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Let f: C-Pn(C) be a transcendental holomorphic curve from C into the n-dimensional

complex projective space Pn(C) and
let H be a set of holomorphic curves A

such that T (r,A)-

o(T(r,f)) (r--), (A,f)≠Oandingeneralposition.

When ∫is degenerate and H⊂ Pn(C), we gave several results oⅢ the fundamental inequality

for ∫in [11] and on defects with respect to fin [10].

In this paper, we shall extend those results to the case when
II

contains movlng elements and

apply one
of them to estimate numbers of several kinds of exceptlOnal targets A in H･
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1. Introduction

Let

f:C → Pn(C)

be a holomorphic curve from C into the n-dimensional complex projective space PⅢ(C), where n is a positive

integer, and let

(fl,-,fn十.):C - Cn+し(o)

be a reduced representation of ∫. We then write
f- [fl,-, f｡+l].

The characteristic function T (r,∫)of ∫is defined as follows:

･(r, f)

-去j:2方log=f(reiO)zldO-
log‖f(0)‖,

where
n一卜I

ilf(z)rf- (.∑lfj(z)l2)I/2.
.I

I

In
addition, put

U(z)- 甲aX lfi(z)辛,
)ち)くn f I

then

u(z) ≦ Hf(z)1I ≦ (n+1)1/2u(z)

and we have

り1 ･(r･ f)

-去J:2方log
U(reiO)dO+0(1)

We suppose throughout the paper that f is transcendental; that is to say,

We denote byp(i) the order of f: rl_li-i鴬ヱ-
+-･

(see [1]).

p(f)
- 1imsup

logTM

r ,∞
log r

Let S｡(r, f) (resp. S(r, ∫))be any quantity satisfying

S｡(r, f) -o(T(r,f))
(r--)

(resp･ S(r, f)-o(T(r, f)) as r--, possibly outside a set of r of finite linear
measure),

let S｡(f) be the field of

meromorphic functionsα in lzF < -
such that T(r, α) -S｡(r, f) and

ド be asubfield of S｡(f) containingC.
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Tbe set
ni I

v- ((α.,α2,-,αnり):.∑ α]f,･-0,αi∈r)
j~~l

is a vector space over r･ We denote by A the dimension of V:

Å-dim V.

we can easily prove that A is independent of the choice or reduced representation of ∫and that

O≦人≦n-1.

Let

r(f) - (A- [al,･･･,an⊥1]:ak/a｣∈r (k-1,-,n+1)foranai≠0)

and forA- [al,-I,a｡十1] ∈r(f) weset

(A, f) -alfl+-+a｡1_1f｡‖.

Weput for any A∈r(f) such that (A,∫)≠0

(2) -(r,
A, f)

-去J:2方log十野獣dO,
which

is independent or the choice of reduced representations or ∫ and A and non-negative since

lEAHHfll≧ r(A,f)L,and

N(r, A, f) -N(r, 1/(A, f)),

which is also independent of the choice of reduced representations or ∫and A･

Tbe defect ♂(A,∫)of A with respect to ∫is defined as follows:

m(r,
A, f)

u＼ハ'⊥ノLllrl1-I,1£1 T(r,f)

Tbe purpose or this paper is to extend some results
for constant targets iⅢ [10] or [11] to moving targets･

we shall use the standard notation of the Nevanlinna theory or meromorphic functions ([4],[5])･

♂(A,f) -1iminr

2. Preliminaryand Lemma

I. Let ∫,r(∫) andスetc. be as in the introduction. We shall give some lemmas in this section･

n

I
I

Lemmal. T(r,f) < ∑ T(r,ak/a1)+0(1) (ai≠0)
k=l

([8]).

Lemma2. ForanyA- [a.,･･･,an.1] andB- [bl,-,bnll] ofr(f) such that (A,f)≠0, (B,f)≠0, aj≠0,

bk≠0, wehave

T(r,
(A, f)/ai

(B, f)/bk
) ≦2nT(r, f)+S｡(r, f)

Proposition 1. For any A- [a.,-, a｡+1] ∈r(f)

(a) T(r,A) -S｡(r,f),
(b) N(r二1/a｣) -S｡(r,f)foraj≠0･

Proof. (a) ApplyingLemma 1 to A,
wehave for an aj≠O

n十1

T(r,A) ≦ ∑ T(r,ak/a｣)一十0(1) -S｡(r,f)
k_ 1

since ak/ai∈
r･

(b) Since al
,-, a｡+I have no common zero,

n+1 n+I

N(r, 1/ai) ≦ ∑ N(r,ak/a｣) ≦ ∑ T(r,ak/a｣)+0(1) -S｡(r,f)
k

-1
k 1

asin(a).

