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Let ∫: C -

Pn(C) be a transcendental holomorphic curve from C into the n-dimensional

complex projective space Pn(C) and
X a subset of Cn十1 in general position･ Then, it

is known

that if f is non-degenerate, ( * ) ∑
a∈Ⅹ
8 (a,f)≦n+1. As in the case of meromorphic functions,

the followlng problem is interestlng:

prob暮em. What properties does
∫
possess if the equality holds in ( * )?

concerning this problem, we gave several results for ∫of finite order in [9]･
For example,

"If theequality holdsin (*) and if ♂(e,,f)- 1 (j
-

1,-,n), then f is of regular growth and

the order of ∫is a positive integer."

In this paper, we shall give similar results
for ∫of infinite order to those for holomorphic

curves of finite order obtained in [9].

175

l. lntroduction

Let

f:C - Pn(C)

be a holomorphic curve from C into the n-dimensional complex projective space
P□ (C), where n is a positive

integer, and let

(fl,-,fn.1) : C-Cn+1-jot

be a reduced representation of ∫. We then write ∫-[fl,-f｡+1].

For a
vectora-(al,-,a｡+1)

inCn+1, wewrite

n+1 n+1

(a,f)-j写1a,f, and =a11=jj写1Ia,t2il'2

andput
n+ 1

1Lf(z)Il-j ∑Efi(z)I2il/2
j-1

Then we define as usual the characteristic function of
∫as follows.

･(r,f)-去I.2打Iog
‖f(reie)‖de-log ‖f(0)‖

In addition, put

U(z)- max lfi(z)I,
1≦j≦n+1

then

u(z)≦ l(f(z)LI≦(n+1)1′2U(z)

and we have

(1)

･(r,f)-去/.2汀Iog
U(reLe)de ･0(1)

We suppose that ∫is transcendental; that is to say,

T(r,f)
lim

- +∝).

r-ふIogr

we denote the order of ∫by 〟(∫)and the lowerorder or
∫by 〟 (∫)respectively:

(see [1]).
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1(-g T(r,∫)

r --1 logrp(f)-
limsup

and FL(f)-1iminf
r

→
∞

log T(r,f)

1(-,冒r

It is said that f
is ofregulargrowth if p(f)-FL(f).

wewritefora-(al,･･･,aI-.1) inCn+1-jot suchthat (a,f)≠O

-(r,a,f)-去I.2打log†宝器de
and

N(r,a,f)-N(r,志).
Then we have

(2) T(r,f)-N(r,a,f)+m(r,a,f)+0(l)

(the first fundamental theorem (see [10], p.76)).

We call the quantlty

8(a,f)-1- 1imsup
r

→
CO

- 1iminf

N (r,a,∫)

T(r,∫)

m (r,a,f)

-r"二▲忘I T(r,f)

the deficiency of a with respect to
f. It is easy to see that

O≦∂(a,∫)≦1

by (2) sincem(r,8,∫)≧0.
Put

l-dimj(cl,-,Cn.1)∈Cn+1:clfl+-+cn.1fn十1-Oi,

then it is easy to see that O≦ス≦n-1. We say thatfis (1inearly) non-degenerate if人- 0 and that f is

(1inearly) degenerate if A > 0.

It is
well-known that f is non-degenerate if and only if the Wronskian W(fl,･･･,fn.1) of fi,･･･,fn+i is not

identically equal to 0.

Let X be a subset of Cn'1-iO‡ in general position; that is to say, any n+1 vectors of X are linearly inde-

pendent. The following inequality (the defect relation)
is
well-known (see [1]).

(3) ∑ ♂(a,∫)≦n+1.
8∈Ⅹ

In [9], we gave several results for holomorphic curves of order finite for which the equality holds in (3).

Forexample,

Theorem A. Suppose thatf is non-degenerateand p(f)<∞. Ifthereareal,-,a｡ in X (n+1≦q≦∞) such

that

(i) ♂(aJ,∫)-1(j-1,-,n);
q

(ii) ∑ ∂(aJ,∫)-n+1,
j-1

then ∫is of regular growth and 〟 (∫)is equal to a positive integer.

