
名古屋工業大学紀要 第53巻(2001)

On the Defect Relation for Exponential Curves

Nobushige ToDA*

Department
of
General Studies (Mathematics)

(Received August 31, 2001)

For n+1 distinct complex numbersス1,ス2,-,スn-1, 1etf- [eス1Z,eス〆,-I eÅn-1Z]be
an expo-

nential curve, D be the convex polygon surrounding the polntS
ス1,Å2,･･･,スn-1 and

x⊂cn+1-(o) beingeneralposition. WeputX+- 〈a∈XL6(a,f)>0)･ It iswell-known that

(*)∑a∈x-6(a,i) ≦n+1･ In this paper we consider when the equality
holds in (*)･

Theorem. Suppose thatD is ann+1-gon. If theequality holds in (*), then

x--(alel,a2e2, -,an-1en十1)
(ala2

-

an+1≠0),

where el, e2,

-
, en十1 are the standard basis of Cn-1

When 刀 is a segment, this theorem dose not hold･
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1 Introduction.

Letf- [fl,･･･Jn+l]be a holomorphic curve from C into the n-dimensional complex projective space Pn(C)

with a reduced representation (fl,･･･,fn+1): C--Cn+ll (0), wheren is a positiveinteger･
Weuse the following no-

tations:

IIf(a)Il- (LF.(a)I2+-+ lfn+,(a) l2)1/2

andforavectora-(al,
･･･,

an+1)ECn+I-(o)

llal】-(lall2+-+ lan+112)1/2, (a,f)-alfl+-+an+1fn十1, (a,f(a))-alfl(a)+-+anTlfn-1(a)･

The characteristic function T(r, f) off
is defined as follows(see[4]) :

･(r, f)

-去f2方logllf(reiO)lldO-
loglEf(0)IL･

on the other hand, put U(a)-

1㌍11f･(a)l,
then it isknown ([1]) that

･(r, f)

-去J:2方log
U(reiO)dO･0(1). (1)

we
suppose throughout the paper that / is transcendental; that is to say,

-∴∴一二
and thatfis linearly non-degenerate

over C; namely, f.,-,fn-1 are
linearly independent over C･ It is well-known

thatfis linearly non-degenerate if and only
if the Wronskian W- W(fl,･･･,fn-1) of fl,･･･,fn-1is not identically

equaltozero.

For meromorphic functions in the complex plane
we use the standard notation of the

Nevanlinna theory of

meromorphic functions( [2],[3]).

Fora∈Cn+1-(o), wewrite
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-(r, a, f)

-去J:2方log
l‡al川f(reiO)Ii

(a, f(reiO))
dO,

N(r･a,i)-N(r･訪)･
We then have the first fundamental theorem

T(r, f)-N(r, a,f)+m(r, a,f)+0(1)

([4], p.76). We call the quantity

∂(α,∫)-1- 1imsup
- 1iminf

N(r,a,f)_.二山∴_I m(r,a,f)
v＼w'Jノ ⊥

▲⊥▲;1JwuyT(r,I) ▲▲l,1iご▲⊥T(r,f)

the deficiency of α with respect to ∫. We have O≦∂(α,∫)≦1 from the first fundamental theorem since

N(r, a,I)≧Oforr≧1 andm(r, a,f)≧Oforr>0.

LetXbe a subset of Cn+1- (o) in general position; that is to say, #x≧n+1 and anyn+1 elements ofXgen-

erate cn'1. we denote byel,
･･･,

en.I the standard basis of Cn'1

Cartan([1]) gave the following

Theorem A (Defect relation)･ For anyq elementsa] (j-1,

-
,

q) ofX (n+1≦q<∞),

q

∑6(aj,f)≦n+1.
j-1

For any n+1 distinct complex numbers ll,
･･･, ln+I, We define a curvefe by

fe- [eÅ1Z,eÅ2Z, eÅn'1Z]. (2)

We call it an exponential curve([4],p.94).
It is easy to see that the curvefe is non-degenerate and transcen-

dental. It is an interestlng problem to detemine

X'-(aEX16(a, fe)>0)

for which the equality

∑ 6(a,fe)-n+1
aEX+

holds whenn≧2. Whenn-1, it is trivial thatX十- (ael, be2)(ab≠0).

