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Abstract—This paper presents a friction model-based
frequency response analysis (FRA) method which gives a
precise linear mechanical dynamics model to design effective
controllers and analyze accurate control characteristics for
frictional servo systems. As well known, frequency-domain
identification approaches using a sine sweep are widely used
to obtain linear dynamics. However, nonlinear friction in the
mechanism varies the apparent frequency-domain characteristic
of the linear dynamics due to the nonlinearity. The proposed FRA
estimates effective excitation thrust for actual linear dynamics
in the sine sweep movement, by means of a friction model as
well as a phase delay model. Theoretical analyses show that
the proposed FRA can identify the correct linear dynamics,
preventing influence of nonlinear friction as well as phase delay
properties included in a plant system. The effectiveness of
the proposed FRA is verified through theoretical analyses and
experiments both in frequency and time domains, in comparison
to two conventional FRA methods.

Index Terms—Frequency response analysis, frequency-domain
identification, rolling friction, linear plant dynamics, phase delay,
observer.

I. INTRODUCTION

In order to achieve high productivity and high quality
of products, the fast and precise positioning control is
one of key technologies in industrial mechatronic systems,
such as semiconductor fabrication machines, data storage
devices, electronics manufacturing machines, machine tools,
etc [1]−[3]. Recently, the servo mechanisms are getting
low rigidity because of weight saving and cost reduction,
which lead to unfavorable vibratory responses due to
lower mechanical resonant frequencies [4]−[6]. In order
to achieve the high-performance positioning with vibration
suppression capabilities, the two-degree-of-freedom (2DoF)
control framework is effective and widely-used [7]−[9], while
system identification for “linear” mechanical dynamics is
becoming more important for an effective controller design
[10], [11].

In general, actual servo systems such as linear motor-driven
and/or ball screw-driven tables have “nonlinear” friction at
ball screw nuts, bearings, and linear guideways. For instance,
the rolling friction generated at contact points between
rolling elements and guides shows nonlinear phenomena,
which behave quite differently between macro- and micro-
displacement regions [12]. Since the complicated nonlinear
friction causes undesired position responses, various research
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works have been done, focusing on friction compensation and
analyses [10], [13]−[17]. On the other hand, it is well-known
that the nonlinear properties affect the system identification
based on frequency response analysis (FRA) methods [12],
[18]−[20]. The frequency-domain identification is commonly
used to obtain useful information of the linear dynamics (e.g.,
mass, moment of inertia, and resonant frequency) [21], [22].
However, it is difficult to identify the accurate linear dynamics
for frictional servo systems due to the influence of nonlinear
friction.

In regard to FRA methods for frictional systems, many
literatures have been presented in recent years, especially
on friction model identification. For instance, the references
[20]−[26] addressed the frequency-domain identification
procedures and/or their effectiveness for simple static friction
models, LuGre models, and elasto-plasticity models. On the
other hand, some research works presented FRA methods
to identify the linear dynamics. The traditional and simple
way to obtain the correct linear dynamics is to apply larger
excitation force in a sine sweep experiment so that effective
excitation thrust for the linear dynamics becomes much
larger than friction [10], [26]. However, the larger excitation
amplitude is often restricted because of mechanical noises
and damages, input saturation in servo amplifiers, etc. By
contrast, the reference [27] most closely related to this study
examined a friction model-based FRA method identifying
the linear dynamics. The FRA concept is to compensate for
nonlinear friction, which allows to achieve an FRA result
of the correct linear dynamics with smaller excitation force.
However, since the FRA approach does not consider phase
delay properties in a current control system, sensor signal
transfer and transportation, etc., which actually exist in the
plant system, it would cause identification errors for the
linear dynamics as well as deterioration of system stability.
Furthermore, the aforementioned literatures concerning FRA
for frictional systems did not discuss FRA results for resonant
modes in higher frequencies, which would be important
knowledge to related research fields of the fast and precise
motion control.

In this study, an advanced friction model-based FRA method
considering phase delay properties is presented to identify
a precise linear plant model for effective controller design
and accurate system analyses. The proposed FRA has simple
structure with the friction model and the phase delay model,
and is constructed by using the friction model-based effective
thrust observer (no friction compensation) [28]. The theoretical
advantages are clarified in detail, in comparison to two
conventional FRA methods: one is a traditional FRA without a
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Fig. 1. Linear-motor-driven table, as laboratory prototype.