The purpose of this paper is to give similar results to them when 〟 (∫)--. From now on throughout the

paper we suppose 〟 (∫)-∞

We prepare several lemmas iⅢ Section 2 and give a result for non-degenerate holomorpbic curves in Section

3, which corresponds to Theorem A. In Section 4, we extend a result obtained iII Section 3 to movlng targets.

In Section 5, we treat the degenerate case. We use the standard notation of the Nevanlinna theory of mero-

morphic functions ([2],[3]).

2. Lemma

Weshall givesome lemmas in this section for lateruse. Let fand X beas in Section 1. Note that p (f)-

害竃

We use the followlng notation to treat ∫ of order infinite in the same way
as in the case of holomorpbic

curves of finite order.
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Let α be any positive number. Then, weput

･a(r,f,-I,r半㌘
dt

and we difine Nα(r,a,f) and mo(r,a,f) similarly.
Further, put

mα(r,a,f)
ua＼u'▲/

▲,"二ー;▲ T丘(r,f)

(see [7]). Let S(r,∫)be any quantity satisfying

sa(r,f)-Ilrミ禦dt-o(Ta(r,f))
(r--)

for any positive number α.

Lemmal. (a)ForanyO<α<∞

(4)

∂a(a,f)- liminf

1()g Tα(r,∫)

r
-∞1 1()gr
lim suf)

Conversely, if (4) holds for some finite α >0, then 〟(∫)-∞

log Ta(r,f)

r-∞ 1(-gr
(b) 〃(∫)≧

1iminf

(5)

= ⊂×〕

≧lnaX (FL(f)-α,0) if iL(f)<∞;

- ∞
otherwise.

In fact, (a) is given
in Proposition 1([7]) andwecan prove (b) as in thecaseof (a)･

Lemma 2. 0≦∂(a,∫)≦∂α(a,∫)≦1 (see [7], Proposition3, 3)).

Lemma 3. Let h(z) be a meromorpbic function in 】zl< -, then for any positive
integerk

-a(r,筈)-o(Ilr
1('g+ T(t,h)

tl+a
dt).

In fact, for k-1, this is Lemme II in [3], pp.62-63. For k≧2, wenotefirst that

h(k) k h(i)
~=

｣T!1LT7T,
･

h

By uslng

we have-

(6)

･(r,h(j-1))≦

2T(r,h(j-2))+-(r宝器).o(1)

log+T(r,h(j-1,)≦.og.T(r,h(-2))+-(r宝器)+o(1)･
and by applying the

case k-1 of this lemma to h`j~1', we have

(7)

-α(r,㌫)-0(⊥r
log+T(t,h'j~1))

tl~.-
dt). (j-1,-,k).

From (6) and (7) we obtain by induction

h(j)

-a(r,前丁)-0(JI
so that we have from (5)

r 1(-g+T(t,h)

tl+α
dt). (j-1,-,k).

-a(r,筈)-≦j妻1-a(r,詣).o(1)-0(/1r
1(,g+ T(t,h)
tl+α

dt)

177

Lemma4. Ifthereexistn+1elementsal,-,an.i inXsuchthat 8a(aj,f)-1 (j-1,･･･,n+1) for any O< α

<-, then ∫is of regular growth ([7], Corollaire 5).

Lemma 5. (a) T(r,fk/f))<T(r,f)+0(1) (k+j) ([1]).

(b) Foranya, binXsuchtbat (a,∫)≠Oand (b,∫)≠0,

T(r,(a,f)/(b,f))<T(r,f)+0(1) ([1]).

putroranyaj∈Ⅹ (j-1,-,n+1)

Kα(∫)- 1irn sup
r

ー
〔×コ

(see [7], Definition 5). Then we have the following

□+1

∑ Na(r,a｣,f)
.I -
1

T｡(r,∫)
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Lemma6. If FL(f)<p(f)-…,thenforany T and α suchthat

(i) T isnotanintegerand FL(f)<T;

(ii) 0<α<〃and T+α<-;

(iii) [r]-[r+α],

K｡(∫)≧
n+1 Isin7r(T+a)l

n K(a,T)+lsin7T(I+a)l

where K(
a, T ) is apositive number dependent onlyon α and T ([7], Th6or6me5).

Suppose now that f is non-degenerate. Let d(z) be an entire function such that the functions

fデ+1/d (j-1,･･･,n) and W(fl,-,fn.1)/d

are entire functions without common zeros.