The purpose of this paper is to glVe an answer tO this problem for some cases.

The
author

owes to Professor Nakamura the solutions of several Diophantine equations at the beginnlng Of

this research.

2 PreJiminaries

Letfe- [eÅlZ,eス2Z,-, eスn-1Z]be the exponential
curve given in (2). Let A be the length of the convex polygon

D
surrounding thepointsス1,

-, Ån+1,
WhereP-2iス]-Åkl

if theconvex polygon reduces to a segment with the end-

polntSス] andスk. Then, A is equal to the circumference of the convex polygon spanned arround the n+1 polntS

ス1,-,スn｣.

Lemma 1 ([4], pp.95198). T(r,fe)-(A/27T)r+0(1).

Lemma2. 1) Foranya-(al, -,an.1)∈Cn+I-(o) suchthata]≠0 (j-1,-,n+1),

6(a,fe)-0, or limsupN(r,a,fe)/T(r,fe)-1.
r→Cx3

2) For a vector b-(bl,････bn十1)∈Cn十1-(o) such that bjk≠0(1≦jl<-<jm≦n+1) and bj-0

(j≠jl, ･-,jm;m≧2)
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6(b, fe)-1-B'/A,

where
A′ is the length of the convex polygon spanned arround

the polntSス]l
,.･･,ス]m･

proof. 1) el, ･･･, en+1, a are in general position and by Theorem
A,

n-1

∑6(e,,fe)+6(a, fe)≦n+1･
_.;

1

ontheotherhand, 6(e],fe)-1 (j-1, ･･･,n+1)･
Thisand (3) implythat6(a,fe)-O1

2) Letg- [e^jlZ,･･･, e^jmZ].
Then, by Lemma 1,

T(r, g)
- (P′/27T)r+0(1).

By 1) of this lemma and (4) weobtain

6(b,fe)-1- 1imsup
γ→∞

N(r, b,fe)

T(r, fe)
-1-
1imsup
r
) CO

N(r, b,g)

T(r, g) 託宕-1一号
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(3)

3 The case whenD is a convexn+1-gon

ln this section we consider the exponential curvefe- [e入1Z,
eÅ2Z, ･･･, eスn'1Z], whereス1,ス2, ･･･,スn.1 are distinct

and vertices of
a convex n+llgOnD. We number without loss of generality

the vertices
A) (i-1, ･･･,

n+1)
in

ascending sequence as one goes arround
D in the positive direction･

(n+1)l(q-i) for any integerq.

We use the followlng notations
for i-l, 2, ･･･, n+1:

sf~1-lスi-スi+pL
(1≦P≦n+1)･

particularly weputs19-pi and note thats㌘-0 (i-1, 2,

-
,

n+1)･

Further
wenote that for any lntegerq andi-1,

2, -･, n+1

lq-li,
S言~1-s?~1

when (n+1) l(q-i), and we have the following relation.

s?pl-sITpP
(1≦P≦n)･

We have

p- illpi･
In this case, by Lemma 1

T(r, fe)
- (A/27T)r+0(1).

For
convenience

we put lq=li When

(5)

(6)

Foravectora-(al,a2, ･･･,an+I)ECn+ll(0) andfori-1,2, ･･･,n+1;j-1,2, ･･･,nwesaythataisof

(a) o-typeifam≠0 (m-1, -,n+1);

(b) (i,j)-typeifai-ai+1---a叶1-0, am≠0 (m≠i,i+1, ･･･,i+i-1),

whereaq-aiWhen (n+1)i(q-i) for any
integerq; and we write

a. for any 0-type vector and a'i for any (i,j)-type vector･

From now on throughout this section we suppose without loss of generality that A- 1･ From Lemma 2
and

the relation (6) we have the following

proposition l. (a) 6(a.,fe)-0;

j

(b) 6(al'L,fe)-∑pi+k_1-Sf'_1(i-1, -,n+1;j-1, -,n);
k-1
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(c) Inparticular 6(a?,fe)-1 (i-1, ･･･,n+1).
Fora-(al, ･･･,an+1)ECn+ll(0),weput

a(0)-(ilai-0 (1≦i≦n+1)).

