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Abstract

In order to apply the low-Reynolds-number two-equation heat-transfer models to an en-

gineering calculation of turbulent heat and mass transfer and fluid flows, several turbulence

models are improved.

First, the modified low-Reynolds-number (LRN) k–ε model is proposed for applying a tur-

bulent boundary layer flow with pressure gradient. In particular, the turbulent boundary layer

flow with adverse pressure gradient (APG) does not maintain the standard log-law profile, i.e.,

Ū+ = 2.44 ln y+ + 5.0, in which the mean more rapidly reaches the log-law region than a zero-

pressure gradient (ZPG) flow. Since almost all low-Reynolds-number k–ε models adopt the

nondimensional distance y+ in the wall-reflection function, these models must give the velocity

profile along the standard log-law. The proposed model includes the nondimensional pressure-

gradient parameter P+ in the wall-reflection function. Therefore, the proposed model improves

the prediction of turbulent quantities in the APG flow. The model adopts the quasi-dissipation

rate, ε̃, for the calculation stability, the so-called k–ε̃ model. Though the ε̃-equation, whose

boundary condition can be put at 0 at the wall is employed in the model, the turbulent Reynolds

number is defined using the net ε. Therefore, the wall-limiting behaviour of the Reynolds shear

stress is satisfied exactly like the k–ε model.

Second, to analyze turbulent heat transfer with various thermal boundary conditions, the

LRN two-equation heat transfer model is improved. The quasi-dissipation rate of the temper-

ature variance, ε̃θ, is adopted to the model for calculation stability. The proposed LRN two-

equation heat transfer model is used together with the LRN linear k–ε̃ or LRN nonlinear k–ε̃

model for the calculation, and satisfies exactly the wall-limiting behaviour of turbulent heat-flux

in the cases of both existing and non-existing temperature fluctuation at the wall. Agreement

with the experimental and the direct numerical simulation (DNS) data is quite satisfactory.

Next, the transport equation for the dissipation rate of the temperature variance, εθ, is mod-

eled rigorously (term to term) using the trustworthy DNS database. The DNS database gives

some turbulent quantities in detail, in which the budget of εθ is contained. In the modelling,

the terms of εθ-equation are modeled in correspondence with the rigorous terms. The turbulent

diffusion terms are especially modeled with the conventional gradient diffusion-type model and

new large-scale motion model. Thus, the predicted budgets of εθ-equation are in good agree-

ment with the DNS data. Since the εθ-equation is modified rigorously, the modeled equation
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for temperature variance, kθ, also predicts exactly the behaviour of its budget and the near-wall

profile itself in comparison with DNS. Therefore, the circumstantial transport phenomena of

turbulence in the thermal field can be obtained applying the proposed model.

Then, the LRN two-layer turbulence models for both the velocity and thermal fields are

proposed using the DNS databases. The advantages of the proposed LRN two-layer models are

that a calculation is stabilized, and that the near-wall modelling of the both ε- and εθ-equations

are simplified. The proposed models are applied to complex turbulent flows such as backward-

facing step flow with heat transfer and high Prandtl number flows. The present LRN two-layer

models give good agreement with the experiment and the DNS results.

On the other hand, it is well known that the linear k–ε model has a limited application for

analysis of flow. Since it is difficult to express the Reynolds normal stress components with the

linear k–ε model, a flow in which the Reynolds normal stress components become important

can not be exactly predicted such as the rotating channel flow or a square duct turbulent flow

with heat transfer. Therefore, the nonlinear k–ε model is effective for an analysis such flows.

To improve the LRN nonlinear k–ε model, the existing LRN nonlinear models are evaluated

using the DNS databases in both the inertial and noninertial frames. Considering the results

of the assessment, the expression of Reynolds stress components is proposed in the nonlinear

model which satisfies exactly the wall-limiting behaviour of each component, and reproduces

properly the anisotropy of the Reynolds normal stress components. The proposed model ade-

quately provides the wall-limiting behaviour and the anisotropy of the Reynolds normal stress

components near the wall in both the inertial and noninertial frames.

Finally, to calculate the rotating shear flows with heat transfer which are often encountered

in engineering applications, the LRN nonlinear k–ε model is reconstructed firstly with the above

expression of the Reynolds stress component. Though the nonlinear model is effective for

calculation of the rotating shear flow, the performance of the nonlinear model applied to such

flows remains unclear. Thus, the existing LRN nonlinear models are assessed in the various

rotation numbers flows using the DNS database. Introducing the results of the assessment to

a reconstruction of the LRN nonlinear k–ε model, the proposed model accurately predicts the

various rotation number flows. Especially, in high rotation number flow, the flow tends to

indicate laminarization phenomena on the suction side, and the present model can capture this

phenomenon adequately.
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t time

Tk turbulent diffusion term of k, = −∂
[
uj (uiui/2)

]
/∂xj

Tkθ
turbulent diffusion term of kθ, = −∂

[
uj (θ2/2)

]
/∂xj

Tε turbulent diffusion term of ε, = −ν∂
[
uj (∂ui/∂xk) (∂ui/∂xk)

]
/∂xj

Tεθ
turbulent diffusion term of εθ, = −α∂

[
uj (∂θ/∂xk) (∂θ/∂xk)

]
/∂xj
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f,i partial derivative of variable, f , with respect to coordinate, xi

( ) ensemble-averaged value

( )+ normalization by inner variables





CHAPTER 1

Introduction

1.1 Background

In the analysis of a heat transfer problem, the use of the experimental or numerical tech-

niques is considered, employing methods for experimental fluid dynamics (EFD) or computa-

tional fluid dynamics (CFD). Since heat-transfer phenomena in fluid machinery, in the atmo-

sphere, and in fluid motion of river, are almost turbulent flow, numerical techniques solving

directly the governing equations are difficult to apply to real flow and conditions of actual ma-

chines for which the Reynolds number is large. A flow with hear transfer in a near-wall region,

which is important in a turbulent thermal field, is difficult to measure, as is a flow through a very

narrow or small duct such as a micro-machine with the EFD method. Thus, the CFD approach

can be a valuable tool for the analysis. Also, both the EFD and CFD methods should be used in

combination for large-scale motion as in the case of atmosphere phenomena. The conventional

CFD method employs a turbulence model to solve an averaged Navier-Stokes equation.

The turbulence model usually is classified into a number of turbulent quantities in the ex-

pression of the Reynolds stress, uiuj, or turbulent heat flux, uiθ, in which on the basis of gradi-

ent diffusion type modelling, the eddy viscosity or the eddy diffusivity for heat models (EVM or

EHM) have been the most widely used for the calculation of turbulent heat transfer phenomena,

because the EVM and EHM are easy to handle in a simulation. Especially, k–ε model for the

velocity field and kθ–εθ model for the thermal field have been employed for a calculation. In

k–ε model, the eddy viscosity, νt, is expressed by turbulence energy, k, and its dissipation rate,

ε, and in kθ–εθ two-equation heat-transfer model, the eddy diffusivity for heat, αt, is expressed

by the temperature variance, kθ, its dissipation rate, εθ, k and ε. The nonlinear eddy viscosity

model (NLEVM), which is composed of the conventional EVM and the quadratic and cubic

1
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gradient tensors, have been improved. Thus, the two-equation model becomes more and more

applicable to engineering problems.

On the other hand, in the turbulent heat transfer problems for engineering, since the be-

haviour of turbulent quantities in the near-wall region is very important, the low-Reynolds-

number (LRN) version turbulence model should be employed. The LRN version k–ε model

was first proposed by Jones-Launder (1972), and the LRN version kθ–εθ model by Nagano-

Kim (1988). Moreover, on a complex shape or terrain, a wall-function is difficult to apply to

the wall-boundary conditions. Thus, the LRN version model which can set exactly the physical

boundary condition at the wall should be also used in that case. In addition, the wall-limiting

behaviour of turbulence should be satisfied in the LRN two-equation model for a prediction of

turbulent quantities close to the wall. The Reynolds shear stress is proportional to a distance

from the wall cubed, i.e., uv ∝ y3. The k–ε model satisfying the wall-limiting behaviour was

achieved by Nagano & Tagawa (1990a) and Myong & Kasagi (1990a). In the thermal field, the

turbulent heat flux, vθ is proportional to y3 with no temperature fluctuations at the wall, and

to y2 with temperature fluctuations at the wall. The kθ–εθ model satisfying the wall-limiting

behaviour of the turbulent heat flux was proposed by Nagano et al. (1991). Then, improving

Nagano-Tagawa model (1990a), Abe et al. (1994, 1995) succeeded in applying the k–ε and

kθ–εθ models to the prediction of backward-facing step flows with heat transfer, in which the

Kolmogorov velocity scale, uε = (νε)
1
4 , is adopted for the wall-reflection function instead of

y+ as y∗ = yuε/ν.

