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The concepts of stress and energy density of the material with long-range ‘interaction are
examined explicitly by using the kinetic theory in connection with nonlocal continuum theory.
It is also examined that how these concepts are modified when we construct the continuum

theory with long-range interaction.

1, Imntroduction
Up to now, many continuum theories have been
developed under the assumption that the range of the
mutual interactions between the constituent particles
of the material considered can be taken as infinitesi-
mal. Recently, however, nonlocal continuum theory
has been developed by taking inFo consideration of

the ﬁm’te range of the mutual interaétions between

the constituent particles (i.e., long-range inferaction).

About these theories, refer to Eringen and Edelen® )

and others cited in this reference 1).

In this paper, fundamental points, that is, reex-
amination of the concepts of the stress, energy density,
etc., will be considered explicitly by using the kinetic
theory. Since these concepts have been used only for
materials with short-range interaction, it is necessary
to reexamine them when we construct the continuum
theory governing the behaviors of materials with long-
range interaction. Here materials with long-range in-
teraction is deﬁn_ed as follows: Let 2 be the longest
characteristic length of the interactions in the mate-
rial considered. Andlet ! be the characteristic length
depending on one's measuring instruments. Then,
if 221, materials are defined as these with long-
range interaction.

2, On the operations of averages, the Liouville
equation, and some definitions

In this section fundamental equations and defini-
tions necessary in the following discussions are pre-
sented.?

Following after the consideration of Irving and
Kirkwood,? W€ mean macroscopic quaniities as those
obtained by the operation of the following three
averages simultaneously:

(1) Statistical average over the system of an en-
semble.

(2) Spatial average over a small domain depending
on one's measuring instrument, V

(3) Time average over an interval depending on
one’s measuring. instrument. v

We consider a system with N particles, We denote
the probability distribution function by f (Ry; <, Ry;

Dy, »+py; 8) satisfying the normalization condition

f"'fdel'"dRNdpl""de:la @.1)
where R; and p; are, respectively, position vector
and momentum of the i-th' particle. (Here for simplic-
ity, internal degrees of freedom are not considered.) '
f changes in time according to the well-known

Liouville equation

of _S( Be. 8 (. 3 . 3
«Tﬁ_»;l[ m, 3R, T+ oR, Uwf], 2.2)

where U is the potential of the entire system, and
m, denotes mass of the k-th particle. Any dynam-
ic variable «(R;, -, Ry;pi, -+, Dy) has an expecta-

tion value given at time ¢ by
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<a; f>-'—_:f'fa (Rly "'RN;ply "',.pN)f(Rl’ *0

Ry; 1y +s Pyi 1) ARy --dRydpy---dpy, (2.3)

and by using (2.2) and Green’s theorem, changes in

time as follows

IRV NI Y T A A
<6 =L Gk, R, U

%k—a; .
(2.4
Next, we consider, for simplicity, the ideal situation
in which measuring instrument indicates the values
averaged in the sphere S (whose center is located at
r and its radius is /). This corresponds to the opera-
tion of (2). For this purpose, function S; is defined by
1 for |R;—r|< 4,
0 for |Ry—r|> 4, 2.5)

(Average operation of (3) will not be considered ex-

skzsum—rl)={

plicitly in the following discussions.) The mass density
o(r, &) at r at time ¢ is given by

N
Py =7 5 mSi £, (2.6)
where
Vz% B, @.7)

The mean velocity u(r,?) at r at time ¢ is given by

u(r: t) V P (T t) Z <pksln f> (2- 8)
The kinetic energy density Eg(r, t) at r at time ¢ is
given by

Ex(r,0) = z<1” Sp . 2.9)

The potential energy density E¢ (r,?) at r associated
with the interaction of particles with the external field

is ‘given by

_l_ N
Eyr, )= V,§1<¢j R)S; £, (2.10)

where ¢ is the potential energy of the particle in an
external field of force and we will limit the potential

U to the form such as
N
7;: &y (By) —I— ZZ Vit ‘ (2.11)

where V), is the mutual potential between j-th and
k-th particles. The external force (body force) per

unit volume X(r,?) at r is given by

1 N
Xtrt)=—% L g s B ]Ss £. @.12)

The pair density ¢ (r,r’,%) and the current density

_ following situations:

i1® (r,7,t) of r are, respectively, given by

& (1, 1) =£?<5 (R—r)3(Ry-1'); 2>, (2.13)

WP @, t)=x% 2r5(R—1)0 (R—1"); f).
iFk mg .
(2. 14}
Finally, it must be noted that we have not em-
ployed the Maxwell-Boltzmann integro-differential
equation obtained by using many assumptions but N-
particle distribution function and Liouville equation

as the starting point.