TABLE I
DIMENSIONS OF TABLE MECHANISM.

Table (w/ coil)
Size 176× 202× 54 mm

Weight 6.0 kg

Mass load
Weight 2.5 kg

Machine stand
Size 560× 1000× 25 mm

Weight 110 kg

Linear motor (Sanyo Denki, DS050)
Effective stroke 780 mm

Rated speed 2.0 m/s
Rated thrust 150 N

Linear encoder (Mitutoyo, AT211)
Effective range 800 mm

Resolution 0.1 µm

friction model [25] which is widely used in industry because of
simplicity, and the other is a friction model-based FRA without
consideration of phase delay properties [27] which has the add-
on structure for the traditional FRA. In addition, influence of
the modeling error on the phase delay model is examined in
order to demonstrate the reliability of the proposed FRA. On
the other hand, as a case study, the proposed FRA is applied to
the linear plant model-based feedfoward (FF) control design
[9] for the fast and precise positioning control, where the FRA
accuracy is comparatively evaluated. The effectiveness of the
proposed FRA is demonstrated through theoretical analyses
and experiments for a laboratory prototype linear-motor-driven
table system.

II. INFLUENCE OF NONLINEAR FRICTION ON FREQUENCY
RESPONSE ANALYSIS

A. Linear-Motor-driven Table

Fig. 1 shows a laboratory prototype of table positioning
system, while Table I lists dimensions of the table mechanism.
The target servo system is an imitation device of typical
industrial servo mechanisms in electronics manufacturing
machines, machine tools, etc. A moving table on a machine
stand is driven by a moving-magnet-type AC linear motor
along two linear guides using rolling ball mechanisms. The
machine stand is supported by six leveling bolts on the
floor, while a mass load is mounted on the table through a
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Fig. 2. Nonlinear elastic characteristics of rolling friction.

flexible beam. High-acceleration positioning motion excites
mechanical resonant vibrations of the machine stand and the
flexible load, which deteriorate the table positioning accuracy.
In addition, nonlinear friction (rolling friction) exists at the
contact points between the rolling elements and the guides
with lubricant grease, where its nonlinear phenomena make it
complicated to analyze system behavior and to design effective
controllers. The table position is detected by a linear encoder,
and is controlled in a full-closed position control manner
through a DSP (SDS, PCI-DSP46713, sampling time of 500
µs) and an AC servo amplifier (Sanyo Denki, PY0). The servo
amplifier controls the motor current with its control bandwidth
of about 750 Hz.

B. Nonlinear Friction Characteristic

Light lines in Fig. 2 indicate rolling friction characteristics
measured by moving the table with a low-frequency sinusoidal
position trajectory (frequency of 0.05 Hz). Fig. 2(a) shows an
overall view of the hysteresis property, while Fig. 2(b) shows
a close-up view of the pre-rolling region, respectively. The
rolling friction generates constant Coulomb friction (about
7.7 N) in the rolling region (macro-displacement region).
In the pre-rolling region (micro-displacement region), on
the other hand, the rolling friction shows nonlinear elastic
behavior depending on displacement. In particular, the friction
force drastically varies in the displacement region of less than
100 µm after the velocity reversal as shown in Fig. 2(b). In
addition, the hysteresis curve dynamically varies depending
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Fig. 3. Block diagram of traditional FRA method (Conventional FRA-1).
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Fig. 4. Bode plots of plant system in different excitation amplitude.

on history of the past position trajectory (so-called “history
dependency” or “memory characteristic”) [12], [14].

C. Frequency Characteristic

Fig. 3 shows a block diagram of a feedback (FB) control
system and an FRA system with a sine sweep (“Conventional
FRA-1” defined later), which is widely used by industrial
engineers. Here, “Plant” is the target plant system, C(z) is
the FB controller, r is the target position, ydly is the plant
output corresponding to the detected table position, u is the
control input corresponding to the motor thrust reference,
and uexc is the sinusoidal signal for excitation defined as
uexc(t) = Aexc sin 2πfexct, respectively. In the sine sweep
experiment, fexc is sequentially increased from 10 Hz to
200 Hz (total number of excitation frequencies is 400), and
the time-domain signals of u and ydly are transformed to
the frequency-domain signals based on the Discrete Fourier
Transform (DFT). The FRA processing is performed by a
servo analyzer (Ono Sokki, DS-3200).