Lemma 3. Leta-(al, a2, -
･
,

an.1) bea vector in Cnー1-(o) satisfyinfg6(a,fe)>0. Then thereexist vec-

tors a]ill,

･
-
,

al･kk(k≧ 1) such that
k

1) 6(a,fe)- ∑6(a身,fe);
レ-1

2) the sets al111(0),
-,

a'ikk(0)
are mutually disjoint and a(0)

-

UE-1ai:(0)･
Proof. By lemma 2-1), thesetα(0) is not empty. Put

I-(iFai-0,ai_1≠0; 1≦i≦n+1) and M-(mdam_1-0,am≠0; 1≦m≦n+1).

It iseasy to see that#I-#M. Put #I-k>1. Let

I-(il<i:<･･･<ik) and M-(ml<m2<･･･<mk).

(1) Whenil<ml, it is easy to see that

1≦il<ml<i2<m2<･-<ik<mk≦n+1

and

(iFai-0)エリE=1(iレ,iレ+I,-
, iレ+jシー1),

wherejレ-mシーiレ(〟-1,
-, k).

(2) Whenml<il,Wehavethat

l≦ml<il<m2<i2<-<mk<ik≦n+1

and

(iFai-0)- ∪空=1(iレ,iレ+1,

-
, iレ+jレ11),

wherejレ-mレー1-iレ(i,-1,

-
, k-1) andjk-n+1+ml-ik.

From (7) or (8) itiseasytoseethat

人･

.

･
'
_ 人L

1) 6(a,fe)- ∑(∑pi>-1;S3'ニー1)-∑6(a]l::,尤);
レ-1 〟-0 レ-1

2) ai･11(0),
-,

alLkk(0)
are mutually disjoint and a(0)

-

∪空-1a]i;(0).

(7)

(8)

For anyX⊂Cn+1- (o) in general position, we put as in Section 1,

X--(aEXI6(a,fe)>0).

Proposition 2. ♯X+≦n(n+1).

Proof. As X+ is in general position, we have the inequality

♯(a-(al,
-,ai,-,an.1)∈X+Iai-0)≦n

for anyi-1, 2, ･･･, n+1,so that we have our proposition.

Theorem 1. Letdibethenumberofvectorsof (i+1, n)-typeinX+ (i-1, -,n+1).
Then, 0≦di≦1

and

we have the inequality

n-1

∑ 6(a,fe)≦n+1- ∑(1-di)(Pi_1+Pi-Sil_1).
aEX+

i-i



名古屋工業大学紀要 第53巻(2001)

proof. We have the following equalities for some non-negative integersrl (i-1,
-,

n+1; j-1,
-,

n)
1t

-
I
1T

△… ∑ 6(a,fe)- ∑∑xi16(alJe)
aEX' i-1j-1

byLemma3-1),andfori-1, ･･･,n+1 andp-1,･･･,n
n j-P

♯(a-(al,
-,an+1)∈X-Lai-aiTl---ai+p_1-0)- ∑ ∑rf--k

j-P k-0

byLemma3-2) sinceforeachi (1≦i≦n+1) andp (1≦P≦n)

(i,i+1,-,i+p-1)⊂al･_k(0) (j-P,-,n; k-0,-,j-a)I

AsX+ is ingeneral position,fori-1,
･･･,

n+1 andp-1,
･･･, n wehave theinequalities

#(a-(al,
･･･,an_I)EX+lai-ai.1-･･･-ai_p-I-0)<n+1-P,
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(9)

(10)

which imply with (10) that rf (i-1,･･･,n+1;j-1, ･･･,n) must satisfy
the following inequalities for

i-i,･･･,n+i:

n j-I)

∑ ∑xf_k≦n+1-P (P-1,-,n)･
j-Pk=O

As6(a∴fe)>0, from (9) and (ll) forp-1, wehave theinequality

n+1 n j-1 n十1 n

△≦ ∑(n- ∑∑xf'-k)6(a∴fe)+∑
,∑
ri16(a';･･fe)

i-1 j-2k-0 i-lj-2

n-1 n )-1 n+1 n

- ∑(n- ∑∑ri'-k)(Pill+Ai-Sit-1)+∑.∑xf16(a];I,fe)
i-1 j-2k-0 i-I)-2

n+1 n+1 n j11 n+1
n

-2n-n ∑s:- ∑.∑xil(∑(p什1+Pi-k-S:一k-1))+.∑
∑xf16(a';I,fe)