Usually, the modelling of a two-equation model has been assisted with experimental and

direct numerical simulation (DNS) databases. Recently, trustworthy DNS databases containing

some turbulent quantities with the budget data of its transport-equation have been supplied

through the Internet1. Therefore, near-wall turbulence modelling has been improved using DNS

databases, and the k–ε model can even predict exactly the budget of transport-equations (Rodi

& Mansour 1993; Nagano & Shimada 1995a). In the thermal field, the two-equation model

applicable to various Prandtl number fluids is proposed using the DNS database (Nagano &

Shimada 1996), so the two-equation models for both the velocity and thermal fields are basically

successful. The nonlinear two-equation models have been modified in a way similar to the EVM

1e.g., http://ercoftac.mech.surrey.ac.uk/ ;ERCOFTAC, and http://www.thtlab.t.u-tokyo.ac.jp/ ;Turbulence and

Heat Transfer Lab., of the University of Tokyo
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(e.g., Abe et al. 1997; Craft et al. 1997), and the performance of the models has been evaluated

in various flows with heat transfer.

As mentioned in the foregoing, since two-equation turbulence models which are easy to

handle in a scheme of simulation have been expected to predict various more complex flow

fields with heat transfer often encountered in engineering problems, such models should be

improved and used more and more.

1.2 Concept of EVM and EHM and their classification

In general, the Reynolds stress and turbulent heat flux are modeled using the eddy viscosity

model (EVM) and the eddy diffusivity for heat model (EHM).

uiuj =
2

3
δijk − νt

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
(1.1)

ujθ = − αt
∂Θ̄

∂xj
(1.2)

The concept of EVM and EHM is based on the molecular dynamics for the kinematic vis-

cosity as follows:

νt ∝V × LV ≡ V 2 × τV , (1.3)

αt ∝V × LT ≡ V 2 × τT , (1.4)

where V is the characteristic velocity scale for turbulence, LV is the characteristic length scale

for turbulence, τV is the characteristic time scale for turbulence, LT is the characteristic length

scale affecting turbulence heat transfer and τT is the characteristic time scale affecting turbu-

lence heat transfer. Note that since the characteristic velocity scale in αt is difficult to define

at a thermal field alone, the velocity scale is used commonly similar to the velocity field its.

Therefore, the modelling of the characteristic time scale is of importance for each field.

EVM and EHM are classified by numerical values expressing the eddy viscosity and the

eddy diffusivity for heat in Eqs. (1.3) and (1.4), respectively, as described in the following

sections.
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1.2.1 Zero-equation model

The model using this concept is Prandtl’s mixing-length theory (1925) which is classified in

the zero-equation model for the velocity field as follows:

νt ∝ V × LV ≡ C�
dŪ

dy
× � = C�2dŪ

dy
, (1.5)

where C is the model constant which is usually put at unity, and � is Prandtl’s mixing-length.

Since the mixing-length � is defined as � = κy, the variable to solve the eddy viscosity is not

needed, i.e., zero-equation. To apply the zero-equation model to calculation in the near-wall

turbulence, the modified mixing-length by van Driest (1956) is employed as follows:

� = κy

[
1 − exp

(
−y+

A

)]
, (1.6)

where 1 − exp (−y+/A) is the so-called van Driest’s dumping function. Since it is clear from

an experiment that the mixing-length scale is not linear versus the distance from the wall near

the wall, the above modification is required.

In the thermal field, the EHM is modeled using the concept of turbulent Prandtl number as

follows:

αt =
νt

Prt
(1.7)

where Prt is made a constant in the zero-equation model.

These zero-equation models do not require solving the transport-equations. Therefore, these

EVM and EHM formulations cannot follow adequately turbulent heat transfer phenomena in

various flows. This makes it difficult to apply the zero-equation models to various flows with

heat transfer.

1.2.2 One-equation model

The one-equation model which employed the turbulence energy for the characteristic veloc-

ity scale for turbulence (Kolmogorov 1942; Prandtl 1945) may be stated as follows:.

νt ∝ V × LV = Ck

√
k × �. (1.8)

where Ck is the model constant, and k is solved by its transport-equation as follows:

Dk

Dt
=

∂

∂xj

[
(ν + νt)

∂k

∂xj

]
− uiuj

∂Ūi

∂xj
− k

3
2

�
. (1.9)
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The one-equation heat transfer model given by Eq. (1.4) can be obtained using the relation

between the length scale velocity and thermal fields.

αt ∝ V × LT = Ck

√
k × �t = Ck

√
k

�

Prt
, (1.10)

where �/�t = Prt which is derived from the definition of Prt = νt/αt = Ck

√
k�/(Ck

√
k�t).

On the other hand, another concept of the one-equation model has been proposed (e.g.,

Bradshaw et al. 1967; Nee & Kovasznay 1969; Spalart & Allmaras 1994; Menter 1997; Nagano

et al. 2000), in which νt is solved directly by its transport equation. Recently, a one-equation

model reflecting the two-equation model which can be applied to the prediction of near-wall

turbulence has been presented (Pei, Hattori & Nagano 1999a; Nagano, Pei & Hattori 2000).

Thus the LRN one-equation model is given by the following equation.

Dνt

Dt
=

∂

∂xj

[(
ν +

νt

σv

)
∂νt

∂xj

]
+ C1νtS − E1 + Afv, (1.11)

where C1 and σv are model constants, and S =
√

SijSij . The third term on the right-hand side

of the equation is the dissipation term, and Afv is the wall-reflection term.

Introducing the similar concept of the LRN one-equation model, the LRN one-equation

heat-transfer model has been derived as follows (Pei, Hattori & Nagano 1999b; Pei, Hattori &

Nagano 2000):

Dαt

Dt
=

∂

∂xj

[(
α +

αt

σt

)
∂αt

∂xj

]
+

(
Cθ1 + Cθ2

αt

νt

)
νtS − Eθ + Dθ + Afu + Afθ, (1.12)

where σt is the model constant, Cθ1 and Cθ2 are coefficients of the production term, Eθ is the

dissipation term, the term Dθ represents the effects of the dissimilarity between velocity and

thermal fields, and Afu and Afθ are the wall-reflection terms.

The traditional one-equation model solves the k-equation for the EVM and EHM. Hence,

the one-equation model was expected to have the higher performance than the zero-equation

model. However, the characteristic time scale which is the important factor in representing

turbulent phenomena, is determined algebraically for the whole region, so the one-equation

models may not give proper predictions. On the other hand, as described in the foregoing, the

one-equation models reflecting the two-equation model which solve the transport-equation of

νt and αt give high performance for analysis of turbulent heat-transfer phenomena (Nagano, Pei

& Hattori 2000; Pei, Hattori & Nagano 2000) as well as the result of a two-equation model.
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Note that the one-equation model has been employed in the two-layer model, in which the

one-equation model is adopted in the near-wall region for the stability of the calculation and the

simplicity of model formulation (Rodi et al. 1993). In the LRN two-layer model proposed by

Rodi et al. (1993) referring to Durbin (1991) indicated in Eq. (1.21), the eddy viscosity and the

dissipation rate are given near the wall as follows:

νt =
√

v2�μ,v, (1.13)

ε =

√
v2k

�ε,ν
, (1.14)

where �μ,v = Cμ,vy and �ε,ν = 1.3y/
[
1 + 2.12ν/

(√
v2y

)]
, respectively, and v2 is obtained

from algebraic formula as v2/k = (4.65 × 10−5R2
k + 4.0 × 10−4Rk) with Rk = y

√
k/ν. The

equation is switched from the one-equation model to the two-equation model at νt/ν = 16.

The LRN two-layer model has been evaluated in a backward-facing step flow, in which the

reattachment point is underpredicted slightly in comparison with the experiment, and the model

allows for fast convergence of the solution (Rodi et al. 1993).