Definition ([8])･ We call the holomorphic curve induced by the mapping

(fT+I,･･･,fE+1,W(fl,･-,f呂+1)):C-Cn+1

the derived holomorphic curve
of ∫and we write it by r*:

f'-[f号+I/d,-,fnn'1/d,W(fl,･･･,fn.1)/d].

Lemma 7 ([8]). T(r,f*)≦(n+1)T(r,f)-N(r,1/d)+S(r,f).

Proof (see [8], Lemma3). Puthj-fj/fl. Then,

1

s(r,f)-古 Io2汀log
+
W(h'2,･･･,h'n.I)

b2-･b｡+1
ldβ+0(1)

n-i n+i

≦∑ ∑
皿(r,h(Jkソh｣)+0(1)

k-1 j-2

and byLemmas 3 and 5 (a) we have

S｡(r,∫)-o(Tα(r,∫)) (r--).

In addition, f* has the followlng properties:

Proposition 1 ([8])･ (a) f'is transcendental. (b) p(f')- p(f). (c) f'is not always non-degenerate.

3. Non-Degenerate Case

Let f-[fl,･･･,fn･1] and X be as in Section 1. We shall give similar results to those obtained in [9], Secti.n

3 when f is non-degenerate and p (f)-∞ in this section. We need another lemma.

Lemma8･ Supposethatf isnon-degenerateand
p(f)-∞. Foranyal,-a｡ (n+1≦q<∞) ofX, wehave

q

(q-n~1)T(r,f)<

j写iN(r,aj･f)-N(r,1/W(fl･-,fn･1))+S(r,f)
(see [1])･

Proof･ We have only to change slightly the proof or the fundamental inequality or Cartan ([1], p.12-p.15).
We
make use of the formula

去I.2汀log
instead of the inequality

Fl-F｡

W(fl,-,f｡+1)

去Io2汀log

･de-∑

N(r･吉)-N(r,
q

【i-i"

Fl-F｡

W(fl,-,f｡..)

W(fl,-,f｡=)

q

Jde_< ∑ Nn-1(r,Fj)+0(1),
｣-1

)+0(1),

used in [1], where FJ-(a｣,∫).

Since the error term S(r) used in [1] is equal to a finite sum of integrals of the from

1

27r I.2汀log･
W(h'l,･･･,h'n)

hl-･hn
fde+0(1)≦･∑ ∑

-(r若)+o(1)
n n-i

)-lk-i

wherehj is a ratio of the form Fjl/Fj2 (jl ≠j2),it iseasy to seethat

S(r)-S(r,∫)

by Lemma 3 as in the proof of Lemma 7 since

T(r,hj)<T(r,∫)+0(1)
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by Lemma 5(a).

corollary 1. Under the same condition as
in Lemma 8, if the equality holds

in (3), then for any O< α <∞

(8) 1i111 -
Na(r,0,W(fl,･･･,fn.1))

r-∞ Ta(r,f)
-0.

proof. By integratlng both sides divided by rl+α of the inequality of Lemma 8 from 1 to r with respect to

r, we obtain the inequality

q

(q-n-1)Ta(r,f)≦ ∑ Na(r,aj,f)-Nq(r,0,W)+Sa(r,f),
j-1

where W-W(rl,-,f｡+1), from which we obtain

Nα(r,0,W)

｡=xua＼u'▲′
"r"jJ Ta(r,f)

(9) ∑ ∂α(a,∫)+1imsup ≦n+1.

Note that

8a(a,f)-1- 1im supNa(r,a,f)/Ta(r,f)
r

●
l:ヽ⊃

since T｡(r,∫)-N｡(r,a,∫)十m｡(r,a,∫)+0(1).

If the equality holds in (3), then by
Lemma 2 and (9) we have

∑ ∂α(a,∫)-n+1
8∈Ⅹ

andso (8) from (9).

Let le上,-,en.i i be the standard basis of Cn+1 and put

xo-ja-(al,-,an.1)∈Ⅹ :
an.l-OL

Then, #Ⅹ｡≦n since X
is in
general position.