(3)

Proposition 2. For
any A∈r(f) for which (A, ∫)≠O

T(r,f) -m(r,A,f)+N(r, A,f)十S｡(r, f)

(the first fundamental theorem).

Proof. From (2) webave

m(r,A,f)-T(r,f)+T(r,A)-N(r,A,f),

([12]).
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which reduces to (3) by Proposition 1.

proposition 3. For any A∈r(f) for which (A, ∫)≠0

♂(A,f) -1-
1imsup

r --ナ 0〇

N(r, A, f)

T(r, f)
and O≦∂(A,f)≦1
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we easily obtain these relations
from Proposition 2 and the fact that N(r, A, f) ≧O for r≧ 1.

By the definition of A, there are n+11スfunctions in (fい･･･,fn｣.) (let them be f.,･･･, fn十1_A Without loss of

generality) which are linearly independent over r
such that the others (namely fn+2-い-, fn.1) can be represented

as linear combinations of fい-, f｡1_I__AWith r-coerricients. It is easy to see from (1) that

(4) T(r, f)

-去J:2q,<j習naチ1Åloglfj(reiO)
Ida+So(r･ f).

LetHbeasubsetofr(f) ingeneralpositionsuchthatforanyAinH, (A, f)≠0. For A- [aい-,a｡.1] in

H, let aj｡ be the first
element not identically equal to zero･ Then, put

Å- (al/aj｡,-,an.I/aj｡) - (g.,-･gnト1), lIAll- LIALl/1aj｡l･H- (Å= A∈H)

and for(A,∫) …F

Ⅲf】

(5) 京-F/aj｡- (A,f) -.∑ gjfj, N(r･ A,f) -N(r, l/(A･f)).
j-1

Then, H is in general position, gj-aj/aj｡∈r and by Proposition 1

(6) N(r, A, f) -N(r,
A, f)+S｡(r, f)

since N(r, A, f)-N(r, 1/aj｡) ≦N(r, A, f) ≦N(r,A, f) from (5)･

Let A｣- [a｣l,･･･,ainf-]be any n+1 elements in H and put

A]-(g].,･･･,g)nL.), (Ai,i) -F,･ and (A"f) -Fi･

Then it is easy to see the followlng

Lemma 3. (a) The dimension of the vector space over r:

((αl,-,α｡‖) : α1Fl+-+α｡十1F｡‖-0, αi∈r)

isequaltol.

(b) There are n+1-A elements in (Fl,･･･,Fn..) (let them be Fl,･･･, Fn.1_A Without loss of generality) which
are

linearly independent over ド such that for any A of H, (A, f) …戸can
be represented

as a linear combination of

Fl,-, Fn{.
__A with ド-coefficients. (We then say that Fl,-, Fn.1__えform a basis of H over r･)

(c) a.F.,-, αn..___^Fn.1_A(αi≠0,∈Il) are linearly independent over C･

(d) T(r･ f)

-去L2方1≦jTna.xlÅlog斥j(reiO)
EdO･So(r, f)

Lemma4･ ForanyFil,-,Fim (1≦il<-<im≦n+l-l･ 2≦m≦n+1-A)and｡l,-,a…∈r

m(r, w(α.Fit,-, αmFim)/α.Fil- α…Fim) -S(r, f)I

(see (4)).

whereF.,-, Fnし1__入form a basis of Hover r, a｣≠0 (j -

1,-,m) and W(f,-,g) is theWronskian of f,-,g.

Proof. Applying Lemma 2, we can prove this lemma as in [1], p.14-p.15･

ⅠⅠ.LetAj (j-1,-,q; q≧n+1) beelementsof岳andput

(Ai,f)-Fi (j-1,-,q)･

We may suppose without loss of generality that Fl,-, F｡十l-A form a basis of
H over r･ Let

Y- (Fi: i-n+2-A,･･･,q)･

As in [10], we introduce an equivalence relation
into Y as follows.
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Derinitionl. (a) ForHl and H2 0fYsuchthat

H｣-α｣lFl+･･･+α〕｡十1_スFn=._A (j-1,2),

Hl=H2 if and only if thereexists a kosuch thatαlk｡･ α2k.≠0･

(b) For京and己ofY, F-Gifandonlyif声=己orthereexistHl,.･･,Hs inYsuchthat F=HI, H-=H2,･-,

Hs_1==Hs, Hs=G.

Proposition 4. The relation "-''is an
equlValence relation in Y.

This is trivial from the definition.