1.2.3 Two-equation model

Velocity field

The two-equation model adopts k into the characteristic velocity scale identical with the

one-equation model. In the two-equation model, the characteristic time scale is solved by the

related transport equations. In general, the characteristic time-scale τV is the time between

producing energy containing eddies and the time when dissipating them in the homogeneous

decay turbulence. Therefore, the time τV is determined using the dissipation rate of k defined

as dk/dt = −ε, which derives the characteristic time-scale τV = k/ε. Consequently, the EVM

in the two-equation model is given as follows:

νt ∝ V × LV = V × V τV = Cμ

√
k ×

√
k
k

ε
= Cμ

k2

ε
, (1.15)
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where Cμ is the model constant, usually Cμ = 0.09 in the wall turbulence. In general, the

modelled transport-equations for k and ε are described as follows:

Dk

Dt
=ν

∂2k

∂xj∂xj
+

∂

∂xj

(
νt

σk

∂k

∂xj

)
− uiuj

∂Ūi

∂xj
− ε, (1.16)

Dε

Dt
=ν

∂2ε

∂xj∂xj
+

∂

∂xj

(
νt

σε

∂ε

∂xj

)
− ε

k

(
Cε1fε1uiuj

∂Ūi

∂xj
+ Cε2fε2ε

)
, (1.17)

where the first terms in the right-hand side of Eqs. (1.16) and (1.17) are omitted in the high-

Reynolds-number (HRN) version k–ε model, in which the boundary conditions of turbulent

quantities are set using the log-law at the wall. Thus, with the HRN k–ε model it is difficult to

use a calculation of a flow on a complex terrain or a flow with external forces, etc.

In the wall-bounded flow, since the near-wall characteristic time scale (or the length scale)

becomes short, the dumping function should be introduced in the EVM, i.e., the LRN EVM as

follows:

νt = Cμfμ
k2

ε
, (1.18)

where fμ is adopted for the van Driest type function as fμ = [1 − exp(−y+/Aμ)]2 (Nagano &

Hishida 1987). In the LRN EVM, the boundary conditions of turbulent quantities can be set

exactly adjusting the physical conditions at the wall, i.e., Ūi = k = 0 and ε = ν(∂2k/∂y2)|w.

Incidentally, it is well known that the near-wall time scale should be expressed by another

time scale for the structure of turbulence affecting a wall (e.g., Nagano & Tagawa 1990a; Myong

& Kasagi 1990a). Thus, the characteristic time scale is expressed by the following formula

(Nagano & Tagawa 1990a).

τV =
k

ε
+ Bμ

(ν3/ε)
1
4√

k
, (1.19)

where the second term on the right-hand side of Eq. (1.19) is the Taylor microscale for the time

which is considered the dominating time scale of the eddy viscosity near the wall. Substituting

Eq. (1.19) into Eq. (1.18), the following LRN EVM can satisfy the wall-limiting behaviour of

the eddy viscosity as νt ∝ y3 which is required from the wall-limiting behaviour of the Reynolds

shear stress uv (Nagano & Tagawa 1990a):

νt = Cμfμk

[
k

ε
+ Bμ

(ν3/ε)
1
4√

k

]
= Cμfμ

k2

ε

(
1 +

Bμ

R
3
4
t

)
. (1.20)
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This formulation of the EVM is the standard of the latest low-Reynolds-number k–ε model.

On the other hand, a k–ε–v2 model has been proposed by Durbin (1991), in which the EVM

is defined using the v2 for the velocity scale instead of k as follows:

νt = Cμv2τV = Cμv2 max

[
k

ε
, CT

(ν

ε

)1
4

]
, (1.21)

where CT is the model constant and (ν/ε)
1
4 is the Kolmogorov microscale for the time. Since

the Reynolds normal stress in the wall-normal direction, v2, implicitly takes the wall effect into

account, the damping function is not needed. However, three transport-equations have to be

solved for Eq. (1.21).

Again, regarding the wall-reflection function or the dumping function, the function should

be adopted properly to reflect the wall effect. To reflect the wall effect appropriately and to

avoid the singular points such as the reattachment point where the friction velocity uτ = 0, Abe

et al. (1994) has proposed the following wall-reflection function replacing y+ with y∗ = yuε/ν

in the van Driest dumping function.

fμ =

[
1 − exp

(
− y∗

Aμ

)]2

. (1.22)

As mentioned in the foregoing, the key point in the modelling with a two-equation model is

to consider and adopt a proper time scale and wall-reflection function in the model. Based on

this consideration, the transport equations should be modelled appropriately. The modelling of

the time scale, in particular, is very important in the two-equation heat transfer model described

below.

Thermal field

In general, since the turbulent Prandtl number Prt = νt/αt is not a constant in various flows

with heat transfer, the zero- or one-equation models cannot predict a turbulent heat-transfer

phenomena. Therefore, Nagano & Kim (1998) have proposed a two-equation heat-transfer

model for wall-bounded flows, in which αt is modelled using the proper turbulent quantities

taking into account an experiment in the thermal field. The two-equation heat-transfer model

has been successful to analyze various complex flows with heat transfer.

The two-equation heat transfer model usually introduces the mixing time scale for the tur-

bulent heat transfer phenomena affecting both time scales of the velocity and thermal fields
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(Nagano & Kim 1988) as follows:

αt ∝ V 2 × τT = Cλfλk × τT = Cλfλk

(
2kθ

εθ

k

ε

) 1
2

= Cλfλ
k2

ε

√
2R, (1.23)

where R = (τθ/τu) = (kθ/εθ)/(k/ε) is the time-scale ratio. In Eq. (1.23), k and ε are obtained

from Eqs. (1.16) and (1.17), and the modelled kθ- and εθ-equations are described as follows:

Dkθ

Dt
=α

∂2kθ

∂xj∂xj

+
∂

∂xj

(
αt

σh

∂kθ

∂xj

)
− ujθ

∂Θ̄

∂xj

− εθ, (1.24)

Dεθ

Dt
=α

∂2εθ

∂xj∂xj
+

∂

∂xj

(
αt

σφ

∂εθ

∂xj

)
− εθ

kθ

(
CP1fP1ujθ

∂Θ̄

∂xj
+ CD1fD1εθ

)
− εθ

k

(
CP2fP2uiuj

∂Ūi

∂xj
+ CD2fD2ε

)
, (1.25)

In Eq. (1.23), the wall-reflection function, fλ, contains the Prandtl number effect and infor-

mation on the velocity field as follows (Nagano & Kim 1988):

fλ =

[
1 − exp

(
−
√

Pr

Aλ

2

Cf
Sty+

)]2

, (1.26)

where Cf is the mean skin friction coefficient and St is the Stanton number.

In the same way as the k–ε model, the characteristic time scale should be reflected in the

near-wall effect. The characteristic time scale is expressed including the near-wall dominating

scale (Nagano et al. 1993).

τT =
k

ε

√
2R + Bλ1

(ν3/ε)
1
4√

k

√
2R

Pr
4
3

exp

[
−
(

Rt

Bλ2

)2
]

. (1.27)

This time scale takes into account a wide range of Prandtl number effects. Substituting

Eq. (1.27) into (1.23) with fλ = [1 − exp (−y+/Aμ)]
[
1 − exp

(
−y+Pr

1
3 /Aμ

)]
(Nagano et al.

1993), we obtain:

αt =Cλfλk

{
k

ε

√
2R +

Bλ1

Pr
4
3

(ν3/ε)
1
4√

k

√
2R exp

[
−
(

Rt

Bλ2

)2
]}

=Cλfλ
k2

ε

√
2R

{
1 +

1

Pr
4
3

Bλ1

R
3
4
t

exp

[
−
(

Rt

Bλ2

)2
]}

. (1.28)

Equation (1.28) satisfies the wall-limiting behaviour of the eddy diffusivity for heat as αt ∝
y3 with non-existing temperature fluctuation at the wall or αt ∝ y2 with existing temperature

fluctuation at the wall, both of which are determined to be requirements of the wall-limiting
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behaviour for the turbulent heat flux, vθ. Note that in order to satisfy the wall-limiting behaviour

of the eddy diffusivity for heat in both the wall conditions θw = 0 and θw �= 0, the τT should be

proportional τT ∝ τV

√
2R. In fact, αt in Eq. (1.28) becomes as follows near the wall:

αt ∝ k
(ν3/ε)

1
4√

k

√
2R

Pr
y+2

. (1.29)

On the other hand, a harmonic averaged time scale has been proposed (Shikazono & Kasagi

1996, Abe et al. 1995). To express the near-wall time scale, the following formulation for τT is

presented (Abe et al. 1995):

τT =
k

ε

(
2R

0.5 + R

)
+ Bλ1

(ν3/ε)
1
4√

k

√
2R

Pr
exp

[
−
(

Rt

Bλ2

)2
]

, (1.30)

where the first term of the right-hand side of Eq. (1.30) is the harmonic averaged time scale.