Theorem 1. Supposethatfisnon-degenerateand p(f)--. For any al,-,aq (1≦q<-) in X-Ⅹo, we

have the followlng lnequality:

q

∑ m(r,a1,f)≦ m(r,en+.,f')+S(r,f).
Lii円

Proof. We have only to prove this theorem when q ≧ n+1. We put

(a｣,∫)-Fj (j-1,-,q) and u(z)-
max lfj(z)l
l≦j≦n

and for any z(≠0) arbitrarily
fixed, let

lFjl(z)I ≦ IFj2(z)I ≦･･･≦ lFj｡(z)I (1≦jl,-,j｡≦q)･

Then, as in the proof of Theorem 1 in [9], we obtain the inequality

j章1-(r,aj,f)≦去I.2汀log+W(Fjl,-,Fj｡+1)

(jl,.･･,'n.i) Fjl･･･Fjn.1
+ ∑ m(r,

u(z)n+1

W(fl,-,fn+1)
IdO

)+o(1)≦ m(r,e｡+1,f*)+S(r),

where ∑ is thesummation takenoverallcombinations (jl,-,jn.1) chosen from ll,･･･,qiand
(jl･-'･'n･1)

,
w(Fjl,･･･,Fjn.1)

s(r)- ∑
m(r,

(jl･-･Jn十1)

-S(r,∫)

Fjl-Fjn+1

as in the case or Lemma 8. Thus, our proof is complete.

Corollary 2. Let f be asinTheorem 1. Thenwehave

n+1 a∈吏xo

)+0(1).

∑ 8a(a,f)≦ 8q(en+i,f'),

(10) ∑ ∂｡(8,∫)≦1iminf
Tq(r,f') I..

Ta(r,f')
≦ 1imsup

r
一~■

∞ T｡(r,∫)a∈xtx｡uα＼ー'▲/-
1r"1▲芸1 Ta(r,f)

≦n+1.
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We can easily prove this corollary by
Lemma 7 and Theorem 1.

Now, we can
prove one of main results of this paper.

Theorem 2. Suppose that f is non-degenerate, p (f)-∞ and

(i) 8(e｣,f)-1(j-1,-,n).

Iftbereexist81,-,8｡ (n+1 ≦°≦ ∞) inXsuchthat
q

(ii) ∑ ∂(aJ,∫)-n+1,
L･一円

then ∫ is of regular growth.

Proof･ SupposethatXo consistsofal,-,ae･ Then･ 0 ≦ e ≦ n･ Let α be any positive number･ Then, by

Corollary 1, we have from (ii)

(ll) 1im
r→CO

By (10) and (ii),wehave

Nα(r,1/W(rl,-,f｡+1))

Ta(r,f)

Ta(r,f*)
ー-j--e十1〉F＼~りー/- -r"i-ニ~ Tα(r,f)

ByProposition 1 (b), p(f*)-p(f)-- and (12) impliesthat

(12) 1≦n+卜e≦ i: 6α(aj,f)_<1iminf

(13) lim imf
r

ー
∞

From (ll) and (12), wehave

(14)

log Tα(r,∫)

log r

- 1im irlf
r

→
0〇

∂｡(e｡+1,f*)-1

-0.

≦ 1imsup
r

ー
∞

log Tα(r,f*)

1()g r

Tα(r,f*)

T｡(r,∫)
≦n+1.

aⅢdfrom (i) and (12)

(15) ∂｡(ej,f')-1 (j-1,･･･,n).

ByLemma 4, (14) and (15) imply that f'is of regulargrowth since theset je,とデ≡圭isin general position. So,

(13) andLemma 1 (b) implythat
〟(∫)--･ That is, ∫ isofregulargrowtb.

Co｢olla｢y 3･ Suppose that でis non-degenerate and 〟(∫)-∞. If thereareal,-,a｡ in X (n+1 ≦ q ≦∞) such

that

(i) ♂(aJ,∫)-1(j-1,-,n);
q

(ii) ∑ ∂(aJ,∫)-n+1,
J-1

then ∫is of regular growth.

We can prove this corollary as in the case of Corollary 3 in [9].

4. Extension

Let ∫-[fl,-,f｡.1] be a transcendental holomorpbic curve from C into Pn(C). We use the same notation as

in Sections 1 and 2･ Let ド be the field consisting ormeromorphic functions a in lzl <∞ such that T(r,a)-

S(r,∫).

Throughout the section we suppose that ∫is Ⅲon-degenerate over r and we note that ∫ is of order infinite.