i-1 i-1)-2 k-0 i-1j-2

since ∑;=+llpi- 1, which is equal to

n-1 n+1 n j-1

2n-n ∑s:- ∑∑xf'(6(a]l:,fe)-≡(Pi_k▼1+Pi.k-SILkl))
…El･

i-1 i-1j-2 k-0

Here, by Proposition 1(b) forj<n the equality

_,I

I

6(a';･,fe)- ∑(Pi.k_.+Ai+k-S:+k-1)
k-0

EJ A-印

- ∑pi.k_1-Sf_1-∑(Pi+k-.+Pi.k-S∴h-1)
k-0 k-0

j-1 j-2

- ∑s∴h_1-∑Ai+k-Si'_.
k-0 k-0

holds, so that we have

n-1 n+1 n⊥1 n j-1 j-2

(ll)

El…2n-n ∑sil+ ∑xl?(sil_.+s:-pi-Sl?_.)+∑∑xf-(∑
silTkl- ∑pi.k-Si-1)

i-1 i-1 i-1j-3 k-0 k-0

n-1 n←1 n j-2 nTl n-1 n j~2

-2n+(n-2)∑
sit- ∑(n-1-ri?- ∑ ∑rf_k)(s∴ュ+sil)-∑xl?(Pi+sl?-1)- ∑∑∑xi'-k(sJl+sil)

i-1 i-i j-3k-0

n-I n j-1 j-2

+.∑ ∑rf'(∑
sil-k-1- ∑pi-k-Si'll)-E2･

l-1j-3 k-0 k-0

i-1 i-1j-3k-0

Assll_.+s11>pi+sl?_1 (i-1, ･･･,

n+1),
by (ll) forp-2, we have the inequality
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n十1 n+1 n j~2 n⊥1 n+1 n j-2

E2≦2n+(n-2)∑ sil- ∑(n-1-xl?- ∑ ∑xi--k)(sl?-1+Ai)-∑xl?(Pi+sl?_1)- ∑∑Til∑(sil+kl+silTk)i-1 i-1 j-3k-0

nTl n j-1 j-2

+ ∑.∑xi'(∑s∴h-1-∑p卜k-Sf-ll)
i-1)-3 k-0 k-0

n-I n+1

-2n+(n12)∑ sil-(n-1)-(n-1)∑ sl?i-1 i-I

i-1 i-1j-3 k-0

n-1 n jll j-2 j-2 j-1

+ ∑∑xi'(∑
sil+k_.- ∑Ai十k-Si'ー11∑(sILkrl+silk)+ ∑(Pi_k+sl?+k_1))

i-lj-3 k-0 k-0 k-0 k-0

n-1 n-1 n-1 n j-2 j-2

-n+1+(n-2)∑ sil-(n-1)∑sl?+.∑∑xf'(∑sl?-k-1- ∑s卜k+sill)i-1 i-1 l-1j-3 k-0 k-0

n+I n+1 n-1 n+1 n j12 j-2

-n+1+(n-2)∑ sト(n-1)∑ sl?+ ∑xl?(sl?-1+sl?-Sil-sた1)+.∑∑xf'(∑sl?-k-1- ∑s卜k-Si'll)i-1 i-1 2'-I i-1j-4 k-0 k-0

n-1 n-1 n-1 n j-3 n-1

-n+1+(n-2)∑ sil+(n13)∑si?- ∑
(n-21Xl?- ∑∑ri'_k)(sl?_1+sl?)-∑rl?(sil+sl?_1)

i-1 i-1 i-1 j-4k-0 i-1

n-1 n j~3 n-1 n j-2 j-3

- ∑∑xi'∑(sl?-k-1十sl?-k)+.∑∑xi'(∑s乙た-.-∑(sit-k-Sil-1))…E3･i-1j-4 k-0
i-1j-4 k-0 k-0