Fig. 4 shows experimental FRA results, where Aexc is
selected as 15, 20, 30, and 50 N to clarify influence of the
nonlinearity in the rolling friction. From the figure, each
FRA result shows quite different frequency characteristics
depending on the excitation amplitude, i.e., gain and phase
in the low frequency range less than 20 Hz, the primary
resonant mode around 34 Hz (due to the machine stand),
and the second resonant mode around 82 Hz (due to the
flexible load). Such remarkable changes, especially in the
low frequency range, are well-known phenomena due to the

Pl(s)Gdlyi(s)
u ue

Gdlyo(s)
ydlyy

Frictionf

−
+

udly

Fig. 5. Conceptual block diagram of plant system with friction and phase
delays.

nonlinear elasticity of the rolling friction [12], [25]−[27]. In
order to prevent the influence of nonlinearity in frequency-
domain identification, increase of the excitation amplitude
is a traditional and effective way. However, sufficiently-
large excitation is restricted because of physical saturation of
amplifiers and mechanical noises and damages. On the other
hand, there exists a phase delay property in the high frequency
range, which is caused by the D/A conversion of the DSP, the
current control system and the low-pass filters in the servo
amplifier, and the transfer delay of the encoder signal to the
DSP through the servo amplifier.

A conceptual block diagram of a general frictional plant
system is expressed by Fig. 5 in continuous-time domain, with
a linear mechanical dynamics, two phase delay properties, and
nonlinear friction. In the figure, Pl(s) is the linear dynamics,
Gdlyi(s) and Gdlyo(s) are the phase delay properties on input
and output, “Friction” is the nonlinear friction as a function of
position, ue is the effective thrust for Pl(s), udly is the motor
thrust after Gdlyi(s), y is the table position before Gdlyo(s),
and f is the nonlinear friction, respectively. Pl(s) is defined as
(1), considering the rigid mode and the two resonant modes:

Pl(s) =
y(s)

ue(s)
=

k0
s2

+

2∑
j=1

kj
s2 + 2ζjωjs+ ω2

j

, (1)

where k0 is the rigid mode gain, kj is the vibration mode gain
of the j-th vibration mode, ωj(= 2πfj) is the resonant angular
frequency, and ζj is the damping coefficient, respectively. In
order to realize the fast and precise positioning motion without
vibratory response due to the resonant modes, the correct FRA
result for the linear mechanical dynamics of (1) is required not
only in the low frequency range but also around the resonant
frequencies.

III. THEORETICAL EXAMINATIONS OF FRICTION
MODEL-BASED FRA FOR FRICTIONAL SYSTEM WITH

PHASE DELAYS

Principles of the following three FRA methods are
theoretically examined in detail, for the frictional system with
phase delays defined by Fig. 5.

• Conventional FRA-1: a traditional FRA method
introduced in II-C [25] as the most popular FRA method
in industry.

• Conventional FRA-2: an FRA method performing friction
compensation through a friction model with the add-on
structure for Conventional FRA-1 [27].

• Proposed FRA: an FRA method estimating the effective
thrust with a friction model and a phase delay model.



IEEE TRANSACTION ON INDUSTRIAL INFORMATICS, VOL. XX, NO. XX, XXX 20XX 4

Pl(s)Gdlyi(s)
ue

Gdlyo(s)
y

Frictionf

ydly

FM

Plant

f̂

++ uuext

FRA proc.

−
+

udly

Fig. 6. Block diagram of Conventional FRA-2.

A. Conventional FRA-1

The general FRA system shown in Fig. 3 uses the control
input u and the detected table position ydly as input and output
in order to analyze the linear dynamics Pl(s) (i.e., the FRA
result P̂l(jω) of Conventional FRA-1 is ydly(jω)/u(jω)).
However, as is clear from (1) and Fig. 5, the actual input and
output of Pl(s) are respectively ue and y. Since u and ydly
as inputs to the FRA processing are respectively defined as
u(s) = G−1

dlyi(s){ue(s) + f(s)} and ydly(s) = Gdlyo(s)y(s)
by using ue, y, and f , the transfer characteristic of ydly from
u is formulated as follows:

ydly(s)

u(s)
=

Gdlyo(s)y(s)

G−1
dlyi(s){ue(s) + f(s)}

. (2)

By assuming Gdlyi(s) ≃ 1 and Gdlyo(s) ≃ 1 (no phase delay)
for simplicity, (2) can be transformed as

ydly(s)

u(s)
≃ y(s)

ue(s) + f(s)
. (3)

From (3), if f(s) ̸= 0, then this FRA method cannot identify
Pl(s) essentially. Therefore, larger excitation signals satisfying
|ue(s)| ≫ |f(s)| are required to obtain an accurate FRA result
for the linear dynamics [12], [14], [25], [26].