Let

S(f)-1A-[al,･･･,an･l]: holomorphic curve from C into Pn(C) such that T(r,A)-S(r,f)i

andletHbeasubsetofS(f) ingeneralposition. ItisclearthatS(f)3Pn(C). ForA-[al,･･･,an.1]ES(f) we

set

(A,f)-alfl+･･･+an.1fn.1.

Then, we have the followlng

Propositjon2･ (a) ak/aj∈r ifa｣≠0. (b) (A,f)≠0.

Proof･ (a) ApplyingLemma5 (a) toA, wehave

T(r,ak/aJ)<T(r,A)+0(1)-S(r,∫).

(b) SincetbereisatleastoneaJ≠0 (1 ≦j ≦n+1),
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(A,∫)

-=ヱLfl+-+3ilaj aJ aj
f｡十1

181

is a linear ｡｡mbi｡ation of fl,-,r｡十1 With r-coefficients.
As ∫is non-degenerate over r, (A,∫)/aj≠0･ That

is,(A,f)+0.

Weput

-(r,A,f)-去I.2汀log
llAl=fll

l(A,∫)
dβ

which is non-negative
as in Section 1 and independent of the choice of reduced representations of f and A･ and

N(r,A,∫)-N(r,1/(A,f)).

Then we have the first fundamental theorem:

T(r,f)-m(r,A,f)+N(r,A,f)+S(r,f).

The defect of A with respect to ∫
is defined as follows:

♂(A,f)- 1iminf
r L+ CO

m(r,A,∫)

T(r,∫)

wedefinemα(r,A,∫), Nα(r,A,∫)and ∂α(A,∫)as in Section 2.

Then, by the first fundamental theorem

Nα(r,A,∫)
u小｢､'⊥/

⊥

▲;▲1二→)ニf'Ta(r,f)
●

and Lemma 2 holds for A∈S(∫). We can prove the following defect relation by using the
inequality (19) given

below:

The defect relation (cf.[6], see also [4]):

(16)

A?H8(A,f)≦AeH8a(A,f)≦
n+1･

The purpose of this section is to give a similar result to
Theorem 3 in [9] when p (f)-∞ and the equality

holds in (16). We need the following
lemma.

Lemma 9. ForanyA-[al,･･･,an.l] and B-[bl,･･･,bn･l] ofS(f) suchthata,+0,
bk+0, put (A,f)-F and

(B,∫)-G. Then,

Proof. Since

∂α(A,∫)-1- 1im stlI)

･(r,誌)≦
2nT(r,f)+S(r,f)･

ロ+1 n+1

ニー∑
(aレ/a｣)fレl/i∑ (bJbk)fレ)

L/-1 ン-1

n+1 n+1

-i ∑ (aレ/aj)fレ/fllハ∑
(bJbk)fレ/fl)i,

･(r,誌)≦∑
j2T(r,

n+1

i,-1

;

.I-
1

汁)+T(r,告).T(r七)-(1)≦2nT(r,f)+S'r,f)

by Lemma 5 (a) and Proposition 2 (a)･

For A-[al,-,a｡+1] of H, let
a主o be the first element not identically equal to

zero･ Then we put

Å-(慕,･･･,岩)-(gl,･･･,gn･1),"A"-[1All/tajol
,H～-1A:A∈Hi

and for (A,f)-F

n+1

章-F/ajo-(A,f)- ∑ gjfj･
j-1

Then, it is clear that自is in general position andgjニー生∈ r by Proposition 2 (a)･
aj｡

Put

H.-jA-[al,･･･,an.1]∈H:an.1-OL

Then we have

Theorem 3. Suppose that p(f)-- and
that

(i) 8(e,,f)-1(j-1,･･･,n).
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IftbereexistAl,-,A｡ (n+1≦q≦…) inHsuchthat
q

(ii) ∑ ∂(A〕,∫)-n+1,
E,一円

then, ∫is of regular growth.

Proof･ We may suppose without loss of generality that q ≧ 2n+1 as in the case of Theorem 3 in [9].

Let
∈ be any positive number smaller than 1/4. Then, there exists a finite numberン(≧2n+1) such that

(17) i: 8(Aj,f)>n+1-E.
j-1

PutforJ-1,-レ

Aj-[ajl,･･･,ajn.1] and 太j-(gil,･･･gjn.1).