This time scale characteristically takes a too short scale in the large-scale motion of the thermal

field. This is because the shortest time scale serves as the large scale for dominating eddy

diffusivity for heat, αt. Considering the ratio between the velocity and temperature time scales

for dissipative motions, near the wall is represented by
√

R/Pr (Shikazono & Kasagi 1996).

Therefore, the eddy diffusivity for heat using Eq. (1.30) with the wall-reflection function fλ =

[1 − exp(−y∗/Aμ)]
[
1 − exp(−y∗√Pr/Aμ)

]
takes the following relation near the wall (Abe et

al. 1995):

αt ∝ k
(ν3/ε)

1
4√

k

√
2R√
Pr

y∗2. (1.31)

Moreover, from further consideration of the Prandtl number effects, the following charac-

teristic time scale for αt has been suggested (Nagano & Shimada 1996):

τT =
k

ε

[
2R

1/(5Pr
1
4 ) + R

]
+

Bλ1

(1 + 2
√

Pr)
1
4

(ν

k

) √
2R√
Pr

exp

[
−
(

Rεt

Bλ2

) 3
4

]
, (1.32)

where Rεt = (1 + 2
√

Pr)Rε and Rε = y/(ν3/ε̃)
1
4 . In this model, with the wall-reflection

function fλ = 1 − exp

[
−
(
1 + 2

√
Pr
) 1

4
R2

ε

]
, αt is expressed near the wall as follows:

αt ∝ k
(ν

k

) √
2R√
Pr

Rε. (1.33)

The time scale ν/k means a low turbulent Reynolds number effect, because ν/k � k/ε

yields Rt = (k/ε)/(ν/k) → 0 near the wall.
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The k–ε̃ and kθ–ε̃θ models

To stabilize the calculation, the k–ε̃ equation model has been proposed (Jones & Launder

1972; Nagano & Hishida 1987). The quasi-dissipation rate of k, ε̃, is defined as:

ε̃ =

⎧⎪⎪⎨⎪⎪⎩
ε − 2ν

∂
√

k

∂y

∂
√

k

∂y
:

∂
√

k

∂y
≥ 0

ε :
∂
√

k

∂y
< 0.

(1.34)

This relation proposed by Jones & Launder (1972) is derived from the theory of the wall-

limiting behaviour of turbulence (see section 2.3). The k–ε̃ equation model has been employing

the following transport equations.

Dk

Dt
=

∂

∂xj

[(
ν +

νt

σk

)
∂k

∂xj

]
− uiuj

∂Ūi

∂xj
−
(

ε̃ + 2ν
∂
√

k

∂y

∂
√

k

∂y

)
, (1.35)

Dε̃

Dt
=

∂

∂xj

[(
ν +

νt

σε

)
∂ε̃

∂xj

]
− ε̃

k

(
Cε1fε1uiuj

∂Ūi

∂xj
+ Cε2fε2ε̃

)
+ ννt (1 − fμ)

∂2Ūi

∂xj∂xk

∂2Ūi

∂xj∂xk
, (1.36)

where the last term on the right-hand side of Eq. (1.36) is the extra production term introduced

to correct a near-wall profile of ε̃. Since the boundary condition of ε̃-equation in Eq. (1.36) can

be put to zero at the wall, the calculation used for the ε̃-equation is performed more stably than

the ε-equation used for the calculation.

In the thermal field, the quasi-dissipation rate of kθ is also proposed (Nagano & Kim 1988)

as follows:

ε̃θ =

⎧⎪⎪⎨⎪⎪⎩
εθ − 2α

∂
√

kθ

∂y

∂
√

kθ

∂y
:

∂
√

kθ

∂y
≥ 0

εθ :
∂
√

kθ

∂y
< 0.

(1.37)

However, this relation can not be employed for the case of existing temperature fluctuation

at the wall, because Eq. (1.37) does not satisfy the wall-limiting behaviour in that case. Thus,

the modified definition for the ε̃θ which can apply to both cases of non-existing kθ and existing

kθ at the wall is proposed (Youssef et al. 1992) as follows:

ε̃θ =

⎧⎪⎪⎨⎪⎪⎩
εθ − 2α

∂
√

Δkθ

∂y

∂
√

Δkθ

∂y
:

∂
√

Δkθ

∂y
≥ 0

εθ :
∂
√

Δkθ

∂y
< 0,

(1.38)
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where Δkθ = kθ(x, y, z) − kθ(x, 0, z) = kθ − kθ|w. The kθ–ε̃θ model has been using the

following modeled transport equations.

Dkθ

Dt
=

∂

∂xj

[(
α +

αt

σh

)
∂kθ

∂xj

]
− ujθ

∂Θ̄

∂xj
−
(

ε̃θ + 2α
∂
√

Δkθ

∂y

∂
√

Δkθ

∂y

)
, (1.39)

Dε̃θ

Dt
=

∂

∂xj

[(
α +

αt

σφ

)
∂ε̃θ

∂xj

]
− ε̃θ

kθ

(
CP1fP1ujθ

∂Θ̄

∂xj
+ CD1fD1ε̃θ

)
− ε̃θ

k

(
CP2fP2uiuj

∂Ūi

∂xj
+ CD2fD2ε̃

)
+ ααt (1 − fλ)

∂2Θ̄

∂xj∂xk

∂2Θ̄

∂xj∂xk
, (1.40)

where the last term on the right-hand side of Eq. (1.40) is the extra production term introduced

to correct a near-wall profile of ε̃θ. Since the boundary condition of ε̃θ-equation in Eq. (1.40)

can be put to zero at the wall similar to the ε̃-equation, the stability of calculation is achieved.

Nonlinear two-equation model and algebraic stress model

The model reflecting the Reynolds stress model (RSM) or the turbulent heat-flux model

(THM) in the EVM or EHM is the so-called nonlinear two-equation model (e.g., Pope 1975,

Gatski & Speziale 1993; Abe et al. 1997). The nonlinear two-equation model is a kind of

algebraic stress model (ASM), also called the explicit ASM. The traditional ASMs for uiuj

and uiθ are obtained from the assumption of the structure parameters uiuj/k=constant and

uiθ/
√

kkθ=constant in various flows with heat transfer (Rodi 1976; Hossain & Rodi 1982;

Launder 1988). In general, the Reynolds stress and turbulent heat flux in the ASM can be

written as follows:

uiuj =
k (Pij + Φij − εij)

Pk − ε
, (1.41)

uiθ =
2kkθ (Piθ + Φiθ − εiθ)

kθ (Pk − ε) + k (Pkθ
− εθ)

, (1.42)
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where

Pk = − uiuj
∂Ūi

∂xj

Pij = − uiuk
∂Ūj

∂xk
− ujuk

∂Ūi

∂xk
,

Φij =
p

ρ

(
∂ui

∂xj
+

∂uj

∂xi

)
,

εij =2ν
∂ui

∂xk

∂uj

∂xk
,

Pkθ
= − ujθ

∂Θ̄

∂xj

Piθ = − uiuj
∂Θ̄

∂xj

− ujθ
∂Ūi

∂xj

,

Φiθ =
p

ρ

(
∂θ

∂xi

)
,

εiθ =(α + ν)
∂ui

∂xj

∂θ

∂xj
.

Here the terms Φij, εij, Φiθ and εiθ should be modelled.

With the two-equation models, the Reynolds stress components uiuj and the turbulent heat

fluxes uiθ are obtained algebraically from Eqs. (1.41) and (1.42), respectively. Since there is no

need to solve the transport equations of uiuj and uiθ, the ASM is employed for the calculation

of the complex flow and thermal field with two-equation models. However, Eqs. (1.41) and

(1.42) include uiuj and uiθ on both sides of the equation, so to obtain uiuj and uiθ, an implicit

calculation is required. Therefore, the ASM often causes an unstable calculation.