B. Conventional FRA-2

The reference [27] presents a friction model-based FRA
method with consideration of the issue in Conventional FRA-
1. Fig. 6 shows a block diagram of Conventional FRA-2,
where “FM” is the friction model for estimate of f by using
ydly . Here, FM should be prepared before performing FRA.
In Conventional FRA-2, the estimated friction f̂ is added to
the control input u as a FB compensation to cancel f , and
the extended control input uext and ydly are transfered to the
FRA processing (i.e., the FRA result P̂l(jω) of Conventional
FRA-2 is ydly(jω)/uext(jω)). The transfer characteristic of
ydly from uext is expressed as follows, by using ue, y, f , and
f̂ :

ydly(s)

uext(s)
=

Gdlyo(s)y(s)

G−1
dlyi(s){ue(s) + f(s)} − f̂

=
Gdlyi(s)Gdlyo(s)y(s)

ue(s) + f(s)−Gdlyi(s)f̂
. (4)

Here, since the denominator of right hand side of (4) includes

Pl(s)Gdlyi(s)
ue

Gdlyo(s)
y

Frictionf

ydly

Plant

FM

u

f̂−+

FRA proc.
ûe

+
−

udly

Fig. 7. Equivalent diagram of Conventional FRA-2 as observer-type.
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the term of f̂ , it is assumed to satisfy f̂ = Gdlyo(s)f by using
a precise FM. In such case, (4) is formulated as (5) by using
ue, y, and f .

ydly(s)

uext(s)
=

Gdlyi(s)Gdlyo(s)y(s)

ue(s) + {1−Gdlyi(s)Gdlyo(s)}f(s)
(5)

If Gdlyi(s) ≃ 1 and Gdlyo(s) ≃ 1 (no phase delay), then (5)
is expressed as

ydly(s)

uext(s)
≃ y(s)

ue(s)
= Pl(s). (6)

Hence, Conventional FRA-2 can obtain the accurate FRA
result P̂l(jω), if there is no phase delay property in the
plant. However, since the plant system actually includes the
phase delay properties (i.e., Gdlyi(s) ̸= 1 and Gdlyo(s) ̸=
1), Conventional FRA-2 also cannot estimate the correct
information of Pl(s) from the FRA result in principle, as
expressed by (5). In addition, the FB friction compensation
error due to the phase delay may cause deterioration of system
stability during the sine sweep.

C. Proposed FRA

Considering the subject issues in the conventional FRA
approaches in III-A and III-B, Proposed FRA is constructed
as an observer-type for ue. Fig. 7 shows an equivalent
block diagram of Conventional FRA-2 as the observer-type
construction, where ûe is the estimated effective thrust which
is calculated by using u and f̂ , and is transfered to the FRA
processing (i.e., the FRA result P̂l(jω) is ydly(jω)/ûe(jω)).
Since f̂ estimated by FM is not fed back to the control
loop, the observer-type construction does not suffer from
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Fig. 9. Conceptual diagram of rolling friction model.

the stability deterioration. With the assumption of f̂(s) =
Gdlyo(s)f(s), the transfer characteristic of ydly from ûe in
Fig. 7 is defined as (7) by using ue, y and f .

ydly(s)

ûe(s)
=

Gdlyi(s)Gdlyo(s)y(s)

ue(s) + {1−Gdlyi(s)Gdlyo(s)}f(s)
(7)

It is obvious that right hand side of (7) is still affected by
Gdlyi(s) and Gdlyo(s) and is equivalent to the ones of (2) and
(5).

