solved　fりr　a　given　bend　if　the　inlet…d・・・・…♀1・（暢’）。一一・≦・・d瓦・・ed・…d・Th・n・nlin銀・t・・m・i・thi・equati・n　p・ev・nt母n・n・ly−tica1乱pp士oach，　and　recourse　should　be　made　to　a　nu．merical　me重hodl　　Befbre　a．　deta重led　discussion，　the　general　nature　of　thediff6rential　equation　will　be　given．　Eliminating　E／ffomEqs・（14），・（15）and（16）andinteg士ating　once　the　resultingequation　with　respect　t6θ，　the　fb11（）wing　exbression　wi1】be　obtained．・’2＋（1一・’K）ρ’2＋÷・’2・’4一・．．．．q8）where　C　is　integra星constant．、くR隻6CまQ2Q6．CrO」b・OC・一α0．4．C＞0．C・一Q2q2一C・OC・一〇5．C〈0．6一〇4ρ2．Q2．04QΩQ2：つ4一Q6Fig．　6　Relationshlp．betwεehΩ’andz1”calculaled　by　　　　　　　Eq。（i8）when　R，＝6　　：Figu士e．6　indicates　the　relationship　of　Eq．．（18）inthe　case　of　R’漏6．　The　fundamental　dif驚rence．in　thebehavior　ofΩ’occurs　dependin90n　the　sign．of．C，　narh−ely，　C＞0，ρ＝O　and　C＜0．　When　C＞0，Ωノchangesslnuoulsy　and　alternative　swirl．motions　obcur　along　thebend．　On　the　other　hand，　C＜0，　the　sign　ofざ2’remainsthe．same　and．　gives．an　unidirectional　swirl．　Whe　C雲0，a11口neven　components　at．the　bend　in蔓et　disappear．gradua11yJn　practice，　however，　the　la5t　case．may　not∂名古屋工業大学学報第33巻（1981）149均Q50，4．Q30．20，1．0一〇．｝一Q2．一Z，3一〇．4Fig．UnidireciionGlswirling　mo量ionR≒6Grqduαlly　sfoPPingswirling　mo†bn　　　　　　　Rも5Ω1・Q4A二・O鴛；・050。OO。ρJferhα打ve　chσnge．in廿he　direc†ion　ofswirling　mofion　　　［50。θR』4　ノ　　　　　　　　　　　　　　　　　　　　　　R・3　．R急27　Change　ofΩ’alongθwhen　swirling　compon−　　　ent　enters　bendoccur，　because　the　effbct　of　wall　fflct1on　and　radial　ve−10city　on　the　swirling　How　both　of　which　were　neg星ectedin　the　present　di『cussion　become　predominantly　Iarge　inthls　case．　　Equation（17）can　be　solved　numerica11y　by　use　of　a．且nite　di驚rence　method　fbr　given　inlet　condit｛ons．Figure　7　ind1cates　the　calculated　results　when　an　uni−fbrmly　distributed　How　accompanying　a　fbrced　vortextype　swirl　component　（Ω≦＝0．4，！｛6罵0’56＝0）is　introduced　to　a　bend，　of　which　curvature　is　changed　invarious　values．＼あr　　’　　　　τ蝕　　　　　　　　　　　　　　　　ノ・　　Upsfreαm　sidb　　　　理τw望idesfr6Gm恥θ@　　　窃鈎　r．　　●τθ窃・・諱u△θ・…暮彩θ△θ5．　Sohtions　fbr　V言scous　Flow　　Friction　fbrces　acting　on　the　control　surface　areShown　in　Fig．8．　If　the　downstream　sect量on　is　taken　tobe　the　refbrence　one，　the　molnent　of　these　fbrces．　can　beexpressed　byπ一・｛・者∫…（・一・・S・・の�S一∬〆籍卿・　　　嘱・．・C・軸・伽・）吻＋∬・。・・（卜盆…の鋤　　　＋・∬・…c・蜘・｝・鍬｛略∫・。〃（・一・・S…）・・砂吻　　　＋・∬・τ・・C・・卿漉＋・∬・・，S・・醐｝・・（19）In　order　to　simplify．　the　equation，　Baker’s　results6）・fbrturbulent　swirli血g　fiows　in　a　duct　may　be　employed．A�tording　to　him　the　shearing　stressτθりwill　satis妙the．fφUQWing　inequality　relatlQ旦S　．．　．・Cenfer　ofcurvαfure　　　　Fig．　