3. On the concepts of stress and energy density
When we use the concept of stress, we consider the
(see for example reference 3))
“We can say that the forces which causes the internal
stresseé are, as regards the theory of elasticity, “near-
action” forces, which act from any point only to
neighboring points. But the above assertion is mnot
valid in cases where the deformation of the body
results in macroscopic electric field in it (pyroelectic
and piezoelectric bodies).” This situation means that
the stress at r must be determined by the conditions
at the same point 7. In other words, principle of de-
terminism must be imposed.® So that there arises the
new problem, i.e., how we can consider the concept of
stress in the material with long-range interaction.
This will be considered in section 4.

Next, let us consider the concept of energy density.
The concept of energy density is connected with the
fact that the energy is additive quantitiy. Thus, rig-
orously speaking, as ehergy is not additive quantity
because of the long-range interaction, the concept of
energy density can not be adopted. In the rest of
this section let us examine to what extent the
concept of energy density is available in the materials
with short-range interaction.

We adopt

By r, ) =y S I Vi Ri) 885 £, Ry=|R—Ril

(3.1)
as one of the energy density. As is seen, this en-
ergy density contains mutual interactions only in re-
gion S. The difference from the real total energy E,

is, in the first order approximation, given by

[ [ [ #xtE 4B ar—Eo

N—%Z‘_$§<Vﬁ (R)Riys F). (3.2)
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From this equation, we can see that the right hand
side is the order /7 in the first order approximation
if we put the the zero order approximation as the
order 1, where 2 is the characteristic length of the
short-range interaction. On the other hand, when we

adopt
LVEI’ZI Vi (Ry)) SiSs >

SV(r5t)=2

SV IV Ra) (5, 1—8) +5,1—S)}; £

(3.3)

as the other energy density, the difference from E,is
given by

f ff (Ex+E,+e,) dr—E,

~ IV (R Ry . (3.0

Thus, so long as A&/, it is equivalent whether &y Or
Ey is adopted as the energy density in the zero order
approximation.
4, Transpdrt prhenomena for the construction
of the macroscopic constitutive equations
In this section, we consider the simple case such
that all particles are identical and mutual interactions
depend only on its distance. When we take into
account the long-range interaction we will see how
this interaction changes the situation in which only
short-range interactions are considered by use of the
results in section 2 and 3.
i) The equation of continuity.
From (2.4), (2.6) and (2,8),
tinuity is given by

the equation of con-

- plr, D+ Lo r, D ur, ) 3=o. (4.1)

Thus the equation of continuity Js not affected by the
long-range interaction as was expected.
ii) The equation of molion.

From (2.4), (2.6), (2.8), (2.11)-(2.13),the equa-
tion of motion is given by
7] 3 a
5 (ow) + — = (oun) =X +——0, (4.2)
where
4 (r’ t) =0g (T, t) +0V (r’ t) ) (4. 3)

ox=—bym(Be—u) (B —u)s; £5,  (4.4)

JLR

oy = ZK ik |7 (R;)SiSu >

2
Lv%ﬁ ¢ j;R” V' (Rys) (S4(1—S))

+S,(1—8)); £
EONE S

L n=2
n!(—R'T) +
X¢(2) (r+1, r-+1+-R) dRdS, (4.5)
V' (R) =—5- dR V(R),

! : Any vector oriented from r with
length .

d@: Surface element of the sphere with
center r and radius /.

From these equations, we find the following results:
(1) External force X, which is a macroscopic quan-
tity, is obtained by takirig the averages over the par-
ticles. Since the sphere S is considered to be very
small compared with the macroscopic characteristic

length, X is given by in the first order approximation
9
X, )~—(56 () (), .6)

where #(r,¢) is the number density.

(2) Stress tensor ¢ can be split into two parts, ie.,
one of them, o, is the kinetic contribution and the
other part oy is the intermolecular force contribution.
ok is the dominant term for gases, but is negligibly
small compared with ¢, for liquids and solids.

Furthermore, ¢, can be split into three parté:

1°. The first part is determined by the particles
only in the region S.