On the other hand, in the EASM, i.e., nonlinear two-equation models, the Reynolds stress

components uiuj and the turbulent heat fluxes uiθ are solved explicitly. The EASM for the

velocity field can be written formally as follows (for a detailed formulation of EASM, see

section 2.1):

uiuj =
2

3
δijk−νt

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
+Cqkτ 2 × (quadratic terms for combination of Sij and Ωij)

+Cckτ 3 × (cubic terms for combination of Sij and Ωij), (1.43)

where Cq and Cc are the model constants.
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Equation (1.43) is based on Eq. (1.41). However, the right-hand side of the equation does not

include uiuj like Eq. (1.41). Thus, the Reynolds stress components uiuj are solved explicitly

by Eq. (1.43). Consequently, the calculation using the EASM becomes more stable than the

calculation using the ASM.

Several nonlinear two-equation heat-transfer models have been proposed (Yoshizawa 1988;

Sommer & So 1996). The latest version of the nonlinear two-equation heat-transfer model has

been presented by Abe et al. (1996) as follows:

ujθ = − αt
jk

∂Θ̄

∂xk

+
1

fRT
u	ukτ

2
m

[
(CT 2 − CT 3)Sj	

∂Θ̄

∂xk
+ (CT 2 + CT 3) Ωj	

∂Θ̄

∂xk

]
, (1.44)

where CT 2 and CT 3 are the model constants, and the model function fRT is given as:

fRT =
CT 1

1 +
1

2
τ 2
m

[
(CT 2 + CT 3)

2 Ω2 − (CT 2 − CT 3)
2 S2

]
,

(1.45)

where CT 1 is the model constant.

αt
jk is an anisotropic eddy diffusivity for heat tensor as follows:

αt
jk = Cλfλδj	u	ukτT . (1.46)

where Cλ = 1/fRT . In Eq. (1.46), the characteristic velocity scale is taken as an anisotropy

scale, and the characteristic time scale τT is given by:

τT =
k

ε

(
2R

0.5 + R

)
fA + Bλ1

(ν3/ε)
1
4√

k

√
2R√
Pr

exp

[
−
(

Rt

Bλ2

) 3
4

]
, (1.47)

where

fA =

(
2

1 + 3.5
√

b2

)[
1 +

(
1 +

1 + 3.5
√

b2

2
− 1

)]
exp

[
−
(

y∗

26

)2
]

, (1.48)

fλ =1 − exp

[
−
(

y∗

26

)2
]

(1.49)

here b2 = bijbij. The behaviour of αt near the wall is similar to that in Eq. (1.31).

Although the nonlinear two-equation heat transfer model has not yet been applied to cal-

culation of the various flows with heat transfer, the model may become a powerful tool for an

analysis of turbulent heat-transfer problems in the engineering.
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1.3 Objectives

The objectives of the present study are the development of two-equation turbulence models

which are applicable to turbulent heat-transfer problems in engineering as described below:

1. To construct a low-Reynolds-number k–ε model satisfying both the wall-limiting be-

haviour of turbulence and stability of calculation, and applicable to predictions of the

boundary layer flows with pressure gradient;

2. To develop a low-Reynolds-number kθ–εθ model satisfying both the wall-limiting be-

haviour of turbulence and a stability of calculation, and applicable to predictions of ther-

mal boundary layer flows with arbitrary wall boundary conditions;

3. To evaluate the prediction accuracy of the existing modeled equation for the dissipa-

tion rate of temperature variance using DNS databases, and to model rigorously the εθ-

equation employing the assessment results;

4. To show the performance of reconstructed two-equation heat-transfer models taking pre-

diction accuracy of the budget in transport equations into account in a thermal boundary

layer flow with a pulse heat-input wall boundary condition;

5. To construct new low-Reynolds-number two-layer heat-transfer models allowing fast con-

vergence of a calculation, and applicable to heat transfer problems in complex turbulent

flows and various Prandtl number flows;

6. To assess the prediction accuracy of the Reynolds stress components’ expression of low-

Reynolds-number nonlinear k–ε models in inertial and noninertial frames using DNS

databases.

7. To improve the Reynolds stress components’ expression of a low-Reynolds-number non-

linear k–ε model introducing a new wall-reflected time scale for nonlinear terms and sat-

isfying the wall-limiting behaviour of each Reynolds stress components exactly in both

inertial and noninertial frames;

8. To reconstruct a low-Reynolds-number nonlinear k–ε model applicable to various rotation

number flows.
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1.4 Organization of Dissertation

The subject of this thesis consists of four main areas of inquiry. The first is concerned

with the construction of low-Reynolds-number two-equation heat transfer models for predict-

ing boundary layer flows with pressure gradient and thermal boundary layer flows with arbitrary

wall boundary conditions. The second deals with the assessment of the existing modeled equa-

tion for the dissipation rate of temperature variance, εθ, using DNS databases. The εθ-equation

is modeled rigorously in comparison with the budget of its transport equation obtained from

DNS, and the set of two-equation heat-transfer models is reconstructed using the new modeled

εθ-equation. The third is concerned with the new proposal of two-equation heat-transfer models

for predicting a complex flow with heat transfer and various Prandtl number flows. The fourth

deals with the evaluation of the existing low-Reynolds-number nonlinear models in inertial and

noninertial frames using DNS databases, and the reconstruction of a nonlinear k–ε model for

predicting various rotation number flows. Chapter 3 and 4 deal with the first area, Chapter 5

with the second, Chapter 6 with the third, and Chapter 7 and 8 with the fourth.

Chapter 2 presents ensemble-averaged governing equations for the turbulent velocity and

temperature fields used in this study, and the theory of the wall-limiting behaviour of turbulence.

In Chapter 3, an improvement of the k–ε̃ model for predicting boundary layer flows with

pressure gradients is proposed (Hattori & Nagano 1993; Hattori & Nagano 1995a), which

satisfies the wall-limiting behaviour of Reynolds shear stress exactly and allows the calcu-

lation stability. The proposed model is based on the Nagano & Hishida model which em-

ploys the ε̃-equation but not satisfy the wall-limiting behaviour and the Nagano & Tagawa

model (1990a) which satisfies the wall-limiting behaviour but does not allow calculation stabil-

ity. The principal improvement is introducing the nondimensional pressure gradient parameter,

P+ = ν(dP̄ /dx)/(ρu3
τ ), in the wall-reflection function, and the modified turbulent Reynolds

number Rt = k2/[(ε̃ + D)ν] where D = 2ν(∂
√

k/∂y)2 is proposed for satisfying the wall-

limiting behaviour similar to the Nagano & Tagawa model (1990a).

Chapter 4 presents a two-equation heat transfer model for predicting thermal boundary layer

flows in arbitrary wall boundary conditions (Hattori et al. 1993; Nagano, Hattori & Abe 1995;

Nagano & Hattori 1997), which satisfies the wall-limiting behaviour of turbulent heat flux in

both wall-boundary conditions, θw = 0 and θw �= 0. The present heat-transfer model based on

both the Nagano & Kim model (kθ–ε̃θ model) and the Youssef et al. model (kθ–εθ model), in
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which the ε̃θ-equation is adopted, so the model allows calculation stability. The principal im-

provement is modification of the correction term, Dt, for ε̃θ applicable to the θw �= 0 condition

at the wall.

In Chapter 5, a rigorous model for εθ-equation for the modification of the behaviour for

kθ and εθ close to the wall is proposed (Hattori & Nagano 1995b; Hattori & Nagano 1995c;

Hattori & Nagano 1998), in which, first, the assessment of the existing modelled εθ -equations

is carried out using the DNS database. Considering the results of the assessment, the modelled

εθ-equation is then improved to predict the near-wall behaviour of εθ with its budget indicated

in DNS. The set of two-equation models for both the velocity and thermal fields is also proposed

with the modified εθ-equation.

Chapter 6 presents the low-Reynolds number two-layer models for both the velocity and

thermal fields for predicting complex flows with heat transfer and various Prandtl number flows

(Hattori & Nagano 1999), which is modelled by dividing the near-wall region from the over

the log-law region. Since the ε and εθ are solved by the algebraic formulas for the near-wall

region, the models allow stable calculation. In the modelling, the new algebraic formulas ε and

εθ are suggested for giving the characteristic time scale of νt and αt. The indicator functions

for switching properly from algebraic formulas to the equations are also proposed.