Assl?ll+sl?>sil+sl?ll (i-1, ･･･,

n+1), by (ll) forp-3, wehave theinequality

n-1 n-I n-1 n j-3

E3≦n+1+(n-2)∑ sil+(n-3)∑s7?- ∑(n-21Xl?- ∑∑xf'J(sil+sl?_1)
i-1 i-1 i-I j-4k-0

n+1 n-1 n j-3 n-1 n j12 j-3

1 ∑xl?(sil+sl?ll)- ∑∑rfl∑(sl?+k_1+sl?_k)+∑∑xf-(∑sl?+k_1- ∑sil_k-Sf_1)i-I i-lj-4 k-0 i-1j-4 k-0 k-0

n-1 n-1

-n+1+(n-3)∑ sl?一(n-2)∑sl?
i-1 i-I

n-1 n j~2 j-3 j-3 j13

+ ∑∑rfl(∑sl?+k¶1- ∑sit_k-Sf'_1-∑(sl?_kーl+sl?+k)+∑(sil+k+sl?+k_1))
i-lj-4 k-0 k-0 k-0 k-0

n-1 n-1 n-I n j-3 j-4

-n+1+(n-3)∑ sl?-(n-2)∑sl?+.∑∑xf'(∑sl?-k-I- ∑sl?-k-Sf'-1))…E4･i-I i-I
i-1j-4 k-0 k-0

Weputfor3≦q≦n-1

Eq-1 -n･l･

(n-q,;Ell
sl?~1-

(n-q･1,;i.I
sl?･ ;Ellj呈1i.{:Eq.sl?∴音)

sl?:kl-sill,.

Then, by the inequalities

s?_1+sデ>s?~1+s?_+.1
(p-1, -,n-1; i-1,

･･･,n+1)

and by (ll), we apply the mathematical induction to obtain the following inequalities

n-1 n-1 n-1

△≦El≦E2≦-≦En-1-<En-n+1+ ∑sl?ー2-2 ∑s㌘~1+∑xl?(sl?Ill+sly-1-sl?~2-s㌻1),
i-1 i-1 i-1

which
is
equal to

n一-1 n-1
n-1 n-1

n-1+.∑ sil+ ∑dil一(Pi12+Pi-I-Sill-2)-n-1+

,∑

sil-1+ ∑d紘1+Pi-Sil-1)
l-1 i-1

l-1 i-1

since∑;--llsl?~1-∑㌘=+ll
Ai-1
and xl?-di_1, SO that O≦di≦1 by (ll) forp-n.

As ∑㌘=+ll(p卜1+Pi) -2,
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n-1 n-1 n-1 n-1

n-1+ ∑sil_1+ ∑di(Pi_1+Pi-SILl)-n+1+ ∑(1-di)sill-∑(1-di)(Pill+Pi)
i-1 i-1 i-1 i-1

n11

-n+ll ∑(卜di)(Pi_1+Pi-Sll-1)･
1'-1

We complete the proof of
our theorem.

co,oLlary 1. Supp｡sethatDisaconvexn+1-gonand ∑ 6(a,fe)-n+1･ Then

aEX'

x+-(alel, -,an_.en.1),
(al･･･an+1≠0)･
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4 Thecase whenβis a segment

ln this section we consider the exponential curvefe- [eス1Z,
eÅ2Z,

-
,

eスn-1Z],whereス1,

-
, Ån十1 are distinct and

on a segmentL.
We number without loss of generality the points

Å] (j-1, ･･･,

n+1)
as follows‥

(i) The points ll and
ln.. are the endpoints ofL･

(ii)The points i] (j-1,
･･･,

n+1)
are in ascending sequence as one goes from ll tO ln+1 0nL･

For convenienceforq∈ZweputÅq-スiWhen (n+1)i(q-i) for i-1, -
, n+1･

we use the following notation forq∈Z: lスq-Åq_.1-Pq･
Recall that A-2t入1-Ån-1l･

we note that for q∈Z, Pq-PiWhen (n+1)l(q-i) fori-1, -I

n+1 and that A-∑?-+llpi･ Then we have

∑冒=1Pi-Pnー1-磨/2. In this case, by Lemma 1

T(r, fe)
- (A/27T)r+0(1). (12)

Lemma4. Fora-(al,a2, -,an,anll)∈Cn十1-(o), if6(a,fe)>0,
thenal-Ooran1.-0･

proof. Suppose to the contrary thatal≠O and an_1≠0.
Then, by Lemma 2-2), 6(a, fe)-0, which is a con-

tradiction. We have our lemma.