8　　Shearing　stresses　on　control　surface　　　　穿一瞬・∬・・％聯｝〉轟∬〆τ・。吻〃　　　　・∬・呪・S・・卿》・∬・τ・，S・・卿〃　　　　Ω一・∬w卿〉∬・・〆・吻評　　　　8∬・肌・C・・卿〃〉・∬・・。・c…�梶i・�@If　the　f】ow　angle　near　the　wall　is　denoted　byβ，　and　thewall　she昂r　stress｛n　the　flow　direction　byτw，　Fig．8，　thecgmponents　of　the　str6ssesτwθandτ膨g　can　be　given　by　　　τ曜θ＝τwcosβ，　τ躍¢＝＝τw　sinβ　　　　　　　　　　　　　　　（21）With　the　results　of　experlments　on　swirling　Hows．　instraight　pipes7｝，the　shear　stress互n　the　above　equationscan　be　exp・essed　with　the　re・ult・nt　H・w・・lb・ity耽一〜／7多θ＋臨as　　　τ耀＝ρCノ昭　　　　　　　　　　　　　　　　　　　　　　（22）where　Cンdenotes　a　ffiction　coe月臼cient　of　the　pipe，　whichdepends　on　reougness　of　the　pipe　wall．　　If　the　fhction　factor　fbr　a　rough　pipe互s　denoted　bシλand　that　fbr　a　smooth　pipe　byλ。，（なcan　be　evaluatedby　　　Cノ＝0・002λ／λ5　　　　　　　　　　　　　　　　　　　　　　　　　　　（23）VwVwψ．　一　「一一凹P．τwwθ．1一　　一　　r　一廊望掬．Flb瞬diredion一Fig．　9Direction　of　now　and　shear　stress　next　to　pipeW31レ．．．・．．　．．・・．．．　．・．．．．・．1508uuetin　of．Nogoya　Institqte　Technology　vo1．33（1981）When　the　swirling　velocity　component　7，ゆis　smallcompared　with　the　axialヤelocity．　component　7鞭θ，〕�jcan　be　approximated　by　7陣θl　and　th6．．fbllowing　re星ationscan　be　written・　　　　　　　　　　　　9　　　τwo÷ρσ∫7wθ7膨θ，τ、ゆ÷ρ（フノア�`ψレ�eθ　　　　　　　　　　（24）According　to　the　results　of　experimehts　in　the　past，　thevalue　ofτθ，　in　qn停section．　increases　linearly　ffom　zeroat．狽?ｅ　center重。　a　maxinium’value　Qfτ汐θat　the　wall，and　the　value　ofτθr　at舞ny．．f『しdial　position　of．Fcan　beestimated　by．　　　・タ’÷・ηθ（・ノ・’・）．　　　　．．　．（25）U’sing　the　relationship　of　Eq．（9）together　with　Eqs，（24）and．（25），　the　momentum　equatiqn．of　Eq．（7）yieldsthe　fbllowing　three　d量mensionless　equations，　　　　窪’一一・・，・・（’一！q一昌）．一・’@　．（26）　　　　餐’一一・・夙1・’司二・’・1・鴇（27）　　　　菩二1傷（1盆…一18’・一1・’う　　　　　　　　　．十《7f．十1〜ノ9’Z置’　　．　　．　　　　　　　　　　　　　　　（28）Th・且rstゆ・1・！hr・ight坤母side．of．9耳ch　equationexpress　the　6f｛もcts　of　wall　ffiction．　　NegleCtiOn　Of　ith6　radial　VelOCitシCO皿pOhent　ih　the・戸・ve　e叩・ゆ・m・y　ca・・e母rP・t・i・・卑ount　ofe「「o「．ih　evalua｛ioh　6f三「’．in　the　benごduct，　even童n重he　case　ofafu呈ly．developed　How　entfanceゴsince　se30ndary且ows．due．to．the　curved　motioh　in　the　bend　w三11　always　de−velop　in　the　duct．　The．　e｛琵ct　of　the　radial　ve10city　com−pohent　can　be　accounted　for　brieHy　in　the．first　apかroxi−mation　if毎n　eえtra　term　is　added　to　Eq，（28）as　　　．　　　　箒’計・争（．1�i’一i鱈1．・り．L　　　　十C∫十R／Ω’∠1ノ十14　　　　　　　　、．．　　．　　　　（29）The　value　of．A　in　this　equation　may　be　deter血ined　so　astg．耳ccor4・With　the　e耳perlment　in　fhlly　developed且ows，but　here　we　use　the　values　of　Table．1．give茸fbr　some　ofψ弓わβnd　ducts　whichρan　be．caluca呈ted　ffom　slmph昼edpotential　flqw皿o“eL．　