2°. The second part is determined by the interac-
tions between the particle in the region S and the one
in the outer region of S )

3°, The last part is determined by the interactions
between the particle on the fringe of the region S
and the one which is not on it. In the materials
with short-range interaction, the part 1° is dominant
compared with the part 2°, but in the materials with
long-range interaction, the parts 1° and 2° are of
comparable order. The part 3° is, however, negligibly
small in the first order approximation so far as the
boundary of the material is not considered. So that
the principle of determinism can be imposed only on
the case of materials with short-range interaction
where part 1° is dominant.

(3) From the above considerations we can conclude
that the concept of stress at r in the material with
long-range interation has its meaning in the generalized
sense of the term, that is, it depends not only on the

conditions at rbut also on the conditions at other places.
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ili) Law of conservation of energy.

The quantities Ex(r,#) and E,(r,?) in (2.9) and
(2.10), respectively, are the well-defined ones as the
densities. But the quantity &, (r,f) can approximately
be considered as the density only in the materials
with short-range interaction as is seen in section 3.

In what follows, we will calculate the change in
time of the measurable quantity Ex+E,+ey which is
not the energy. density in the materials with long-
range interaction. From (2. 4), (2.8)-(2.10), (2.13),
2.14), (3.3), {4.3)-(4.5), the equation of conser-
vation of energy is given by

2 Bt Byt )+ o [ Ext Byt o)

@)

=% - [Z <o ® (B—u)si >
K (g 1
R Ta(B—u)ss; £
+ DIV (Bu)s, 1-5); £
~ R v Ry (Bu)s,s 1>

-1 22<RI'R”* V' (Ra) (B2—u)s,(1—8)); £>

‘Lff—V’ ) h
+h (—R —ar—) { @ (r4-1, r-+H+R)
—u¢® (r+1, r+l+R) deg]
DR Vi) Bk s —ss) p
DL f v Llar~ri-ps,
—3(|Ry—r|—1)) S} frde. (4.7
From this equation we find the following results:

(1) There are two terms not expressed in the di-
vergence form, ie., they are the last two terms in
(4.7). The last term but one is dominant compared
with the last one. These two terms are negligibly
small in the materials with short-range interaction,
but are not so in those with long-range interaction.

(2) The term expressing heat supply from the ex-
ternal field is of comparable order with the other
terms when characteristic length of the spatial change
of the external field is of comparable order with or
smaller than that of the characteristic length of one’s

measuring instruments. In the other cases this term is

negligible.

(3) The terms in the divergence operator in (4,7)
can be split into two parts, i.e., one is the heat flux
due to the transport of thermal kinetic energy gy and
the other is the heat flux by molecular interaction gy.
The relations of the order of magnitude between gg
and g, in the different materials are the same as
those of the stresses ox and oy.

Furthermore we can split g, into three parts and
the discussions for each part are the same as those
of the g, stated above. i

(4) From the above considerations we can conclude
that the total heat flux ¢=gx+gy at r depends not
only on the conditions at r but also on the conditions

at other places.

5. Conclusions

The concepts of stress and energy density of the
material with long-range interaction are reexamined.
It is found that the concept of stress is valid in the
broad sense of the term. And it is also pointed out
that the expression of the law of conservation of
energy is not the same as those for the materials
with short-range interactions. One possible expression
for this is considered in section- 4,