In Chapter 7, the Reynolds stress expression in a nonlinear k–ε model for satisfying the

wall-limiting behaviour of the Reynolds stress components individually is improved (Hattori,

Hiramatsu & Nagano 2002). For improvement of the model, the Reynolds stress expressions in

existing nonlinear models are evaluated using the DNS databases in both inertial and noninertial

frames. The principal improvement is the introduction of the wall-reflection term in the expres-

sion of the Reynolds stress component, in which a new characteristic time scale is proposed to

satisfy exactly the wall-limiting behaviour and to reproduce anisotropy of the Reynolds stress

components in both the inertial and noninertial frames.

Chapter 8 presents an improvement of the nonlinear k–ε model for predicting various ro-

tation number flows (Nagano & Hattori 2001a: Nagano & Hattori 2001b; Hattori & Nagano

2002), which adopts the additional rotational term in ε-equation for reproducing the rotational

effects in the channel flow. The results of the assessment for the expression of Reynolds stress

component are reflected in the proposed model as described in Chapter 7.

The important overall conclusions of this study are described in Chapter 9.





CHAPTER 2

Governing equations

2.1 Equations for velocity field

In this study, the following conditions are imposed in calculating a tubrulent velocity field:

• All fluid properties are constant within the flow

• Fluid is imcompressible and Newtonian

Under the above-mentioned conditions, the ensemble-averaged governing equations for a

velocity fields are described as follows:

∂Ūi

∂xi
=0, (2.1)

DŪi

Dt
= − 1

ρ

∂P̄

∂xi
+

∂

∂xj

[
ν

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
− uiuj

]
, (2.2)

where D/Dt = ∂/∂t + Ūj + ∂/∂xj implies the substantial derivative, and the Einstein sum-

mation convention applies to repeated indices. On the other hand, the momentum transport

equation of the rotating flow described in the noninertial frame can be written as:

DŪi

Dt
= −1

ρ

∂

∂xi

(
P̄ − ρ

2
Ω2r2

)
+

∂

∂xj

[
ν

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
− uiuj

]
− 2ΩmεijmŪj, (2.3)

where −ρΩ2r2/2 is the centrifugal force which can be included in the pressure under the above-

mentioned conditions, r denotes the distance from the axis of rotation.

In two-equation turbulence modelling, the unknown Reynolds stress uiuj in Eq. (2.2) and

(2.3) can be expressed the usage of the concept of the gradient diffusion approximation through

the eddy viscosity νt as follows:

uiuj =
2

3
δijk − νt

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
, (2.4)

νt =CμfμkτV , (2.5)

19
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where τV denotes the characteristic time scale for turbulnce in velocity field, and is generally

a function of the turbuelence energy k and its dissipation rate ε. On the other hand, the above

relation in Eq. (2.4) is employed in a linear eddy viscosity equation model (EVM), a nonlinear

eddy viscosity equation model (NLEVM) adopts the following expression for the Reynolds

stress (Craft et al. 1997):

uiuj =
2

3
kδij − C0νt

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
+ C1kτ 2

R (ΩjkSki + ΩikSkj)

+ C2kτ 2
R

(
SikSkj − 1

3
SmnSmnδij

)
+ C3kτ 2

R

(
ΩikΩjk − 1

3
ΩmnΩmnδij

)
quadratic model

+ C4kτ 3
R (SkiΩ	j + SkjΩ	i)Sk	

+ C5kτ 3
R

(
Ωi	Ω	mSmj + Si	Ω	mΩmj − 2

3
S	mΩmnΩn	δij

)
+ C6kτ 3

RSijSk	Sk	

+ C7kτ 3
RSijΩk	Ωk	

cubic model

+ Aij, (2.6)

where C0 ∼ C7 are the model constants, τR is the characteristic time-scale, Aij is the additional

term. Note that, in the noninertial frame, the vorticity tensor should be replaced with the ab-

solute vorticity tensor, i.e., Wij = Ωij + εmjiΩm for satisfying the material frame indifference

(MFI) (Speziale et al. 1997).

The futher unknown quntities k and ε in Eq. 2.5 are given by the following equations:

Dk

Dt
= Dk + Tk + Πk + Pk − ε, (2.7)
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where

Dk =ν
∂2k

∂xj∂xj
: Molecular diffusion,

Tk = − ∂

∂xj

[
uj

(uiui

2

)]
: Turbulent diffusion,

Πk = − ∂

∂xj

(
uj

p

ρ

)
: Pressure diffusion,

Pk = − uiuj
∂Ūi

∂xj
: Production,

ε =ν
∂ui

∂xj

∂ui

∂xj
: Dissipation,

and

Dε

Dt
= Dε + Tε + Πε + P 1

ε + P 2
ε + P 3

ε + P 4
ε − Υ, (2.8)

where

Dε =ν
∂2ε

∂xj∂xj
: Molecular diffusion,

Tε = − ν
∂

∂xj

(
uj

∂ui

∂xm

∂ui

∂xm

)
: Turbulent diffusion,

Πε = − 2ν
∂

∂xj

[
∂(p/ρ)

∂xm

∂uj

∂xm

]
: Pressure diffusion,

P 1
ε = − 2ν

∂ui

∂xj

∂uk

∂xj

∂Ūi

∂xk
: Mixed production,

P 2
ε = − 2ν

∂ui

∂xk

∂ui

∂xm

∂Ūk

∂xm
: Production by mean velocity gradient,

P 3
ε = − 2νuk

∂ui

∂xm

∂2Ūi

∂xk∂xm
: Gradient production,

P 4
ε = − 2ν

∂ui

∂xk

∂ui

∂xm

∂uk

∂xm
: Turbulent production,

Υ =2ν2 ∂2ui

∂xk∂xm

∂2ui

∂xk∂xm
: Destruction,

where the terms Tk and Πk in Eq. (2.7), and Tε, Πε, P 1
ε , P 2

ε , P 3
ε , P 4

ε and Υ in Eq. (2.8) are should

be modelled. In general, the terms P 1
ε , P 2

ε and P 4
ε together with Υ is modelled as follows:

P 1
ε + P 2

ε + P 4
ε − Υ =

ε

k
(Cε1Pk − Cε2fεε) . (2.9)
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Therefore, the modelled transport-eqautions for k and ε can be written as follows:

Dk

Dt
=ν

∂2k

∂xj∂xj
+ Tk − uiuj

∂Ūi

∂xj
− ε + D, (2.10)

Dε

Dt
=ν

∂2ε

∂xj∂xj
+ Tε − ε

k

(
Cε1uiuj

∂Ūi

∂xj
+ Cε2fεε

)
+ E, (2.11)

where D is the additional term and E is the extra production term.

2.2 Equations for thermal field

In calculating turbulent heat transfer, we consider the following conditions in addtion to

those imposed on a velocity field as described in Section 2.1:

• Within the flow, there is no heat generation due to chemical or biological reactions.

• Internal heat generation originating from the viscous dissipation is negligibly small com-

pared with the heat input from wall surfaces.

• Temperature dependence of various flow properties is negligibly small.

Under these condition, we can deal with a thermal filed as a forced convection field. Thus,

the ensemble-averaged governing equation for a thermal field can be described as follows:

DΘ̄

Dt
=

∂

∂xj

(
α

∂Θ̄

∂xj
− ujθ

)
, (2.12)

The unknown turbulent heat flux ujθ in Eq. (2.12) can be expressed the usage of the concept

of the gradient diffusion approximation through the eddy diffusivity for heat αt as follows:

ujθ = − αt
∂Θ̄

∂xj
, (2.13)

αt =CλfλkτT , (2.14)

where τT denotes the characteristic time scale affected turbulence heat transfer, and is con-

structed generally k/ε with a function of the time-scale ratio R = (kθ/εθ)/(k/ε). The transport

equations for temperature variance kθ and its dissipation rate εθ can be wrtten as follows:

Dkθ

Dt
= Dkθ

+ Tkθ
+ Pkθ

− εθ, (2.15)
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where

Dkθ
=α

∂2kθ

∂xj∂xj

: Molecular diffusion,

Tkθ
= − ∂

∂xj

(
uj

θ2

2

)
: Turbulent diffusion,

Pkθ
= − ujθ

∂Θ̄

∂xj
: Production,

εθ =α
∂θ

∂xj

∂θ

∂xj
: Dissipation,

and

Dεθ

Dt
= Dεθ

+ Tεθ
+ P 1

εθ
+ P 2

εθ
+ P 3

εθ
+ P 4

εθ
− Υεθ

, (2.16)

where

Dεθ
=α

∂2εθ

∂xj∂xj

: Molecular diffusion,

Tεθ
= − α

∂

∂xj

(
uj

∂θ

∂xm

∂θ

∂xm

)
: Turbulent diffusion,

P 1
εθ

= − 2α
∂uj

∂xk

∂θ

∂xk

∂Θ̄

∂xj

: Mixed production,

P 2
εθ

= − 2α
∂θ

∂xk

∂θ

∂xj

∂Ūj

∂xk

: Production by mean velocity gradient,

P 3
εθ

= − 2αuj
∂θ

∂xk

∂2Θ̄

∂xj∂xk
: Gradient production,

P 4
εθ

= − 2α
∂uj

∂xk

∂θ

∂xk

∂θ

∂xj
: Turbulent production,

Υεθ
=2α2 ∂2θ

∂xk∂xj

∂2θ

∂xk∂xj

: Destruction,

where the terms Tkθ
in Eq. (2.15), and Tεθ

, P 1
εθ

, P 2
εθ

, P 3
εθ

, P 4
εθ

and Υεθ
in Eq. (2.16) are should

be modelled. In general, the terms P 1
εθ

, P 2
εθ

and P 4
εθ

together with Υεθ
is modelled as follows:

P 1
εθ

+ P 2
εθ

+ P 4
εθ
− Υεθ

=
εθ

kθ

(CP1fP1Pθ − CD1fD1εθ) +
εθ

k
(CP2fP2Pk − CD2fD2ε) . (2.17)

Therefore, the modelled transport-eqautions for kθ and εθ can be written as follows:

Dkθ

Dt
=α

∂2kθ

∂xj∂xj

+ Tkθ
− ujθ

∂Θ̄

∂xj

− εθ + Dθ, (2.18)

Dεθ

Dt
=α

∂2εθ

∂xj∂xj
+ Tεθ

− εθ

kθ

(
CP1fP1ujθ

∂Θ̄

∂xj
+ CD1fD1εθ

)
− εθ

k

(
CP2fP2uiuj

∂Ūi

∂xj
+ CD2fD2ε

)
+ Eθ, (2.19)



24 CHAPTER 2. Governing equations

where Dθ is the additional term and Eθ is the extra production term.

2.3 Wall-limiting behaviour of turbulence

The wall-limiting behaviour of turbulence is obtained from the Taylor series expansions for

fluctuating velocities and temperature in terms of x2.

u1 =a1 + b1x2 + c1x
2
2 + d1x

3
2 + · · · , (2.20)

u2 =a2 + b2x2 + c2x
2
2 + d2x

3
2 + · · · , (2.21)

u3 =a3 + b3x2 + c3x
2
2 + d3x

3
2 + · · · , (2.22)

θ =θw + h1x2 + h2x
2
2 + h3x

3
2 + · · · , (2.23)

where a1 ∼ h3 are the expansion coefficients of Taylor series expansions. Since the velocity

components must vanish due to the non-slip condition at the wall, a1, a2 and a3 are equal to

zero, and considering the continuity on the wall, b2 goes to zero in the velocity field. Therefore,

the wall-limiting behaviour of turbulent quantities can be written as follows (Nagano & Tagawa

1990; Youssef et al. 1992):

Ū1 =B1x2 + C1x
2
2 + D1x

3
2 + · · · ∝ x1

2, (2.24)

Ū2 =C2x
2
2 + D2x

3
2 + · · · ∝ x2

2, (2.25)

Ū3 =B3x2 + C3x
2
2 + D3x

3
2 + · · · ∝ x1

2, (2.26)

Θ̄ =Θ̄w + H1x2 + H2x
2
2 + H3x

3
2 + · · · ∝ x0

2, (2.27)

u2
1 =b2

1x
2
2 + 2b1c1x

3
2 · · · ∝ x2

2, (2.28)

u2
2 =c2

2x
4
2 + · · · ∝ x4

2, (2.29)

u2
3 =b2

3x
2
2 + 2b3c3x

3
2 + · · · ∝ x2

2, (2.30)

u1u2 =b1c2x
3
2 + · · · ∝ x3

2, (2.31)

u1u3 =b1b3x
2
2 + · · · ∝ x2

2, (2.32)

u2u3 =c2b3x
3
2 + · · · ∝ x3

2, (2.33)
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k =
u2

1 + u2
2 + u2

3

2
=

b2
1 + b2

3

2
x2

2 +
(
b1c1 + b3c3

)
x3

2 + · · · ∝ x2
2, (2.34)

ε =ν
∂ui

∂xj

∂ui

∂xj

= ν
(
b2
1 + b2

3

)
+ 4ν

(
b1c1 + b3c3

)
x2 + · · · ∝ x0

2, (2.35)

kθ =
θ2

2
=

θ2
w

2
+ h1θwx1 +

h2
1 + 2h2θw

2
x2 + · · ·

⎧⎪⎨⎪⎩∝ x0
2 : θw �= 0

∝ x2
2 : θw = 0

(2.36)

εθ =α
∂θ

∂xj

∂θ

∂xj
= αh2

1 + 4αh1h2x2 + α
(
4h2

2 + 6h1h3

)
x2

2 + · · · ∝ x0
2, (2.37)

u1θ =b1θwx2 +
(
b1h1 + c1θw

)
x2

2 + · · ·

⎧⎪⎨⎪⎩∝ x1
2 : θw �= 0

∝ x2
2 : θw = 0

(2.38)

u2θ =c2θwx2
2 +

(
c2h1 + d2θw

)
x3

2 + · · ·

⎧⎪⎨⎪⎩∝ x2
2 : θw �= 0

∝ x3
2 : θw = 0

(2.39)

u3θ =b3θwx2 +
(
b3h1 + c3θw

)
x2

2 + · · ·

⎧⎪⎨⎪⎩∝ x1
2 : θw �= 0

∝ x2
2 : θw = 0

(2.40)

where the coefficient h1θw of kθ in Eq. (2.36) vanishes for the heat-input conditions, i.e., h1 = 0

(q′w = 0) with θw �= 0 and θw = 0 with the constant wall-temperature condition, and the

coefficient of x2 in Eq. (2.36) becomes 0 for the equation balance. Therefore, the wall-limiting

bahaviour of kθ and εθ is given finally as follows:

kθ =
θ2

w

2
+

h2
1 + 2h2θw

2
x2 + · · ·

⎧⎪⎨⎪⎩∝ x0
2 : θw �= 0

∝ x2
2 : θw = 0

(2.41)

εθ =αh2
1 + α

(
4h2

2 + 6h1h3

)
x2

2 + · · · ∝ x0
2, (2.42)

The wall-limiting behaviour of νt and αt should be satisfied by relations between Eq. (2.4)

and Eq. (2.31), and Eq. (2.13) and Eq. (2.39) as follows:

νt ∝x3
2 (2.43)

αt ∝

⎧⎪⎨⎪⎩∝ x2
2 : θw �= 0

∝ x3
2 : θw = 0

(2.44)

The wall-limiting behaviour of the major strain-rate and vorticity tensors is described in a
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fully developed two-dimensional wall shear flow as follows:

S12 = CS0+ CS1x2 + CS2x
2
2 + · · · ∝ x0

2, (2.45)

S21 = S12 , (2.46)

Ω12 = CΩ0+ CΩ1x2 + CΩ2x
2
2 + · · · ∝ x0

2, (2.47)

Ω21 = −Ω12 , (2.48)

where CS0 ∼ CΩ2 are the expansion coefficients of Taylor series expansions. Since ∂Ū2/∂x1

∣∣
w

=

0 at the wall, the relation CS0 = ∂Ū1/∂x2

∣∣
w

/2 = CΩ0 holds.

On the other hand, in the noninertial frame, if the frame is rotating with the x3-axis, the

absolute vorticity tensors W12 or W21 behave as follows:

W12 = CΩ0+ CΩ1x2 + CΩ2x
2
2 + · · · + ε321Ω3 ∝ x0

2, (2.49)

W21 = −W12 , (2.50)

where Ω3 is proportional to x0
2, thus, the leading term of W12 is CΩ0 −Ω3 near the wall. There-

fore, the coefficient of the wall-limiting behaviour in the terms containing the vorticity tensor in

Eq. (2.6) is affected. The wall-limiting behaviour of the other turbulent quantities are identical

with Eq. (2.24)–(2.46) of the inertial frame.
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Improvement of k–ε̃ model for turbulent flows with

pressure gradients

The low-Reynolds-number type k–ε models include: [i] the basic models of problems en-

countered, as represented by the models of Jones & Launder (hereinafter referred to as JL)

(1973) and Nagano & Hishida (NH) (1987); [ii] improvements in the above models by Nagano

& Tagawa (NT) (1990a) and Myong & Kasagi (MK) (1990) taking into account the wall limiting

behaviour of velocity fluctuations; and [iii] the models in which the dissipation rate of turbu-

lence energy profile near the wall is corrected by the recent direct numerical simulation (DNS)

data, e.g., the models of Rodi & Mansour (1993), Nagano & Shimada (1995a) and Kawamura

& Hada (1992).