Foravectora-(al,a2, -,an,an十1)∈Cn十1-(o), wesaythata isof

(i) (1,j)-typeifal-a2---a]-Oandam≠0 (j+1≦m≦n+1);

(ii) (n+1, jトtypeifan+1---an+271-Oandam≠0 (1≦m≦n+1-j),where l≦j≦n andwewrite

a]l for any (1, i)-type vector anda'n⊥1
for
any (n+1, j)-type vector･

From now on throughout this section we suppose without
loss of generality that

A- 1･ Then by Lemma 2 and

(12) we have the following

Proposition3. Forj-1, ･･･,n

_/ .∫

(a) 6(a'i,fe)-2∑pk, (b) 6(a乞⊥1,fe)-2∑pn+1_k･
k-1 k-1

Note that 6(a7, fe)-6(ann十1, fe)-1 as ∑;=.Pi-1/2.

Fora-(al, -,an⊥1)∈Cn-1-〈o), weput

a(o)-(ilai-0 (1≦i≦n+1)).

Lemma 5. Leta-(al,a2,.･･,an,an_1)∈Cn+1-(o) satisfying6(a, fe)>0･

(a) whenal-0, an-1≠0, there exists an integerjl (1≦jl≦n) satisfying

l) 6(a,fe)-6(a]11,fe) and 2) a(0)=a'11(0)I

(b) Whenal≠0, an+1-0, there exists an integerj2 (1≦j2≦n) satisfying
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2) 6(a, fe)-6(a]n2十1,fe) and 2) a(0)⊃a]n2+1(0)

(c) whenal-0, an十1-0, there exists two integers i andj
(l≦i, j;i+j≦n) satisfying

l) 6(a, fe)-6(ai, fe)+6(a]n.., fe) and 2) a(0)⊃aln(o)ua'n十1(0), ail(o)na]n+1(0)-¢.

Proof. Notethatal-Ooran+1-Oif6(a,fe)>ObyLemma4.

(a) Let jl be the number satisfying al-･･.-ajl-Oandajl-.≠0 (1≦jl≦n)･ Then, by Lemma 2
and

Proposition 3(a)

b)

6(a,fe)-ト2(Pjlユ1+-+Pn)-2 ∑pk-6(a]il,fe)
k-1

and wehave2) by
Lemma 2-2).

(b) Letj2 be the number satisfyingan-1--･-an-2-j2-0 and an十j2≠0 (1≦j2≦n)･ Then, by Lemma 2 and

Proposition 3(b)

n-i? j2

6(a,fe)-1-2 ∑Ak- ∑pn小k-6(a'3+1,fe)
k-1 k-1

and wehave2) by
Lemma 2-2).

(c) Let i be the number satisfying al---ai-0 and ai+1≠0 (1≦i≦n-1) andj the number satisfying

an-1=…=an-2-j=Oandan-111≠0(1≦j≦n11). As i+1_<n+llj,i+j≦n. Then, by Lemma 2 and

Proposition3

1 j

6(a,fe)-ト2(Aト.+-+Pnl.)-2 (∑pk+ ∑Anー._k)-6(all,fe)+6(a]Ll,fe)
k-1 k-1

and webave 2) by Lemma 2-2).

Theorem 2･ Let di be the number of vectors of typeaei (a≠0) inXー(i-1,-,n+1). Then, 0≦di≦1

(i-1,･･･,
n+1) and wehave the inequality

∑ 6(a,fe)≦n+1-2((トdl)Pl+(I-dn+1)Pn).
aEX'

Proof･ By Lemma 5, for some non-negative integersx], y] (j-1, -
,

n)
we have the equalities

れ

△… ∑ 6(a,fe)- ∑(I,6(a]i,fe)+yj6(a'Ll,fe))
aEX' j-1

andforp-1,･･･,n

n

♯(a-(al,-,an←1)∈X+1al---ap-0)- ∑x],
･; Il

〝

♯(a-(al,-,an-1)∈X+】an-2-p-･･･-anー.-0)- ∑y,,
.i-r･

since foreachp (1≦p≦n)

(1,-,p)⊂a'1(0) (j-p,･･･,
n) and (n+21P,-, n+1)⊂a'n⊥1(0) (j-P,-, n).