We classify Y by this equlValence relation. Let

Y/-- (Yl,-,Yp) (1≦p≦n+1一入)

aⅢdputfort-1,-,p
～ n+1 A ､

Ⅹt-lFi : thereisatleastoneelement戸inYtsuchthatai≠0を,whereF-.∑ αiFi (αi∈r);
1一二1

P

Xo- (Fい-,Fn十IJ- u Xt;
i]I-日

ソt
-the number of elements of Xt (t-0,-,p).

Lemma5. (a)Ift≠s,tbenXtnXs-¢.

(b)真,ンt-n･1一入･･
(c) Ifq>_n+A+2, thenp-1 andL).-0.

It is easy to see (a) and (b) by definition. Wecan prove (c) as in the proofofLemma 3 in [11].

3. Theorem

Letf, randスetc. beasinSection 1 or 2. For apositiveintegerFL and A∈r(f) such that (A,∫)≠0, wedenote

bynp(r, A, f) thenumberofzerosof (A,f) in lzI ≦r,whereforazeroz｡of (A,f) oforderk,wecountitktimes

ifk≦p andFL timesifk>FL andputforr>0

Np(r,A,f) -
n〟(u,

A, fトn〃(0, A, f)
du+n〟(0, A, f)logr･

As an extension of Theorem 1 in [11], we can prove the following theorem.

Theorem 1･ Let A.,･･･, An.A+2 be any elements of H･ Then we have the followlng Inequality:

n-l一入･2

T(r,f)≦ ∑ N｡
A(r,A1,f)+S(r,f).j-I

Proof. Put as in Section 2

(A,･,f)-F] and (A"f)-F,I (j-1,･･･,n+A+2).

We may suppose without
loss

of generality that Fl,-,Fn十l入form a basis of H over Ill We represent

F｣ (j-n+2-A,･･･, n+A+2) by Fl,･･･, Fn.._A
With r-coefficients. For simplicity weput

Fnllス+k-Hk (k-1,-,2Å+1)

Hk-αk.Fl+･-+αkn+.__ÅFn..A(k-1,-,2ス+1; αki∈r).

Due to Lemma 5(c), there is at least one element in (H.,･･･,H2^..) such that trhe number of coefficients

different from zero in (7) is at
least two. We may suppose without loss of generality that H. is such an element･

Let

α1il≠0,-･alim≠0,αll-0(i≠il,-,im) (2≦m≦n+1J)･

Then,
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(8) Hl-alilFil+･･･+alimFim･

We differentiate (8) j-times (0≦j≦m-1). From these m relations, we have

(9) α1ikFik-H,△1k/△l (k-1,-,m),

where

△1
-W(α1ilFil I-, α1i…Fi…)/αlilFil-α1imFim

and △Ik lS One Obtained by exchanglng α1ikFikfor Hl in △l･ We note that △1≠O and △ik≠O since αlilFil,-I

α1i…Fim are linearly independent over C (Lemma 3(c))I

From (9) wehave

訂チilog[Fil
≦

logFHli･logtLiTJ･
∑(log十■△lk'･

log+!去l)+0(1)
irP

k一丁1

(I) When m-n+1一入, integrating this inequality with respect to 0 from 0 to 27T (z-reiO), we obtain the

following inequality due to Lemmas 2, 3(d) and 4.

(1.)
T(r, f)

≦去L2nlog舶o+-(r,
1/△l)+

k!.
-(r, △1k)+So(r, f)

≦N(r, 0, Hl)+N(r, △1)-N(r, 1/△1)+S(r, f)

SlnCe

m(r,Al) -S(r,i), m(r,A.k) -S(r,f)

and

m(r, 1/alik) ≦T(r, α.ik)+0(1) -S｡(r, f)･

Next,

(ll)

･(r, △1)-N(r, 1/△l)

-去j;2Hloglかβ+o(1)
- nk'fl-久志j;2方(logFikl･log1αlkl)dO

一去L2方loglW(α11戸1･-,
α.n.I-一入京nTl--A)ldO･0(1)

n｣-1--A

≦ ∑ N(r,0,Fk)-N(r, 1/W(α1.F.,-,α-n.I__ÅFn.._A))+S｡(r,f)
k-- 1

sinceα1k∈r.
From (10) and (ll), weobtain

(12)

Here, by (6)

(13)

(14)

and

(15)

n+1--A

T(r,f) ≦N(r,0,H.)+ ∑ N(r,0,Fk)-N(r, 1/W(α.1Fい-,α1｡L.スFn十.__A))+S(r,f).
k_1

N(r,0,H.) -N(r,0,Fnt2ス) -N(r,An.2_A,f) -N(r,A｡+2 A,f)+S｡(r,f),

N(r,0,Fk) -N(r,Ak,f) -N(r,Ak,f)+S.(r,f) (k-1,･･･,n+1-A)