Finally, it must be said that some important dis-
cussions such as boundary conditions, second law of
thermodynamics, etc., which are necessatry to complete
the continuum theory, are not considered here.
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名古屋工業大学学報　第28巻（1976）141AConsiderati6血．　o血the　Nonloca，l　ContilluumThe・ry　by　Using　the　Kinetic．The・ry．Masaru　SuGIYAMADのσ7’〃多6撹6ゾEl％9吻6θ7勿8　Soゴ6πα〜　　（Received　September　9，1976）　　　　The．concept・・f・tress　a・d・・ergy　d・n・i・y・f・h・血・・eri・1　with　l・・g−ra・g・．i・・erζ，・i。n昌re響翻鑑臨画黙よ’瓢謙茎，’器ぎt諮’審，n：濫・翻畿孟theory　with　long−range　interaction．　　　　　1．　Introductio皿　　　．Up　to　now，　many　contihuum　theories　have　beendeveloped　under　the　assumptibn‡hat　the　range　of　them・t・al　i・t・・ac†i・n・b・tween士he　c・n・tit…tp。蹴i，1，、　of　th6　material　c6nside士ed　can　be　taken　as　infinitesi＿叫Recently・h・w・v…剛…1・・物鰯観乃・卯夕与as．bee岡・v・1・P・d　b￥t・ki・g　i・！・c・nridera亡i6・・軍the．ガπ尭6　range　of　the　mutual　interactions　betweehthe　c・n・tit…tparti・1・・（凱・．，1・・g二・ahg・．堰Eゼera，赴i。。）．．About　these　theories，　refer　to　Eringen　and　Edeleロ1）　and　others　cited　in　this　reference　1）．　　　　In　this　paper，　fundamental　points，　that　is，　reex．　　　ロ　　　　　　　　　　　ロamln窒狽撃盾氏@of　the　c・ncept・。f　th・・tress，・・ergy　d…ity，etc．，　will　be　considered　explicitly　by　using　the々ガ〃θ彦ゴ。伽・y・Si・ce　th・・e　c・・cept・h・v・bee・used。。ly　f。，mate「ial・with・h・rt−rang・i・teracti・・，　it　i・・ecessaryto　reexamine　them　when‘翌?　construct　the　continuulnth・6・y　g・v・mi・g・h・brh・vi・rs・f　m・・eri・1・wi・h　l・・g．　　　　　　ロ　　　　　　　　　　　　　　　　　　　　　　の「ange　lnte「act1…H・・e　m・teri・1・with　1・・g−ra・g。　ib．　　　　　コ　　　　　　　　　　　　　te「actlon　ls　de且・pd・・．fρII・w・・L・tλb・th・1・・g，、tcha「acteri・ti・1・・gth・f　th・i・tera・ti・・、　i。　th，　m。t，．「ial　con・idered・A・d　l・t’b・the　ch飢act・・i、ti，1，。gth．dβpendi・g…n・’・mea・u・i・g　i・・t・um・nt、．　Th，。，ifλ≧1・m・・eri・1・are　d・五・・d…hese　with　1。ng．「ange　lnteraCt10n．2．　On　the　operations　of　averages，　the　I，iouville　　equation，　and　some　de血nitions　　．1�Iis　secti・・f岨d・m皇・t琴1．・q・atiq・・．an4　dg五・i一　　　tlons　Ilecessary　in　the　following　discussions　are　pre−　sented．2）　　　耳9】10wing　after　the　consideration　of　Irving　．　andKi「kw・・¢・21　W・m・孤膨…吻吻〃・酬・・a・t融・・e・b面・・d．b剋mh・・perati・n・f　th・f・11。wi。g　threeave「ages　simultan騨寧ly；　　（1）Statistical　average　over　the　systeni　of　an　en＿semble，．　’　　�ASp・ti・1・verag・・v・・a・m・11　d・m・i・d・p・ndi。gO110耳e，S　meaSUring　inStrUment．　　　　　　　　　　　『（3｝Tim・．Everag・・ver　a・．i・terv・l　d・p。。dl。g。n　　　リ　　　　　　　　　　　　　　　　ロ　　　　　　　0取eS　meaSUr；ng　lnStrUment．、　　We　cqpsider昂system　with　IV　particles．　We．denot6．the　p「obability　di・t・ib・ti・n　fun・ti・n　byノ（Ri、6・・，　R。；p1，．．ψ坪；のsatisfying　the　normalization　condition　　　　∫一♪・・1…嚇1・・a・距一1，．．　（、．、）where　κゴand　p∫are，．respectively，　position　vector・・dm6鵜・・t・m・f　th・i−th．　P・・ti・16．（H・τ・f・r　si血pli、．