For any integer p, Let V(p) be the vector space generated by

n+l LJ n+1 l,

1k聖1
J竺1gヲ'kj,k):

∑ ∑ p(j･k)-<p･p(j,k)≧Oandintegerik-1 j-1

over C and

d(p)-dim V(p).

Then, Ⅴ(p) is asubspaceofV(p+1) and

lim imf d(p+1)/d(p)-1

since d(｡)≦((n･1)昌.p)
(see [5], see also

[6p]):sm.
that we Can Choose p s｡ large that the f.ll.wing inequality

holds:

(18) d(p+1)/d(p)<1+
E/(n+1).

Note that any element of V(p) belongs to r since gjk∈ r.

Let

bl,･･･,bd(,),bd(,).i,･･･,bd(p.I)

bea basis ofV(p+1) such that

bl,-,bd(｡)

form a basis or V(p). Then, it is clear that the functions

jbtfk : t-1,･･･,d(p+1) ; k-1,-,n+1t

are linearly independent over C･ We put for convenience

W-W(blrl,b2fl,-,b｡(｡十1)r｡=).

Then, we can prove the following inequality as in [4]:

(19) N(r,1/W)+d(p)(リーn11)T(r,f)

L'

≦d(p).∑ N(r,A,,f)+(n+1)1d(p+1)-d(p)汁(r,f)+S(r,f).
J-1

Suppose without loss of generality that Ho consists of Al,- ,Ae, where
0
-<
e
-< n.Asin the proof of

Theorem 3 in [9], by making use of Proposition 2 (a) and Lemma 9, we have

(20)

d(p)J=i.1-(r,Aj,f)≦去I.2花log･
1u(reLe)をrn+1二d'p+1)

lWl
dβ +S(r,∫).

Let
g(z) be

a meromorpbic function such that the functions

*fj(z,"･l,d(p+1)(j-1,-,n)and志w
are entire functions without common zeros.

Weput

Then, we have the inequality

(21)

(cf.Lemma 7) by using

h･-[‡(fl,(∩+1)d(p十1,,-,‡(fn)(n･1)d,p+1,,‡w]･
T(r,㍍)≦(n+1)d(p十1)T(r,∫)+S(r,∫)

N(r,gL<(n+1)d(p+1)d`p=+1'N(r,bt)-S(r,f).
て
- IL
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From (20) and (21), we have thefollowing asin thecaseof (10):

Ta(r,h*)

-r"i-=- Ta(r,f)

≦ (n十1)d(p+1)

(22) d(p)j ∑ 8a(Aj,f)i≦1iminf
)-e+i

≦ 1imsup
r

ー ∞

(cf. (29) in [9]) and from (17), (18) and (19)

(23) 1ilTISup
r

◆
爪■1

T｡(r,h*)

T｡(r,∫)

Na(r,1/W)

T｡(r,∫)
<2亡d(p).

From (17) and (22) bythefacts "0≦e≦n''and "8(A,f)≦8｡(A,f)",wehaveforanyO<α<∞

1('gTα(r,∫)
..

logTα(r,h*)
- limsup

r
→

∞

= 1i111 imf

log r;--j&r log r

logTa(r,f) ..
.
,
logTa(r,h')

(24) 1im stlp

1im imf
r-00 logr r-∞ logr

since p(f)-∞, (24) andLemmal (a) implythat p(h*)--

supposenowthat 〟(∫)<…. Then, (25) andLemma
1 (b) implythat 〟(h*)<∞･

Let ど Satisfy

n+1 Isin
7r(T+a)

::fT'n K(a,I)+Esin7T(I+a)

,三11"＼⊥'t>J'11ノ ノ
2e

(26) 0<4E< min jl,sup

183

where α and T Satisfy tbeconditions (i),(ii)and (iii)ofLemma6
forb*. By thehypothesis (i), (17), (22)

and (23), wehave n.i

∑ No(r,e｣,h*) o

_ <4∈.≦
;1▲二uニr Ta(r,h') ~ 1-2E

(27) K｡(h*)- liⅢlSuP

since E<1/4.
(26) and (27) contradictwithLemma

6. This shows that FL (f)--. That is, f is of regular

growth.