Fig. 8 shows a block diagram of Proposed FRA, where the
FRA result P̂l(jω) is defined as ydly(jω)/ûe(jω). Proposed
FRA is composed of FM and a phase delay model Cdly(s) as
Smith compensation. Note here that FM as well as Cdly(s)
should be constructed in advance. By introducing Cdly(s)
on the path of u for estimation of the delayed motor thrust
ûdly , ûe is expressed as (8) as a function of ue and f
with consideration of u(s) = G−1

dlyi(s){ue(s) + f(s)} and
f̂(s) = Gdlyo(s)f(s):

ûe(s) = ûdly(s)− f̂(s)

= Cdly(s)G
−1
dlyi(s){ue(s) + f(s)} −Gdlyo(s)f(s). (8)

If Cdly(s) = Gdlyi(s)Gdlyo(s) is satisfied, then (8) can be
transformed as

ûe(s) = Gdlyo(s)ue(s). (9)

Therefore, the transfer characteristic of ydly from ûe can
satisfy the following equation.

ydly(s)

ûe(s)
=

Gdlyo(s)y(s)

Gdlyo(s)ue(s)
=

y(s)

ue(s)
= Pl(s) (10)

It is clear that although f̂ is delayed by Gdlyo(s) to f , Cdly(s)

synchronizes the time axis of ûe with f̂ . As a result, Proposed
FRA can obtain the accurate information of Pl(s) even if the
phase delay properties exist in the plant. Note that, in the
design of Cdly(s), it is unnecessary to distribute Cdly(s) to
Gdlyi(s) and Gdlyo(s), since the information of only phase
difference between u and ydly is needed to realize (10).

IV. DESIGN PROCEDURE OF PROPOSED FRA

A. Friction Model

Various kinds of friction models and their parameter
identification techniques, e.g., LuGre model [25], elasto-plastic
model [26], Leuvan model [20], and GMS model [12], [13],
have been presented in literatures, while the effective and

TABLE II
PARAMETERS OF ROLLING FRICTION MODEL.

Element i Fmi [N] Ki [N/mm] Di [Ns/mm]
1 1.12 2226.6 0.0
2 0.60 602.1 0.0
3 0.33 165.1 0.0
4 0.54 154.9 0.0
5 0.49 81.6 0.0
6 0.46 56.8 0.0
7 0.16 15.8 0.0
8 0.36 30.0 0.0
9 0.25 17.9 0.0

10 0.73 45.8 0.0
11 0.73 36.2 0.0
12 0.88 29.3 0.0
13 1.34 26.8 0.0
14 1.23 16.4 0.0
15 0.77 7.7 0.0
16 0.72 3.6 0.0
17 0.97 2.0 0.0
18 1.08 1.1 0.0
19 1.74 0.9 0.0
20 0.89 0.3 0.01

widespread friction models are available in the friction model-
based FRA. In this study, a multi-structure friction model
[14], [15] such as GMS model, which considers rheological
phenomena at contact points of friction surface, is introduced
as a case study, since the multi-structure model has an
advantage in expression of the memory characteristic of rolling
friction. Fig. 9 shows a conceptual diagram of the rolling
friction model with N elementary models in parallel. Each
elementary model (i = 1, . . . , N ) is defined as follows:

xi =

{
x+ xri (|xi| < Xmi) : stick
sgn(dxdt )Xmi (|xi| = Xmi) : slip

, (11)

fi = Kixi +Di
dxi

dt
, (12)

Fmi = KiXmi, (13)
−Xmi ≤ xi ≤ Xmi, − Fmi ≤ fi ≤ Fmi, (14)

where x is the displacement input corresponding to the
detected table position ydly , xi is the element displacement,
xri is the element displacement at velocity reversal, fi is the
element force, Xmi is the maximum element displacement,
Fmi is the maximum element force, Ki is the element
elastic coefficient, Di is the element viscous coefficient, and
sgn(·) is the sign function, respectively. The elementary model
generates viscoelastic friction force in the stick region and the
static force with the limit stress of ±Fmi in the slip region.
The rolling friction force froll is calculated as follows, by
using N elementary models’ outputs:

froll =

N∑
i=1

fi. (15)

The number of elements N is selected as N = 20 with
consideration of the model accuracy, while the parameters, Ki,
Di, and Fmi, are identified as listed in Table II, according to
the Back Propagation algorithm for the measured hysteresis
characteristic shown in Fig. 2 [15]. Note here that N ≥ 8 was
sufficient for the target table system, in terms of the evaluation
value of the Back Propagation algorithm. Dark solid lines in
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Fig. 10. Frequency characteristic of phase dispersion of ydly(jω)/u(jω).

Fig. 2 indicate the model characteristics, where the model
reproduces the actual nonlinear properties.