N(r, 1/W(α..Fl,-,α1n+1えFnL.A))

n十1 Å nそ1 A

≧ ∑ N(r,0,Fk)+N(r,0,H,)- ∑ N｡_A(r,0,Fk)-Nnス(r,0,Hl)+S｡(r,f).
k I k I

From (12),(13),(14) and (15), we･obtain
!1

･
1 i

T(r,f)≦N｡_A(r,A｡↓2
A,f)+

∑ N｡
A(r,Ak,f)+S(r,f)k

-
I

niÅ12

≦

.∑
Nn_A(r,A｣,f)+S(r,f)

,I

l

since for any A∈Ⅲ

Nn
A(r,A,f)+0(log r) >0.
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(II)When m<n+1-A, modifying
II, III

and
IV

of the proof of Theorem 1 in [11], we obtain our theorem.

Definition 2. For a positive integerp and any A in ド(f) such that (A, f)≠0

6p(A,f) -1- limsup
T -> CO

Np(r, A, f)

T(r, f)
It is easy to see that

O≦6(A,f) ≦sp(A,f) ≦1.

Corollary 1. For any
Al,-, A｡十Å+2 in H

n+A+2

∑ 6n
A(A),f)≦n+A+1･

.i

I

(cf. Theorem 1 in [6] orTheorem3.2in [7]).

Theorem 2. Suppose that thereexist n + I+ 1 elements Aい-, An+I+_I (1≦T≦n--1) in H such that

n+-1

∑ 6｡ス(Ai,f)+6n_A(A｡…｣,f) >n+1 (j-1,･･･,I).
i-I

Then, we haveス≧ I.

Proof. Modifying the proof of Lemma 8([10]) to our case as in the proof of
Theorem 1, we can prove this

theorem.

Corollary2･ Suppose that H contains n+1 elements
A.,･･･, An,1

Satisfying 6n"A(A), i) -1 (j-1,･･･, n+1)･

Then, H-(Al,･･･, An+I) contains at mostl elementsA satisfying6n A(A,
f) >0.

Coro11ary 3. Suppose that H
contains n + A + 2

elements
A".･･, An.A.2

Such that

(16)

(resp. (16)′

n十Å一十2

∑ 6n__A(A｣,f) -n+A+l
j-I

□十Å十2

∑ ∂(Ai,f)-n十Å+1)･
j--1

Then, there exists a J｡ Such that

6n--一入(A1.,f)-0 and 6n-A(Aj,f) -I (j≠j｡)

(resp･∂(Ai｡,f)-0 and ∂(Aj,f)-1 (j≠j｡))･

Proof. We
may suppose without loss of generality that

6n_A(A.,f) ≧an_A(A2,f) ≧･･･≧6｡__A(An+^→_2,f)

(resp.6(A.,f) ≧6(A2,f) ≧･･･≧6(An_+A+2,f)).

If6n__A (An+A.2,f) >0 (resp.6(An.A.2,f) >0),

then

O<6n__A(A｡+u2,f) <1 (resp.0<6(An+^t_2,f) <1).

From (16) (resp. (16)′) we obtain the inequalities

n十l

∑6nス(Ai,f)+6n_A(An.1.｣,f)>n+1 (j-1,･-,A+1)
i=1

n ･ I

(resp･ ∑6(Ai,f)+6(A｡i1.ラ,f)>n十1 (j-1,-,A+1)).
i= I

Then, we have

ス≧A+1

due to Theorem 2,
which

is
absurd. This means that

6n.A (Anり十2,f) -0 (resp.6(An_LA.2,f)
-0)

and

6n--A (Ai,f) -1 (resp･6(A〕,f)
-1) (j-1,-,n+A+1).
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Remark. If (16)′holds,p(f) ispositiveintegeror +- and fis ofregulargrowth ([12], Theorem6 and [13],

Theorem6).

LetA.,-,An川.I (1≦レ≦Å-1)andB.,-,BTbeinHandput

(Ai,f)-Fi (i-1,･･･,n+〟+1) and (Bi,f)-G｣ (j-1,･･･,I)･

We
apply the discussion in II of Section 2 to

(F.,･-,Fn.ン.1, G.,･･･, GT)･

we
may suppose without

loss of generality that Fl,-, Fn..J form a basis of H over r･ Let

yo- (Fn十2__A,-,Fn+…),Yj-you(G)) (j-1,-,I)

and p｡ be the number of equivalence classes or YO/-･ Then, we have the following theorem･

Theorem 3. (Ⅰ)Suppose

n十レ†1

(17) ∑ 6n_A(Ai,f) >n+〟,
i
-1

Then, 2≦p｡≦n+1-A
andL,(p｡-1) ≦Å.