Num曾rical　solutions　of　Eqs．（26），（27）and（29）g量ve　the　characteristic　changes　inΩ’　葺ncurved　ducts．　Figure　10shows　the　relationship　of　9’and　　　　　　　　　　　　　　　　　　　Tab夏e　1050，4Q30，20，1．o一「一P一11フー「「一rT−　　　　　　　　　　　　　　　　　　　　　　　CrOCf＝QO4Cl＝O．08Cf＝O．1245。＜θく180。5Q。lOO。　「．150。θF置g．10　Change　of　sw量rl　intensity　along．θ．when　swir1・　　　　　　　ing　componeht　enters　bendθwhen　a．un面rm　axial　velocity　with　a　swirling　com・ponent　introduced　to　a　bend．　of．R／ro篇6．　The　f冠ction血ctors　of　Cアused　heζe　are　those　w毎ich　cover　the　rangesin　practical　use．　In　the　case　6f　Cプ」0，　namely　a　fric・tionles＄ρase，　t毎e　swir1量ng　lntens量tyΩ’changes　sinuouslyasθ量ncreases　and　shows　no　decay，　If　C∫＞0，　the　decayinΩ’along　the　duct　appears　and　wavy　change　of　62’bεco正hes　we乱k．6．　Comp段r亘〜on　of　Numer蓋ca且．So耳ut置ons　w置th　　　厄xper盲mentsR／r。．R4．56oo＜θく4500．253．．0．．P730．1340．11．4．．一〇．0845−0．0576−0．0446一α038　　The　results．　of　numerical　solut16hs　of　the　equat量onsgiven・in　the　previous　section　are　con負rmed　by　6xperi−ments。　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　臨　　The　present　author　measured　the　How　in　a　single　bendwheh　swirling　f【ows　with　various　ihtens量ties　were　in．troduced，　and　the　ef℃�tts　of　wall　rougness　on　the　se鰯condary　swirling　motions　were　also　studied．　The　ex・perimental　equipment　is　showh　in　Fig．11．　The　bend．duct　was　made　of　brass　and　had　a　hydraulically　smoothsurface．　Its　ins1de．diameter　was　50．91hm　ahd　the　bendradius．　R／rb＝6．　To．　check之he　ef偽cts　of　wall　f士ictignthe　surface　of　the　wall　was　roughened包rtificially　withsands．　Velocity　distributions　were　m6asured　at』且vesectio口s　ofθ＝＝Oo，900，．1350　and　1．800，　respectively，by。，e　6f。、yli。d，i，al　Pit。t　t。b，，　w臨・R・一27m％＿　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　レ105．In　each　section　the　Pitot　tube．was　traversed　in　　　　　　　　　　　　　　　　，ゆ・di・ecti・n・；・1・耳g　P…dN−a冬・・a早d．・16・g　it・bi−s6ctors．　The　momentum　Huxes．　were　obtained七y　sub−stituting　me包sured　values　in　Eqs．（1），（2）．and（3）．andintegra重ing　it　numerica11y．　　Experi皿entalμncertainties．fりτthe覇αeasured　values．are　estlmated　as．Hollowレ　　L鱒tlf　θ；±1．5。．名占屋工業大学学報第33巻（1981）151Regub胸volveτ6s†ed　bend50．9mmDσwnsfreGm　pipeQ＝凶Pけof量rGverse　sec十ions1　　　　　↑Orifice　me†er　S量roigh廿enerSwirl　generofing　　　　　　拍nkUpsfreom　pipeGuide　vones　ダFrom　overheσd†Gnk　　　　・Regu｛σ量ing　volveFig．　U　Experimental　apParatus　．Limit　of臨：＝』3％（at　about臨＝1．7m／s）　　Hmit　ofレ3：土0．037摺（ex�tpt　wa11　region）　Limit　ofアψ：±0．027涜（except　wall　reg孟on）Uncertainties　concerning　to　the　values　ofΩ’∠’and　3’are　d面cult　to　estimate　because　numerical　integrationsof　Eqs．（1），（2）a摯d（3）．　