On the other hand, in order to compensate for the viscosity
of friction, the following simple viscous friction model is
additionally introduced:

fvis = Dvv, (16)

where fvis is the viscous friction force, v is the table
velocity corresponding to dydly/dt, and Dv is the viscous
friction coefficient, respectively. Dv was identified as Dv =
0.00235 Ns/mm by constant velocity drive experiments [10].

Finally, the friction model FM in Fig. 8 is formulated by
(11)∼(16) and its output is calculated as

f̂ = froll + fvis. (17)

B. Phase Delay Model

In this study, the phase delay property existing in the actual
plant system is simply modeled as an equivalent delay time
component, following the procedures below.

1) A sine sweep experiment is performed and a phase
plot ϕ(jω) of ydly(jω)/u(jω) is obtained by using
Conventional FRA-1 (traditional way).

2) A phase delay ϕL at a high frequency fL is selected
from ϕ(jω).

3) The equivalent delay time L is calculated with ϕL and
fL.

In the first step 1), it is sufficient to obtain only one
experimental result with small excitation force, since influence
of the excitation force is obviously small in the high frequency
range over 100 Hz. In order to clarify the above explanation,
Fig. 10 shows the phase dispersion from the averaged phase
ϕavg(jω) which is calculated by using ϕ(jω) (four excitation
cases) depicted in Fig. 4. Notice here that the dispersion
at the frequency of fexc is expressed in the time domain
as max{|ϕavg(j2πfexc) − ϕ(j2πfexc)|/360fexc}. From the
figure, the dispersion tends to reduce at higher frequencies
over 100 Hz, where the averaged dispersion is only 25 µs.

In the second step 2), only a frequency fL for estimate
of L is selected from the high frequency range where high-
order resonant modes do not appear, considering the phase
dispersion shown in Fig. 10.
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In the third step 3), L can be calculated by the following
equation:

L =
−180− ϕL

360fL
, (18)

where the phase of Pl(s) is assumed as −180 deg in the high
frequency range since Pl(s) includes a rigid mode as (1).

By using L identified through the above procedures, Cdly(s)
in Fig. 8 is mathematically formulated as follows, according
to the fourth-order Pade approximation:

Cdly(s) =
(Ls)4 − 20(Ls)3 + 180(Ls)2 − 840Ls+ 1680

(Ls)4 + 20(Ls)3 + 180(Ls)2 + 840Ls+ 1680
.

(19)

In this study, the phase plot measured by the smallest
excitation amplitude of Aexc = 15 N (depicted by the light
solid line in Fig. 4) was used for identification of L, while L
was identified as L = 1.38 ms at fL = 120 Hz at random.
Note that the other identification approaches and mathematical
models are available in the design of Cdly(s).

V. EXPERIMENTAL EVALUATIONS

A. Frequency Response Analysis

In order to verify advantages of Proposed FRA which
are theoretically examined in III, FRA experiments are
performed in comparison with Conventional FRA-1 and
Conventional FRA-2. Estimation of ûe is performed in a
DSP (dSPACE, DS1104, sampling time of 500 µs) online,
where FM of (11)∼(17) and Cdly(s) of (19) are discretized
for implementation. Conventional FRA-2 is constructed as the
observer-type of Fig. 7, where the same friction model FM
as of Proposed FRA is used. In the following experimental
evaluations, the excitation signal of Aexc = 15 N (the smallest
case in Fig. 4) is used in all the FRA methods, supposing
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Fig. 12. Comparison of FRA results P̂l(jω) with excitation amplitude of
Aexc = 15 N.

the saturation of the control input and the mechanical
noises/damages. Here, since Proposed FRA and Conventional
FRA-2 estimate f̂ by using the detected position ydly ,
accuracy (resolution) of the position sensor should be carefully
considered. It is recommended to use high resolution position
sensors or to apply smoothing processing to low resolution
signals in order to conduct the accurate FRA. In this study,
the resolution of 0.1 µm of the linear encoder was enough for
the target table system.

First, Fig. 11 shows an example of time response waveforms
of the detected table position ydly , the motor thrust u as
the control input, the estimated motor thrust with the phase
delay ûdly , the estimated effective thrust ûe, and the estimated
friction f̂ , at the excitation frequency of fexc = 10 Hz. From
Fig. 11, Proposed FRA estimates ûe for the FRA processing
from the original signals u and ydly . In Conventional FRA-
1 and Conventional FRA-2, the influence of the nonlinear
friction or the phase delay property are not considered.