(ⅠⅠ)Suppose that

n-十レ十1

(18) ∑ 6n_A(Ai,f)+6nLÅ(Bi,f) >n+〟+1 (j-1,-,I)･
i--i

Then, 2≦p｡≦n+1-A
andLJ(p｡-1)+T≦且,

proof. We first
notethat weget (17) from (18). Let

yo/-- (y.o,-,y,o.), yj/-- (yl'････,Y去j)(j-1,-, I),

～ n+1一入 ～

ⅩJt-iFi: thereisatleastoneelement京inYt'suchthatai≠Oi, whereF- ∑ aiFi (αi∈Il);
日i-il

レ王-thenumberofelementsinX't (j-0, 1,-,I; t-1,-,p｣)･ Then,

(a) Ⅹ'tnx's-¢ift≠s.

P)

(b) ∑L)i-n+1-A.
t-一二1

This is because each Yj (i-0,･･., I) contains at least A +1 elements and

P]

(F.,-,Fn..A- ∪ Ⅹ't-¢.
t-1

(c)レi≦n-A (j-0,-,I;t-1,･･･,p〕)･

we can prove these inequalities as in the proof of Lemma 6 in [10] by applying the method used in the proof

or Theoreml.

Next, we suppose without
loss of generality that G｣ belongs to Yl'(j

- 1
,･･･, I)･ Then, we have

(d) Foreachj (j -1,･･･,I), thereexistat.andat2SuChthat

x?1⊂Ⅹ'.and X?2∩ⅩJl-¢･

we can prove this fact as in the proof of Lemma 7, i) in [10].

(e) when we represent Fn+i_A+k (k- 1
,･･･,〟+A)

as linear combinations of F.,･-, Fn.トA With r-coefficients,

there are p.1l classes in (X? ,･･･, XO,.) such that all coefficients of elements
in those classes are equal to zero･

(f) When we represent Gj aS a linear combination of
Fl

,-I
Fn十1一入With r-coefficients, because of (d)I there is

at
least one class X?("such that all coefficients of elements in that class

are equal to zero･

proofof (Ⅰ).From thedefinitionorÅ and due to (e), wehave

(i/+A)(p｡-1) ≦p｡ス,

which reduces to i,(p｡-1) ≦Å.

Becauseof (b) and (c) forj-0, it is trivial that 2≦p｡≦n+1-ス･
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Proofof (II). From the definition ofl, due to (e) and (f), wehave

(i/+A)(p.-1)+T≦p｡ス,

which reduces to i/(p｡-1)+I_<ス.

Asthenumber p.is thesameoneas in (I), we have

2≦p｡≦n+1-A.

From this theorem･ we can deduce many well-known results on the number of except10nal elements in H. We

use lc･ A,
,

or lf instead of A when Il-C, r-the field of rational functions or r- S.(f) respectively.

Corollary 4･ lo･ When r-C, let Nl be the number of elements A of Ⅲ satisfying the conditioⅢ

1] (A,∫) hasnozero.

Then, Nl<n+1+lc/(nllc) ([2]).

2o･ When r-C, let N2 be the number of elements A
of H satisfying the condition

2] (A, f) has at most a finitle number ｡f zeros.

Then, N2_<n+1+lc/(n-Ip) ([3]).

3o･ When r-the field of rational functions, let N3 be the number of elements A in = satisfying the condition

3] (A, f) has at most a finite number of zeros.

Then, N3≦n+1+ス｡/(n一入｡) ([9]).

4o ･ When r is any subfield of So(f) containing C, let N4 be the number of elements A in Ⅲ satisfying the condition

4]∂(A,∫)-1.

Ifp(f) < +-, then, N｡_<n+1+A/(n-lf) ([9]).

Proof･ For each i(-1,2,3,4), we have only to prove our inequality when Ni≧n+2. Let

Al････, An+y.1 (ン≧1) beinHsatisfyingtheconditioni] (i-1,2,3or 4). Then, by applying Theorem in [5],

p･116 to each case, we can prove the rollowlngS,

Caselo･ p｡-n+1-Å｡.

Case2o･ po≧n+1-スp･

Case3o･ po-n+I-Ip･

Case4o･ p｡≧n+1-A,.

Due to Theorem 3, (Ⅰ),we have our inequalities.
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