1ty・internal　d・grees・f　freed・m　ar・n・t・・n・id・・ed．プ∫・h・・g・・i・・三m・acc・rdi・g　t・．th・．w・11・ゆgw・Liouville　equation　　　　　　　　　　　　　　　　　l　　　　ll一門［一丁読・＋毒ひ翻．・・．・）whe「eσi・th・p・t・・ti・1・f　the　entire．Ey・t・皿，・hd．彫・d…t・・mass・fth・k−th　p・・ti・1・．　A・y　dy。。m−Ic　va「iable　α（1〜1ジ…，1ちv；Pi，。・・，　P髭）．　h・・an　expecta陶　ロtlon　value　given　at　time≠by142Bulletin　of　Nagoya　Illstitute．of　Technρlogy．Vo！、28（1976）〈・・∫〉≡∫…∫・（・1，…・…1・…1．・・）∫（・1・．・…　　　　　　　R。；P1，…，　P。；．’）．dR、・一嶋�K1…．�K酌　（2・3）and　by　using．（2．2）and　Green’s　theorem，　changes　intime　as　follows　　　　£…∫・、導・蓋1孟α孟研孟郵．∫〉・　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（214）　　Next，　we　consider，　fo士simplicity，　the　ideal　situatlonin　which　measuring　instrUnient　indicates　t耳e　va璋esaveraged　i皿the　sphere　S　（whose　center　is　located　at．and　it…di・・i・1）．Thi・C・rre・p・nd・．t・th・・P6・a」tion　of（2）．　For　this　purp6se，　function　S冷is　de且平ed　by・・≡・ｦ・＋｛．1　for　I祝々一rl≦1，　．Of。r［魂一・1＞」，　（2・5）（Av6rage　operatiqn　of（3）will　not．be　considered　ex『pli、itly　i・th・f・ll・wi・g　di・c・ssi・n・・）↑h・mass　d…ityρ（ろ彦）・重・at　tim・≠i・gi・・n　by・（ワ嚇か・〈勢・．：．＿．．．．（2・6）、where　　　　・≡誓1・．　…．．．．也・・）…mea諱E’・rl・y．・（・・’）耳t・説tim6‘．　i・・iven　by．咽〒圭，・毒，煮1〈P、S鳶；∫〉．．．　　　（2．8）．↑he　killetic　energy　density　Eκ（r，のat．r　at　time’i串．given　Py，．・・（τ・の一＋端・’・∫Σ、．．1．■（…）．The　potential　energy　density　Eψ（，，の　at　r．　associatedwith　th・i・鱒・ti・・．・f　p・士ti・1・・with　the　extern・1五eldis．．given　by　　　　・、（・，．・）．一礁・・�C…ヂ〉・．．．（・・．1・）whereψi・th・p・t・・ti・1・ner＄y．・f　th・p・・ti・16　i・・nektema1且eld　of　fo士ce　and　we　will　Iimit　the　potential．　ひto　the　fo士m　such　as　　　　　・一毒卿＋吉忍Σ巧・・．　L．（・・11）where．yン蕗is　the　mutllal　potential　bβtween　j−th．．ahd　k・th．　particles．　The　external　foτce　（body　force）　peτunit　volume　X（r，の　at　r　is　given　by．　　　　　廟．一一寺：毒、〈〔、灸1．・…1）ユ…≠〉・．1…12）　The　pair　densityφ（2）（r，〆，’）ahd　the　current　densityノェ（2）　（r，r！，．オ）．　of　r　are，　respectiセely，　given　by　　　φ（2）（「・〆・の＝ΣΣ．〈δ（Eノー「）δ（Rダ〆）；∫〉，（2．13）　　　　　　　　　　　　　　　ゴ≠々　　　ノ1（2w・・）私署く舞・（・・τ・）δ（R・一・’）の・　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（2．14）　　Finally，　it　must　be　noted　that　we　have　not　em−ployed　the　Maxwell・Boltzmann　integro−differentialequation　obtained　by　using　ma旦y　assumptions　but　N−particle　distribution　function．and．　Liouville　equationas　the　starting．point．　　　3．0・t単ec・μ・ept・・f．・tress　a・d・・ergy　de平s量tγ　　When　we　hse　the　con6ept．of　stress，　we　consider　thefollowing　situa�nionsl（see　for　example　refラr『nce．3））・We　ca・・ay．lh・・．血・．　f・rcer　whi・h．ca・・e・・h・i…m・1stre怠ses　are，　as　regards　the　theory　of　elasticity，‘‘near−ac走ioバforces，　which　act　from　ally．　point　o豆ly　toheighboring　poiht呂．　But　the　above．．assertion　is　notvalid．奄氏@cas6s　wherβ1　the　deformation　of　the　bodyres・lt・i卿・…sc・pic　elect・i・且gld　ih　it（P￥ギ・electi・・・dpiezq61・6・・i・b・“i・・）・マT耳i串・i・ua・i・n　m・a…h・tth6．stress　at　r．must　be．　