Our proof is complete.

5. De9enerate Case

Let f, X and A be as in Section l･
Throuout thesection we suppose that A >0･

By the definition ofユ, there are n+1一人functions
in ifl, -fn･l i which are linearly independent over C･

we
suppose without

loss of generality that fl,･･･,fn+l一人are linearly independent over C･ Then fn+2-A,-,fn+I

can be represented as linear combinations of
fl,･･･,fn.i-'With constant coefficients･

From now on we put n一人-
A for simplicity･

For any a-(al,･･･,an.i) ofCn･1 such that
(a,f)+0, thereexists only onevector a'-(a'l･････a'e･l･0････,0) of

Cn十1 such that

(a,∫)-(a′,∫)

since fe+2,･･･,fn+i Can be unlquely represented
as linear combinations of fl

,･･･,fe+1
With constant coefficients･

Wemap a to a′･ In this mapplng, Weput

x'.-ja∈Ⅹ: ale.1-OL

Lemma 10. (I) Thenumber of vectorsofX'. is at most
n.

(II)For any vectorsajl,･･･,ajm (1 ≦m≦ e ) ofX-Ⅹ'o such that a:1,･･･,a;m
are linearly independent over C, we

canchoosee.1,-,eie.1ーm from iel,-eel such that
′ ′

′ ′

eil)･･･Ieie十トm) ajl)=,aim

are linearly independent over C.

(ⅠII)There is a subset XJ.'of
X'. such that #Ⅹ'.'≦人and such that from any n+1 vectors

al,-,an･1 0f X-Ⅹ:I,

wecan find e +1 vectorsajl,-,a)e+1 for
which
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(ajl,f),-,(a,A.1,f)

are linearly independent over C and aje.2,･-,ajn+1, do not belong to X'.I

｣=1 j-1

where W-W(fl,･･･,fe.1) and X'.'is the set obtained in Lemma 10.

Furtherif ♂(e,,f)-1 (j -1,-,P ), then

(29) 量∂(aj,f)≦n+1+去8(aj,f)≦n+A+1.
j-1 j-1

W

([9], Lemma8).

Lemma ll. Supposethatfl,-,f2+1 (磨-n-A ) are linearly independent over C and p(f)-∞. Then for

anyal,-,a｡ (n+1_<q<-) ofX-ⅩJ.I, wehave

q e

∑ m(r,aj,f)≦(n+1)T(r,f)+人∑ N(r,ej,f)-(A+1)N(r,1/W)+S(r,f),
j-1 j-1

where W-W(fl,-,f‥1).

We can prove this lemma as in the case of Lemma 9 in [9].

Theorem 4･ Suppose that fl,･･･,fe+1 arelinearly independent over C and p(f)--. Letal,-,aq (n+A+1≦

q<-) be any elements ofX such that X'o'nial,-,a｡f-jal,･･･,ak‡. Then wehave

(28) 阜m(r,aj,f)≦(n+A+1)T(r,f)+人i:N(r,ej,f)-(A+1)N(r,主)+s(r,f),

Proof･ WefirstnotethatO≦k≦人byLemmalO (III). ApplyingLemmall to jak+1,-,a｡【, Wehave

(30) 章_m(r,a,,f)≦(n+1)T(r,f)+人去N(r,e,,f)-(A+1)N(r,主)+s(r,f).
Wj-良+1 ｣-1

k

Adding.∑
m(r,aj,∫) to both sides of (30), using

J-1

m(r,aj,∫)≦T(r,∫)+0(1)

andnotingk≦l, wehave (28).

If ♂(ej,f)-1 (j-1,-,e ), then from (27) wehave

q

∑ 8(aj,f)≦n+1.
｣-良+1

k

Adding.∑ ♂ (aj,∫)to both sides of this inequality, weobtain (29).
R,一円

Corollary 4･ Suppose that fl,-,fp.1 are linearly independent over C, p (f)-∞ and that

(i) 8(ej,f)-1(j-1,･･･,磨).

If thereexistal,･･･,a｡ (n+A+1_<q_<-) in X such that
q

(ii) ∑ 8(aj,f)-n+A+1
Eii円

and such that

XJ.'川al,-･,a｡i-1al,-,aki,

then

(a) k-A and 8(aj,f)-1(j-1,･･･,A);

Na(r,1/W)

r"i-& Ta(r,f)
(b) 1im -0.