As X+ is in general position, we have the inequalities

♯(a-(al,-,an÷1)∈XーFal---ap-0)≦n+トP

and

(13)

#(a-(al,･･･,an-1)∈X+Ian⊥2_p---an+1-0)≦n+トp

forp=1･-I n, whichimplywith (13) and (14) thatx]and y] (j-1,･-, n) must satisfy thefollowinginequalities

for♪-1,･-,〟:

n

∑xj≦n+1-p
j-p

(16)
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and
n

∑yj≦n+1-P･
.i:-[-

By Proposition 3 and (13)
we obtain

n ) }

i-,写1{xj∑Ak･yj ∑pn･11k}･
k-1 k-1

By (16) and (17) for♪-1 wehave theinequality

n n n j )

号≦(〟-∑xj)A.+(n- ∑y,)An･.∑(xj∑pk'yj ∑An･l-k)
j-2 j-2 ]-2 k-1 k-1

n ) )

-n(pl+Pn)+ ∑(xj∑pk+y, ∑pn.1-k)
j-2 k-2 k-2

by (16) and (17) for♪-2

n n n ) ]

≦n(Al+An)+(n-1- ∑xj)P2+(n-1- ∑yj)Pn-1+ ∑(xj∑Ak+yj ∑p…-k)
j-3 j-3 j-3 k-2 k-2

11 }
.I

-n(A.+pn)+(n-1)(P2+An〟l)+ ∑(I, ∑pk+yj ∑An.llk)
j-3 k-3 k-3

by using (16) and (17)
forp-3, -

, n successively

p11
n J 1

≦ ∑(n+1-j)(Pj+Pn.ド,)+∑(xj∑pk+yj ∑ pn.1J
j-1 j-P k-p k-z'

p-I
n n

≦ ≡(n+1-j)(Pj+Pn.ド,)+(n+1-P- ∑ xj)Bp+(n+1-P- ∑ yj)An+p
j-1 j-P+1 j-P十1

n ) }

+ ∑ (xj∑pk+yj∑pn.1-k)
j-P十1 k-I) k-p

p n ) ]

- ∑(n+1-i)(Pj+Pn.卜j)+∑ (rj ∑ Ak+yj ∑ An十11k) (P-3･-,n-1)
j-1 j-P+1 k-p÷1 k-p+1

Jt--I

≦ ∑(n+1-j)(A]+An十.-i)+xnAn+ynPl
j-I:--I

n+1

2 -pl(1-dl)-Pn(1-dn.1)

sincexn-dn+1, yn-dl and

n11

∑(n+卜j)(Pj+Pn.1_j)- ∑(n+1-j)(Aj+Pn.h･)-Al-Pn
b:-H

We have our theorem.

We write e言forany vector of type

EJJ=n

n n

- ∑(n+1-i)Pj+ ∑(n+1-j)Pn十1-j-Pl-Pn
j-1 j-1

n n

- ∑jAn小ブ+ ≡(n+1-j)Pn.1-j-Bl-An
j-1 j-1

n

- ∑(n'1)An.1_,-Al-Pn-吐11Pl-An.
j-1

2

aiei+
･･･

+a,ej,

143
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where l≦i≦j≦n+1 andai-･a]≠0･

propositjon 4. (a) ei?'1-allLl (2≦i≦n+1).

(b) ei-ann:ll-'(1≦j≦n).
(c) 6(ei,fe) -6(all-1, fe)+6(ann二1l~',fe) (2≦i<j≦n).

(d)6(e言,fe)-1 (1≦i≦n+1).

Proof. It is trivial that (a) and (b) hold by the definitions ofei, a'iand
a'n十1.

(c) By Lemma 2 and Proposition 3

6(ei,fe)-ト2(Pi+･-+A]-1)
i-1 n

-2 (∑Ak+ ∑pk)-6(all, fe)+6(ann二王~j,fe).
k-1 k-j

(d) Ase;-aei (a≠0), it is trivial that6(e言,fe)-1.

Lemma 6. Suppose that,

∑ 6(a,fe)-n+1.
aEX'

Then, for each a∈X十one of the followlng Cases holds:

(a) Whenal-0 and an.1≠0, there exists an integer i (1≦i≦n) satisfying

a-elTll.