determined　by　the　conditions・亡・h・・am・p・i・t．．λh．・・he・w・・d・…i…pl・・f　de−t♂細・mm・・t　b6　impq・ed。・・S・th・t　there　a・i・e合th・．・・w．o・・b1・皿，　i．・．，　hbw　we　ca・・…idgゆe　c・・cept　6f、t士ess．．i。．　th・．血・teri・1．with　1・・g・・a・g・ihteracti・n・．Th　is　will　be　cohsidered　i韮．section　4．　　．Next；1et　us　consider　the　concept　df　energy．densiヰy．The　c・蜘t・f・n6・gy　d…ity　ls　c・hnectpd　With　th・fact　that　the　6hergy　is　addit玉ve．　duantitiy．．Thus，　rig一．・ゆ・ly・peaki・g・．ζs　ebergy　i・．h・・．・ddi・i・・q・a・tityb6・a・se・f　th・1・P9−ra・g・i・・era・・i・叫・h・．・・nr・pt　6f・・6・gy．пEn・ityρai・・t　be　ad・p・・乱．1・th・．rest．・f・与is　sec・i・・．1・…．・xaゆ・．・g．wh・・．・琴…tth・・・ﾁcep・・f・噸・・・…y・・lavail・bl・i・th・m・te「ial・　マ『ith　short−range　interacti6n．　　．We　adopt　　　　　　　　　．　　　耳・（・・の≒》ゑΣ〈防・（・・’）・β・・∫〉・…≡1・・」R・1　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（3．1）as・one　of　the　energy　densit夕．　As　is　seen，　this　en」．ergy　density．contains　mu‡ual　interactiQns　on耳y　in　re頓　gion　S．　The　difFerence　from　the　real　tota王energy　Eoi、，i。　th。負rst・・der．EpP・・xim・ti・叫gi・・n．@by　　　　　∫∫∫！・・＋ρ・＋恥一・・　　　　　　　　　　　　一一棚〈防ゴ（R、ノ）R、ノ；ノ〉・　（・2）名古屋工業大学学報　第28巻（1976）From　this　equation，　we　can．see　that　the　right　handside　is　the　orderλ／1　in　the．f1rst　order　apProxhnationif　we　put　the．　the　zero　order　approximation　as　theorder　1，　whereえis‡he　characteristic　length　of　theshort−range　interaction，　On　the　other　hand，　when　we3dopt　　　　・・（・・の一、襯Σ〈隅・）・・畠・∫〉　　　　　＋21。ゑΣ〈巧ノ（R好）｛・・（・一畠）＋畠（・一・、）｝・ノ〉　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（3．3）as　the　other　energy　density，　the　difference　from　Eo　isgiven　by∫∫∫（・・＋・、＋・。）・　・。　　　　　　　　　　　　　　　　　　　一柵〈隅）・・，・∫〉，（・．・）Thus，　so　Iong　asλ《1，　it　is　equivalent　whetherε70r五コγis　adopted　as　the　energy　density　in　the　zero　orderapproximation．　　　　　　　　　　　　　し　　　　4．　Transport　phenomena　for　the　construction　　　　　　　of　the　macroscopic　constitutive　equations　　In　this　section，〜ve　consider　the　simple　case　suchthat　all　particles　are　identical　and　mutual　interactions．depend　only‘on　lts　dista豆ce．　When　we　take　intoaccou亘t　the　Iong−range　interaction　we　will　see　howthis　interaction　changes．the　situation　in　虚hich　onlyshort−range　interactions　are　considered．by　use　of　theresults　in　section　2　and　3．　　i）7んθ6卿’ゴ0％げ60漉κ％勿．　　From（2。．4），（2．6）and（2，8），　the　equation　of　con−tinuity　is　given　by　　　　　£・（・，・）＋募・〔・（・，・）・（・，の〕一・．．（・．・）Th・・．狽?ｅ　eq・・ti・n・f…ti・uity、i…t・丘ect・d　by　thg．Iong−range　interaction　as　was．expected．　　ii）　　　蹄6　69％α’3・0％　げ　物0∫ゴ0π＿　　From　（2．4），　（2．6），　（2．8），　（2．11）一（2．13），the　equa・tion　of　motion　is　given　by　　　　募（・の＋募・（幽一x＋募・σ，　（・．・）whereσ（r，f）＝σκ（r，の十σF（r，’），娠一一E面一・）（面一・）・、・∫〉，・・一A’BゑΣ〈今姿’々yノ（R・・）吊s・；∫〉＋．、楓Σ〈讐・’（…）｛s・（・一・・）（4．3）（4．4）　　　　　　　　　＋魯（1−S々）｝；∫〉＋、与∫∫肇・・�建｣／垂＋…　　　　　＋捗（　　　　　　∂一配・　　　　　∂r）”一2＋…｝　　　　　　　　　×φ（2）（r十Z，r十Z十1〜）d1〜d∫2，・・�戟ﾟ一姦一・�戟C　　　　　　　　Z　：Any　vector　　　　　　　　　　　　　length　J．　　　　　　　　