were　perfbrmed　uslng　limitedpoint　measurements（108　points　in　one　section）insteadof　in伽ite　number　oftheln，　but　many　repeated　measure−ments　make　possible　to　offbr　the　accurate　va麗ues　of乙2’，4’and　3’within　the　error　of土0。OI5．Figure　12　shows　the　experimental　results　of　momentumchange　along　the　bend　when　an　unifbrm　a耳iamow．　with＝蔓04．’リ燭噂。・3　0．5、　0，40．30．20，1O　　眠、　、　　、F言9．13　　　　　　50．　　　10。O　　　I50◎ρComparison　of　experimental　results　withtheoretical　ones　when　a．swirl　componeht　isintroduced　to　bend　with　dif旧erent　wa11　rough−ness　（Ω6　＝0．35〜0．39）．ヘトA　　　　　　　　　　　Smoo計h　pipe、　、拙　’、臥　、、　　　　　　　　　　　　　　　　　　　一一一一一＿＿＿　　ペ　　　　　　　　　ヘ　　　　ヤ　　　　　　　　へ　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ら　　　　ペ　　　　　　　　へ，。i藷ミ…・・：：＝＝＿一一一ヨ　　　・ε・…σ・。97・R。、g一．一＿＿∠巴＿L＿』0．20．1o！・52．、　　　、　　　　、　、　魎　鞠　，　一’　　！！イ／．戸．▲　　　　　一一一一　一一魎　　「髄　　、　　　　、　　　　　、　　　　　　、　　　　　　　、　　　　　　　　、　　　　　　　　　、　　　　　　　　　　、、冒一　　一　一　　一　　一　　一　　噛悼H、、、、、　、、rゴ1，0コ’一p2　　　5（ア　　　　　　　　　「溢ユooo　　　　　　　　　　1500，ノノ　　　　　　　　　　　　　　　、、一＿＿▲み一／EXPo肖me漁l　resu臨一一一一一bqlculoted　results冗ワFlg．12　Comparison　of　theoretical　and　exp．erimental　　　　　　　tesults　in　case　when　a　nearly　unifbrm　axial　　　　　　　How　（∠6＝一〇．003，瑠’＝0．615）　with　a　　　　　　　swirling　component（Ω6＝Q．382）enters　beIユd　　　　　　　QfR／r。＝百aswirling　component　e叫ers　the　bend．　This　in星et　con・dition　corresponds　to　the　case　of　C＝一〇．059　in　Eq．（18），which　gives　an　unidirectional　swirling　f玉ow　in　thebend．　The　dashed　Iines　indicate　the　calculated　results盒）rthe　same　inlet　conditions　as　the　experiments．　Theagreement　is　satisfactory　forσand、4／but　ollly　qualita・tive　fbr　』＝’．　　Figure　13　exhibits　the　ef飴ct　of　wall　roughness　on　『secondary　swirling　component．　The　inlet　conditions　arethe　same　as　the　case　of　Fig．12，　except　fbr　a　small　diF驚rence　inΩ1．The　secondary　swirling　becomes　smalleras　the　wall　is　roughened　as　expected倉om　Eq．（26）．　Thecalculated　results，　dashed　Iines，　deviate　somowhat　ffomexperi瑚eロt　1ロrough甲aU・152Bulletin　of　Nagoya　Institute　of　Technoiogy　VoL　33（1981）Insldeof’bendInsideof　bend丁opLO095望Coun才er　rofσfing　regめn　　　　　　　　　TOP　　　　　　　　ゆロ　　　サ　へ　　　　　〆ノ　　�i一　♪．．　　　　　　一　　　　　　　　　！　　　　　　　　　、‘、！ノBo予量om．》v喝・湖αin．sw旧Ou歯side．o歪b白ndgood　agree皿ent　in　the　values　of　momentum　except　fbracase　of　weak　swirl．　Calculation　wlth　the　assumpationof　a　fbrced−f士ee　vortex　with　concave　axial　velocitv乱sseen　in　the　measured昼ow　gives　no　subst鼠ntial　changein　the　estlmation　ofΩ’町om　that　of　Eq．（9）．Bo菅om〜る／〉漉　　　θ　＝　135。　　　　　　∬昌0ρ73TOP1．Oh」�５　　　09O7　　　　　ヒBo廿om涛．／V油H　　　　　　O．1．Oufsideof　bend．8・　（＝onc互U｛崔量ng　Re瓢訊r】ksBo廿omwV荊θr135。　　　　　　　∬・Q232F言g。14　Velocity．distributions　in　bend　when　uni．