(b) whenal≠O and an+1-0, there exists an integerj (1≦j≦n) satisfying

a-ef+1-j

(c) whenal-0 and an.1-0, there exist two integers i andj
(l≦i,j;i+j≦n) satisfying

a-e11'1l-j

(18)

Proof. Weuse thesamenotation as in tbeproofofTbeorem 2. From (18), Theorem 2 and itsproorweob-

tainthatdl-dn.1 -1 andforp-1, ･･･,n

n

∑rj-n+1-p
./二二♪

n

∑yj-n+トp
I-p

The
solutions of (19)

are as follows:

xl-X2-･･･-Xn-1 and yl-y2---yn-1.

This implies that

n

∑ 6(a,fe)-.∑(6(a'i,fe)+6(a];.1,fe))-n+1･
aEX' )-1

Leta-(al, ･･･,

an+1) beinX'. Then by Lemma5 wehave the followings.

(a) Whenal-0 and an.1≠0, there exists an integer i (1≦i≦n) satisfying

6(a,fe)-6(dl,fe) and a(0)っall(0)

from which we obtain the inequality

♯a(0) ≧♯a11(0)-i.

(19)

(20)

(21)
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(b) Whenal≠O and an_1-0, there exists an integerj (1≦j≦n) satisfying

6(a,fe)-6(a'n_1,fe) and a(0)⊃a]n-1(0)

from which we obtain the
inequality

#a(o) >#a'n+1(0) -j.

(c) whena.-an+1-0, thereexists two integersi and j (l≦i,j;i+j≦n) satisfying

6(a,fe)-6(all,fe)+6(a]n+1,fe) and a(0)⊃a‡(0)ua]n-1(0), dl(0)na'n-1(0)-¢

from which we obtain the inequality

♯a(o) ≧♯ali(o)+#a'n+1(0)-i+j.

on the other hand as X- is in general position we obtain the
inequality

∑ #a(o)≦n(n+1)
aEX+

as in the proof or Proposition 2. From (21) through (24) we obtain our lemma･

145

(22)

(23)

(24)

corollary2. SupposethatDisasegment and∑a∈x-6(a,fe)-n+1･
Then,X十mustcoinsidewithoneofthe

following sets X. and Xk (k-1,･･･, n-1) when they
are in general position･

(I)X｡-(e]llj-1, -,n)∪(ei?+lli-2,･･･,n+1)･

(II) For any integer k (1≦k≦n-1) and any integers
il,
-,Lk;j1, -,jk Satisfying

the conditions

(i) 2≦i.<i2<-<ik≦n, (ii)jl,-,jkaredistinct and
(iii)2≦iレ≦jレ≦n(レ-1, -,k),

xk-(e'lll≦j≦n;j≠jl, -,jk)∪〈e2?+1L2≦i≦n+1;
i≠il,
-,ik)∪(ei:ル-1, -･k)･

Proof. Wehaveonly toseethatfork-0, l, ･･･,n-i

∑ 6(a,fe)-n+1･
aEXk

し=

n n-I n n-1

∑ 6(aje)- ∑6(e'Je)+ ∑6(e㌘-1,fe)-2 ∑(Pj+･･･+Pn)+2≡(Pl+-･+Ail.)
aEXu j-1 i-2

n

-2+2 ∑(Pl+-+Pn)-n+1･
j-2

j-1 i-2

n k n ---1
k

(II) ∑ 6(a,fe)-2 ≡(Pj+･-+An)-2∑(Pjレ+･-+Pn)+2.∑(Pi+･-+Pill)-2∑(Pl+-･+Piレ一.)
a∈xk j-1 レ-I i-2 レ=1

k k

+2 ∑(Pjレ+-+Pn)+2∑(Pl+-+Piレー1)
レ-1 レ-1

- : 6(a,fe)-n+1.
a∈Xo

Example. 1) ThesetXn_1-(elf[i-1,
-,

n+1)
isingeneralposition･

2)OneofXn__2: In (II)ofCorollary2,fork-n-2, put
iレニン+1･ j乙.-レ+2 (レ-1,

-･,

n12)I Then,weobtain

the set

(ell,e…,e23,e34,
･･･,

enn_1,enn+1,enn二11)

which
is in general position.
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