dJ2：　　　　　　　　　　　　　center　r　and　radius　1．143（4．5）orie且ted　from　r　withSurface　element　of　the　sphere　withFrom　these　equations，　we加d　the　followi豆g　resu1�ns：　　　（1）External　force瓦which　is　a．macroscopic　quan−　tity，　is　obtained　by　taking　the　averages　over　the　par−ticles・　Since　the　sphere　S　is　considered　to　be　verysmall　compared　with　the　macroscopic　cllaracterist三cle且gth，　X’is　given　by　in　the　first　order　al〜prox三mation　　　　x（…）一一．（募ψ（・））・（・，’），　（・．・）where〃（r，のis　the　number　density．　　�AStress　tensor．σcan　be　split量nto　two　P毎rts，　i，e．，one　of　them，σκ，　is　the　kinetic　contribution　and　theother　partσy　is　the　intermolecular　force　contribution．σκis　the　dominant　term　for　gases，　but　iミ11egligiblysmall　compared．wlthσ7　for　liquids　and　solids．　　Furthefmore，σr　can　be　split　into止hree　parts：　　1。．The　first．　part　is　deter卑ined　by　the　l　particlesonly　in　the　reg董on　S．　　2。．The　seco■d　partl　is．determined　by　the　interac．t量ons．between　the　particle　in　the　region　S　and　the　onein　the　outer　regiqn　of　S　　30．．The　Iast　part　is　determined　by　the　illteractionsbetween　the　particle　on　t皐e　fringe　of　the　regio且Sand　the　one　which　is　not　on　it．　In　the　materialswith　short−range　interaction，　the　part　lo　is　dominantcompared　with　the　part　2。，　but　ill　the　materi耳ls　withIohg璽range　interaction，　the　parts　16　and．2。　are　ofcoinparable　order．　The　part　3。．is，　howev年r，　negligiblysmall　in　the血rst　order　apかroximation　so　far　as　thebOundary．盾?　the　material　is　not　considered．　So　thatthe　principle　of　determinism　can　be　imposed　only　onthe　case　of　materials　with　short．fange　intera6tionwhere　part工。　is　dominant．　　（3）From　the　above　cons三deratio且s　we　6an　concludethat　the　concept　of　stress　at．@r　in　the　material．withIong．range　interation　has　its　meaning　in　the　geheralizedsense　of　the　term，　that　is，　it　depends　not　only　on　theconditions　at　r．but　also　On　the．conditions　at　other．　places、144Bulletin　of　Nagoya　I∬母ltuteρf．T年ρhpqlQgy　Vo1・28（1976）　　　iii）　　Lσω　　げ　　60π5θ70σオゴ0π　　げ　θπ67gy陰Th・q・a・tities　E産．（r，‘）・・d　Eψ（・・の．　i早（2・9）．・nd（2．10），respectivelyl　areヰhe　well−de且ned　ones　as　thedensities．　But　the　quantityεr（r，’）canゆproximatelyl）econsidered．as　the．density　o111y．ih　the　ma‡erialswith　short−range　intera6tion　as　is　s¢en　in　section　3．　　In　what　follows，　we　will　calculate　the　change　intim・・f　th・彿…鰯1・q…tity　E・＋Eφ＋・レ．曲i・h　i・not　the　energy．density　in．　the．．materials　with　long−range．　i皿teractlon．　From（2．4），（2．8）一（2．10）」　（2．13），2．14），　（3．3），　（4．3）一（4．5）．，　th夢　equation　of　conser層vation　of　en6rgy　is　given　by　　　　　£（EK十Eψ十εγ）蝪・｛（研左、＋・呵　　　　　一£1（・・σ）　　　　一一寺券・〔毒1〈ψ（畷瀦一躯∫．〉　　　　　　