fbrm　　　　　　　axla田・w　wiすh　s蝿ing．cOmp・nent（Ω6−　　　　　　　0．306，0．156）e蹴rs　a　bend　ofR／r。一67．Distr三b罧重互ons　o正Ve互oc藍tleS　　Flgure　14　shows　the　velocity　distrib廿tions　measured餌．t葺e　seption．　of．．θ」135。　in　t卑夢．be孕d　oξ．】≧／ro＝6・WhenΩ’＝0．073（a　weak　swirl），　the　tangential　velocityshows　apprgxim耳tely　a　fbrced　vortex　type　pro且le　exceptin　the　waU　regloh，　where　a　vα士ex　pal士with　the．opposite・19・is　see耳t・b・．・・号・tr4吊・1・・h　6・di・年・y．・ec・・�SH6w　in．＝@bend．　The　o6curehce　of．th6　vortek　pair　w置lbflng　about．sohle　d至scr61づancy　i耳．the　theory　and　experi一ゆ・；63pe・i・lly　i・‡he　ca・e・f・．曽6・輩・wi・1・Wh・ゆ・6．翌l．　intensity　is．量亘¢reased　t6≦γ＝．0．2321　a　ffe6　v6rte文type　pro且le　is　developed　in　the　tangential　ve16¢ity　com−ponent，　and．the　ef琵¢t　of　the　second乱ry且ow《iue　theduct「cur》atur60n　the．　total　f16w　patterh　be¢omes夏ess．The　axial　velocity　pfo且els　exhibit　a　shea士How　type　mo−tion．as　was　ass血med，　but　di銑rent　concaVe　pattem　ap−P白ars　as　the　swirl　is　incr6ased．　　Afthough．　the翫ssumed　v610city　pro釦e　ar6且ot　ex−actly　the　sanqe　Wlth　the加le耳SUred　Q題esヲthey穿iVe魚irl￥　　Asecondary　swlrling　flow　in　a　bend　caused　by　uneveninlet　velocity．　distributions　was　descrlbed　theoretically，and　the　results　were　compared　with　those　f士om　experi−ment6．　The　fbllowing　are　the　main　conclusions．（1）The．behavior　of　the　sec6且dary　swirling　flow　can　beclassified　into　three　fiow　types，　depending　on　the　inletcondit量ons　and　the　con6gurations　of　the　dμct　curvature；（a）Flow　with　a　un｛directiona里swirl．（b）Flow　with　an　alternative　directional　swir1（c）Flow　wi£h　a　gradual　termlnating　swirl，　although　it　　　may　not　apPear　in　practical　cases（2）Change　of　the　swirl　intensity　is　generally　observedaloDg　the　axis　of　the　curマed　duct，．The．O6curence　of　thischange　can　be　explained　on　the　basis　of　the　conservationlaw　of　the　ihlet　m6由entum　of　flulds　a士6und　the　ductaxis己（3）Frlction　forceg　on　the　duct　wall　have　a　dampinge｛琵ct　on　second裂ry　swirling　motions．　　The　author　would　like　to　show　his　thanks　to．profbssor　M．　Murakami　of　Nagoya　university　fbr　hiskind　advice　and　to　Mr．　H．　Yoshida　fbr　his　collabora．　コ　　　　　　　　　　　の　　　　　　　　　　　tlon　ln　experlments．Refαences（1）Hwthorne，　W．R．，　P700．　Roア．5b6．　Lo滋，　Ser．A，　　　206−1086（1951−5），374．（2）Horlock，　J．王L．，．　Pアoo．　Rのノ．5bo．　L∂η4，　Ser．　A，23面一　　　1198（1956−2），　335，（3）■翫kshminarayana，　B．，　and　Horlock，　J．H．，λ、Bo∫記　　　石箆召ワ28．，（玉967−3），191，（4）Shimuzu，．Y．，　and　Sugino，　K．，β〃．∬MEI　23−183　　　（1980−9），1443．（5）Murakami，．M．，　and　Shimizu，　Y．，β〃．」3M星21−　　　157（1978−7），1144．（6）Baker，　D．W．，D’5ぎ．，Univ．　M副yand，1967．（7）Murakami，　M．，．and　et　aL，β〃．」5M瓦．19−128　　　（1976−2），　五18．