Next, Fig. 12 shows comparative FRA results P̂l(jω) by
three FRA methods. In comparison to Conventional FRA-1
indicated by light solid lines, Conventional FRA-2 of dark
broken lines shows the gain increase and the phase delay
in the low frequency range under 20 Hz, which shows
similar characteristic with that of Conventional FRA-1 with
the larger excitation force as shown in Fig. 4. Notice here,
in both conventional FRA methods, the FRA results show the
remarkable phase delays in the high frequency range, since
they cannot estimate the linear plant dynamics Pl(s) of (1)
theoretically as explained in III-A and III-B. On the other
hand, Proposed FRA obtains the further gain increase in the
low frequency range in comparison to Conventional FRA-2
and prevent the phase delay property in the high frequency
range, which are considered as influence of the phase delay
compensation. In addition, in the cases of Proposed FRA
and Conventional FRA-2, the primary resonant characteristics
around 34 Hz are varied compared to Conventional FRA-
1. The difference is expected as influence of the friction
estimation.
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Fig. 13. Comparison of identified linear plant dynamics P̂l(s).

TABLE III
IDENTIFIED PARAMETERS OF P̂l(s).

Parameter Unit Conv. FRA-1 Conv. FRA-2 Prop. FRA
k0 mm/Ns2 99.74 83.32 94.28
k1 mm/Ns2 23.90 9.07 13.08
f1 rad/s 35.68 33.45 33.32
ζ1 (×10−2) 6.01 2.96 2.48
k2 mm/Ns2 3.60 3.46 5.27
f2 rad/s 82.20 81.85 82.22
ζ2 (×10−3) 4.17 5.22 3.22

Fig. 13 indicates bode plots of identified linear plant model
P̂l(s) for each FRA result in Fig. 12, by applying the
differential iterative method to the parameter identification.
The target frequency range for identification is chosen as
20 ∼ 200 Hz to omit the influence of the nonlinear friction
in the low frequency range. In addition, the phase delays
in the high frequency range of Conventional FRA-1 and
Conventional FRA-2 shown in Fig. 12 are corrected by using
a delay model such as e−Lcs (Lc is the delay time for
correction) in advance so that the corrected phases become
around −180 deg in the high frequency range. Table III lists
a comparison of the identified parameters. From Fig. 13 and
Table III, since the FRA results are different each other, the
obtained models have different frequency characteristics owing
to the rigid mode gain k0 and the primary resonant mode
parameters k1, f1, and ζ1.

B. Influence of Phase Delay Model Error on Proposed FRA

In order to demonstrate the reliability of Proposed FRA for
the error in the phase delay model Cdly(s), an experiment
which gives the incorrect delay time Le using the delay time
error ∆L (i.e., Le = L − ∆L) instead of L in (19) was
conducted (influence of the friction model error has been
discussed in detail in the reference [28]). Fig. 14 shows
experimental results of P̂le(jω)/P̂l(jω), where P̂l(jω) is the
reference FRA result with L = 1.38 ms indicated by the dark
solid lines in Fig. 12 and P̂le(jω) is the FRA result with ∆L
of 25, 50, 100 µs, and 1.38 ms (equivalent to Conv. FRA-
2), assuming the identification error in the high frequency
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Fig. 14. Bode plots of FRA error P̂le(jω)/P̂l(jω) on Proposed FRA with
phase delay model error.

range as explained in IV-B. From the experimental results of
∆L = 25, 50, 100 µs in Fig. 14, influence of some percent of
phase delay error on the FRA accuracy are slight (almost 0 dB
in gain and 0 deg in phase) in all frequencies, in comparison
to the result of Conventional FRA-2 indicated by light solid
lines.

C. Application to Feedforward Control Design

In order to examine the effectiveness of Proposed FRA
method aiming at achievement of the accurate linear plant
model, the three models shown in Fig. 13 are applied to the
model-based feedforward (FF) controller design [9]. Note that
Proposed FRA can be applied to various linear plant model-
based FF control techniques (e.g., zero phase error tracking
control [29], perfect tracking control [7], [30], and final-state
control [8], [31]), although the deadbeat FF control [9] is
handled in this case study.