＋毒1〈姿吟一・1・（驚一・）…∫〉　　　　　　＋柵〈嶋一幅・∫〉　　　　　　＋習〈囎＋・）・・（1一傷）・∫》　　　　　　一興・R爵たレ（…）（欝一・）畠…∫〉　　　　　　一列ぐ讐・’剛四一・）哉（1魯）；ノ〉　　　　　　」音∫∫嬰・・（・�Q÷）｛壱＋…　　　　　　　　＋計・・募）”一2＋・・｝セ・（2・（・＋・，・＋・＋・）　　　　　　　　　一・φ（2）（・＋…＋・＋・）・…〕　　　　＋柵〈（、卸・）・離�G＋・・）一叫∫〉　　　　＋号ア習∫〈鳴・÷琶（1・ダ・i一の・・　　　　　　二δ（11〜々一r1−1）sノ｝；∫＞d9．　　　　　　　　　　　　（4．7）From　this　equation　we　find　the　following．　results：　　（1）There　a・e　tw・t6・m・＃・t・xp・e・昌・d　i・th・．di・verg・・ce　f・・卑，．i・・。　th・y　are　th・．1・・重tw・t・・m・i・（4．7）．Th・1・・亡・er蜘・．・・r　i・．．d・mi・・・…mparedwith　the　last　one．　These　two　terms「孕re　negligibl立　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　のsm包ll　in　the　mat臼rla1呂with　short−range　lnterac�Sn，b・tar6　n・t・q　i・thQse　with　1・ng−rang・i・ter・・ti・n・　　　（2）Th・t・・m・xp・essi・g　hp・t・・pPly　f・・m　th・gx−ter照I　field』is　of．comparable　order　with　the　otherte・皿・w＃・n．・h・…teri・ti・lr・gth・f　the　spatial　ch弔n琴eof‡he　ext母r耳al　field．is　of　co阻parable　oτder　甲ith　or・m・ll…h・h　th耳t．・f　th・．・h・・acteri・tir　l・・gth・f・耳・’・m・孕…i・gi・・t・u蜘t・．1・th・・ther．・al・串thi・t6・m　i・negligible．　　（3）The　terms　in　the　dive事9ence　operator　in（4．7）can　be　split　into　two　parts，　i．e．，　one　is　the　heat　fluxdue　to　the．transport　of　thermal　kinetic　energy　gK．andthe　other　is　the　heat　flllx　by．　molecular　interaction飾．The　relations．of．狽?ｅ．order　bf　magnitude　betweenαKand　αy　in　the　different　．materials　are　the　　sal耳e．asthose　of　th6　str6sses　σκ　andσγ．　　Further1nore．　w年。吊n　split　gγinto　three　parts　andthe．discussions　for　6ach　part　are　the　same　as　thoseof　the．、σγ　stated　above．，　　　　　．．　　　，　　（4）From　t恥aboye　considerations　we　can　concludethat　the　total　heat　flux．（1≡9κ一←97　at　r　depends　notonly　on　the．．　c6nditiohs　at｝。　but．also　on　the　conditionsat　ot車er　places．5．　Conclusions　　The　concepts　of　stress　and　energy　density　of　th夢material　with　long−rangβinteraction　are　reexam三ned．It　is　fou丑d　that　the　concept　of　stress　互s　valid　in　thebroad　sense　of　the　term．　And　it　is　also　pointed　outthat　the　expre呂＄ion　of　the　law　of　conservation　ofenergy　is　not　．the　same　as　those　for．．　the　materialswith　short−range　interactions。　One　possiわle　expressionfor　this　is　considered　in　section．4．　　Finally，　it　must　be畠aid　that　some　important　dis−cussi6ns　such　as　boundary　conditions，．　second　law　ofthermodynamics，　etc．，　whiph　are　hecessatry　to　completethe　continu血m　theory，　are皿ot　considered　here．　　　Acknowledgemβnt　　The　author．is　greatly　．indebted　to　ProξessorT，T・k・・k・，　Ky・tg　u・iversity，　f・・hi・v・1・・b1・．colnments　and　6鍛couragement．　Th耳nks　are　also　due　toProfessor　H．　Okalnoto　for　fUrnishing　t｝等e　author　withthis　opportunity・1）2）3）4）．ReferencesE・i・g・n・A・C…nd　Ed・1…Dρ・B・・傭・∫．鞠聖Soゴ．：　10　233　（1972）．Irving，　J門H．，　and　Kirkwood，　J．G．，∫0加彫．　P勿3．；．18817　（1．950）．．L・ndau・L・D・3・d　Lif・与itr・E・M・・η助げ．　E！σSl：．∫ゴ6尭y，．Lo黛dob，　New．York，　P母r三s，　LQ註　Ange16s，Pergamon　Press，　Chap．1，．section　2，1959．No11，　W。，ル。肱．R認。露σ’r』脆6乃．1肋α1．＝．2，14（1958）L