Proof. (a) From the bypotbesis (ii)and (30), we have
q 良

n+A+1-∑ ∂(aj,f)≦n十1+∑ 8(aj,f)_<n+人十1,
j-1 J-1

so that we have

k-人 and 8(aj,f)-1(j-1,･･･,A).

(b) From (28) of Theorem 4 and the hypothesis (i), we have

q

∑ ∂a(aj,f)+(A+1) 1imsup
j-1 r

-
∞

so that by the hypothesis (ii) and Lemma 2 we obtain

1illl

N｡(r,1/W)

Tα(r,∫)
≦n+A+1,

Nα(r,1/W)

;二£ Ta(r,f)
-0.

Suppose that fl,-,∫-1 are linearly independent over C･ Let f* be the bolomorphic curve induced by the
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mapplng

(f呈十1,-,fぎ'1,W):C-Cp+I

whereW-W(fl,-･,r‥1)
is theWronskian or fI,-,f‥1.

Notethat thereis an entire function d(z) such that the functions f三ー1/d(j -1,-,
e ) and W/d have

no

COmmOn Zeros.

Let jすJi三三ibe thestandard basisof C=1. Then, wehave

Theorem 5. Supposethat p(f)-∞.
Foranyal,-,a｡ (n+1≦q<-) inX-Ⅹ'., wehave

q

∑ m(r,a,,f)_<(A+1)m(r,すQ.1,f')+S(r,f).
)

-I
1i

we can prove this theorem as in the case of
Theorem 5 in [9] with a slight change in estimating the error

term.

Coro=ary 5･ Under the same assumptlOn
aS in Theorem 5, we have

(31)

(32)

(A+1)(e+1)aET=-x占
∑ ∂α(a,f)≦∂α(首e.1,f*);

T｡(r,f*)ノ,. T｡(r,f*)
≦ 1imstlP

(A+1)aET;一X占uα＼u'⊥/~1rLll二L;▲ Tα(r,f) ~ ▲l{▲-jニrTa(r,f)
∑ 8α(a,f)≦1iminf ≦ゼ+1.

we can prove this corollary by Theorem 5 and
Lemma 7 as in the case of Corollary 2 in Section 3･

Theorem 6. Suppose that fl,･-,fe.1 are linearly independent over C, p (f)-∞ and that

(i) ♂(e,,f)-1 (j-1,･-,磨).

Ifthereexistal,-,a｡ (n+A +1≦q≦-) inXsuchthat
q

(ii) ∑ ∂(aj,f)-n+A+1,
L･-引

then ∫is of regular growth.

proof. By Lemma 10 (I), X'. contains at most n vectors. We may suppose without
loss of generality that

x'o-ヰal,-,apt (0≦p_<n).

Then from the hypothesis (ii),we have

q q

(33) Å+l≦n+A+1-p-<

,=E.18(aj,f)≦j=E.1
8α(aj,f)

by Lemma 2. (32) and (33) imply that

(34) 1im sup
r

ー
∝〉

and

(35) lim inf､

- 1imsup
r

→ 〔和

logT｡(r,∫)
,.

1(}gTα(r,f*)

log r

- tim imf

1(-g r

1('g Tα(r,∫) . 〟
1(,gT｡(r,f*)

r-∞ 1--gr r -- logr

ByLemmal (a) and (34) wehave p(f*)-…. Thehypothesis (i), (32) and (33) implythat

(36) 8a(すj,f*)-1. (j-1,-,磨).

Further, Corollary 4 (b), (32) and (33) imply that

(37) ∂a(すe.1,f*)-1.

ByLemma4, (36) and (37) implythatf* isofregulargrowth; thatis to say, FL (f*)- p (f*)-…･
Then,

byLemIⅥa 1 (b) and (35) wehave 〟 (∫)--. Namely, でis
ofregulargrowth･

As in Corollary 3, we have the followiⅢg

corol(ary6. Supposethat p(f)--･
Ifthereexistal,-aq (n+A+1≦q≦∞) inXsuchthat

(i) ♂(aj,f)-1 (j-1,-,n),
q

(ii) ∑ 8(aj,f)-n+A+1,
j二一1.

then ∫is of regular growth.
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