Fig. 15 shows a block diagram of the 2DoF table position
control system, where Fr(z) and Fu(z) are the FF controllers
based on the deadbeat control [9] with P̂l(s) as the design
model, Cdly(z) is the phase delay model of (19) for
compensation, C(z) is the PID controller, FM is the friction
model composed of (17) for compensation [13], [21], [32],
r is the target table position (step signal), r∗ is the table
position trajectory reference, and uff is the FF motor thrust,
respectively. In this study, the target positioning specification
is specified for the position stroke of r = 0.5 mm, where ydly
should follow r with the settling accuracy of ±5 µm by the
settling time of 50 ms. Note that the same FM, Cdly(z), and
C(z) are used in all the cases for the fair comparisons. In
this 2DoF control system, FM aims at canceling the friction
in the positioning, while Fr(z) and Fu(z) mainly determine
the position tracking performance as well as the vibration
suppression capability. Fr(z) and Fu(z) are designed so that
r∗ settles to r by 50 ms (see the reference [9] for details).
Fig. 16 shows comparative gain characteristics of Fu(z). As
can be seen, the gains less than 20 Hz and at the primary
resonant mode around 34 Hz are slightly different owing to the

C(z)
r

Fr(z)

Fu(z)

FM

uff

+

u Plant
ydly

f̂

Cdly(z)
+ +

+

−
+

r∗

Fig. 15. Block diagram of position control system.
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Fig. 16. Gain characteristics of Fu(z).

identified parameters listed in Table III. In the ideal condition,
r∗ = ydly can be realized according to the model-matching
scheme. Therefore, P̂l(s) for the FF compensation design
should precisely represent the actual frequency characteristic
of Pl(s), and the accuracy of P̂l(s) is evaluated by the position
tracking error r∗ − ydly .

Fig. 17 shows experimental response waveforms of the
position ydly , the position error r − ydly , and the position
tracking error r∗ − ydly . In the case of Conventional FRA-
1 indicated by light solid lines, the remarkable vibratory
response with the frequency of about 34 Hz occurs during
the transient and remains at the settling after 50 ms. The
reason of the unfavorable vibratory response is expected as
the identification error for the primary resonant mode. On
the other hand, in comparison to the Conventional FRA-1,
Proposed FRA and Conventional FRA-2 suppress the resonant
vibration during the positioning motion, by introducing the
friction model-based FRA approach. Furthermore, Proposed
FRA can obtain better transient tracking performance than
Conventional FRA-2, which is supposed to be caused by the
difference of the gain in the low frequency range as shown
in Fig. 12. It is an advantage of considering the phase delay
property in the friction model-based FRA. Table IV lists root
mean square error (RMSE) of r∗ − ydly during 0.3 s from
the starting, where Proposed FRA achieves the best tracking
performance in the quantitative evaluation.

From the series of the experimental evaluations, Proposed
FRA which considers not only the nonlinear friction but also
the phase delay property can improve the accuracy of FRA
for identification of the linear dynamics in frictional servo
systems. Although the FF control design problem is examined
in this case study, Proposed FRA can be applied to observer
designs (e.g., disturbance observer) [13], [32], analyses of
control systems in time and frequency domains [6], etc. In
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Fig. 17. Experimental results of fast and precise positioning: (a) position
ydly , (b) position error r − ydly , and (b) position tracking error r∗ − ydly .

TABLE IV
COMPARISON OF RMSE.

(Unit: µm)
Conv. FRA-1 Conv. FRA-2 Prop. FRA

2.70 4.55 2.39

addition, the proposed FRA structure which estimates effective
thrust can be extended to advanced friction estimation and
compensation, by combining the disturbance observer as an
example.

VI. CONCLUSION

In this study, an FRA method has been presented to identify
the correct linear plant dynamics for frictional servo systems.
The proposed FRA has a simple structure with the friction
model and the phase delay model, which can estimate effective
thrust for the linear dynamics in principle. An example
procedure for the proposed FRA system design has been
introduced, where the design of the phase delay model has
been analytically clarified in detail. By applying the proposed
FRA to a table positioning device with nonlinear friction, an
improved FRA result could be obtained even if excitation force
of the sine sweep was small enough. In addition, influence of
the phase delay model error was experimentally investigated.

Furthermore, from the fast and precise positioning experiment,
the proposed FRA result was sufficiently precise for an
effective controller design.

As future works, since the difference in the FRA results
still exists between the traditional FRA approach with large
excitation force and the proposed FRA, the reason will be
investigated to further improve the FRA accuracy, especially
by focusing on the nonlinear friction behavior during the sine
sweep.
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