Models mentioned in [i] were for computational expediency, in which the dissipation rate

of turbulence energy is set equal to zero at a wall, and consequently the turbulence energy

equation has an additional term. However, these models give no consideration to the wall

limiting behaviour; thus, the models are less accurate in predicting the heat transfer in the high-

Prandtl-number fluids. On the other hand, the NT and MK models in category [ii] exactly

take into account the wall limiting behaviour of velocity fluctuations. The differences in each

model lie in their way of expressing the contribution of small-scale eddies. The models in

category [iii] reproduce the wall limiting behaviour of the dissipation rate of turbulence energy

near the wall as shown by the DNS data. Compared with [i] and [ii] models, however, these

model formulae are more complex. Therefore, we propose a modified k–ε turbulence model in

which the dissipation rate of turbulence energy is set as zero at the wall though the wall limiting

behaviour of velocity fluctuations is reproduced exactly.

In this Chapter, we propose a modified k–ε̃ turbulence model in which the dissipation rate

27
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of turbulence energy is set as zero at the wall though the wall limiting behaviour of velocity

fluctuations is reproduced exactly. The model also reflects the effect of pressure gradients near

the wall. The validity of the present k–ε̃ model was tested by application to a channel flow and

boundary layers with pressure gradients flows, and we compare the present predictions with the

available experimental and DNS data.

3.1 Turblence modelling

In the JL and NH models, in order to make the dissipation rate zero at a wall, ε̃ defined

as ε̃ = ε − 2ν(∂
√

k/∂y)2 is substituted for ε in Eqs. (2.5), (2.10) and (2.11). Therefore, these

models have the additional term D = −2ν
(
∂
√

k/∂y
)2

in Eq. (2.10), and the near-wall limiting

behaviour of ε̃ can be inferred from Taylor series expansion in terms of y as follows (Nagano &

Hishida 1987):

ε̃ = 2νby + O(y2) (3.1)

with k = ay2 + by3 + O(y4) and coefficients a and b independent of the y coordinate.

On the other hand, the MK and NT models do not have the additional term in Eq. (2.10),

since the dissipation rate is set equal to ν(∂2k/∂y∂y) at a wall. Hence, the wall limiting be-

haviour of ε near the wall becomes (Nagano an Tagawa1990a):

ε = 2νa + 6νby + O(y2). (3.2)

Near the wall, the Reynolds shear stress, −uv, and the eddy viscosity, νt, are both propor-

tional to y3. Then, from Eq. (2.5), the model function fμ has to satisfy fμ ∝ y0 with Eq. (3.1),

and fμ ∝ y−1 with Eq. (3.2). Nagano and Tagawa (1990a) have proposed the following model

function fμ to satisfy the limiting behaviour of −uv and νt with Eq. (3.2).

fμ =

[
1 − exp

(
− y+

Aμ

)]2(
1 +

Bμ1

Rt
3/4

)
, (3.3)

where the model constants Aμ = 26 and Bμ1 = 4.1 and the turbulence Reynolds number Rt is

defined by k2/νε.

Jones and Launder (1973) have suggested the model function fμ with Eq. (3.1) as follows:

fμ = exp

(
− 2.5

1 + Rt/50

)
, (3.4)
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where Rt is defined by k2/νε̃, as a result of which the calculated Reynolds shear stress −uv

satisfies the limiting behaviour −uv ∝ y3. However, it is known that the JL model is less

accurate in predicting wall shear flows (Nagano & Hishida 1987).

In this study, we set the dissipation rate of turbulence energy at a wall equal to zero similarly

to the NH model. However, in order to satisfy the wall limiting behaviour of velocity fluctua-

tions, we employed the following representations of ε in the eddy viscosity νt and the turbulent

Reynolds number Rt.

ε = ε̃ + D = ε̃ + 2ν

(
∂
√

k

∂y

)2

,
∂
√

k

∂y
≥ 0 (3.5)

νt = Cμfμ
k2

(ε̃ + D)
= Cμfμ

k2

ε
, (3.6)

Rt =
k2

ν(ε̃ + D)
=

k2

νε
. (3.7)

In Eq. (3.5), since the limiting behaviour of ε is consistent with Eq. (3.2), the model function

fμ has to satisfy fμ ∝ y−1. Therefore, we adopt the representation similar to Eq. (3.3).

It was found by Nagano et al. (1992) that in a flow under APG conditions, a Van Driest

constant Aμ decreases with increasing P+. Cebeci et al. (1970) and Launder (1981) have

proposed replacing the wall shear stress with the total shear τa = μ
(
∂Ū/∂y

)− ρuv in the Van

Driest damping function, because the original function depends only on the wall shear stress

and, thus, does not explicitly represent a change in mixing length with a pressure gradient.

In view of the above factors, we propose the following formula for fμ:

fμ =

[
1 − exp

(
− y+

A+

)]2
{

1 +

(
Bμ1

Rt
3
4

)
exp

[
−
(

Rt

Bμ2

)2
]}

, (3.8)

where A+ = Aμ/τ
+. Near the wall, the dimensionless shear stress τ+ is given by

τ+ =
τa

τw

 1 + y+P+. (3.9)

In the present model, we model τ+ by replacing y+ with a constant;

τ+ = 1 + 11.8P+. (3.10)

The constant of 11.8 in Eq. (3.10) is consistent with that of Cebeci et al. (1970).

The model constants Aμ and Bμ1 may be determined by the following relation and DNS

database (Moser et al. 1999). With the asymptotic expansion for −uv near the wall and fμ
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given by Eq. (3.8), we obtain

−uv+ =
−uv

uτ

 Cμ

(
Bμ1

A+2

)
y+2

Rt
1/4. (3.11)

The turbulent Reynolds number Rt is about 5 × 10−2, and the Reynolds shear stress −uv+ is

about 1 × 10−3 at y+ 
 1 from the DNS database (Moser et al. 1999). Thus, we let Aμ = 30

and Bμ1 = 20. The model constant Bμ2 is determined by numerical optimization. The other

model constants and functions are the same as for the NH model (Nagano & Hishida 1987).

DNS databases (Moser et al. 1999; Spalart 1988) showed that the profile of ε becomes

maximum at the wall, which is different from previous model predictions. In the present model,

the profile of ε is not in agreement with DNS data. According to recent studies (Rodi & Mon-

sour 1993; Nagano & Shimada 1995a; Kawamura & Hada 1992), for the near wall ε profile to

conform to DNS data, some additional terms (e.g., pressure diffusion term) should be incorpo-

rated in k- and ε-equations, with the consequence that the modelling becomes more complex.

However, the present study aims at constructing a turbulence model that is easily applicable

to engineering calculations. Thus we retain the model formulation within the framework of

categories [i] and [ii]. Note that, although the present model predictions for turbulence energy

and its dissipation rate in the immediate neighborhood of the wall disagree with DNS data, this

disagreement does not affect the overall performance of model predictions. Also, it should be

mentioned again that ε̃ is substituted for ε in Eqs. (2.5) and (2.10), and ε in Eq. (2.11) [or (3.6)]

is given by Eq. (3.5). The model constants and functions are listed in Table 3.1.

Finally, the turbulent diffusion terms in Eqs (2.10) and (2.11) are given as follows:

Tk =
∂

∂xj

(
νt

σk

∂k

∂xj

)
, (3.12)

Tε =
∂

∂xj

(
νt

σε

∂ε

∂xj

)
. (3.13)

3.2 Discussion of predictions with the proposed model

3.2.1 Numerical scheme

The numerics sometimes affect the results of the turbulence models both in the algorithm

chosen and in the number and distribution of grid points (Kline 1981). Therefore, special at-

tention was paid to the numerics to enable a more meaningful model appraisal. The numerical
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Table 3.1: Model constants and functions in the present model

Cμ Cε1 Cε2 σk σε fμ Bμ1 Bμ2

0.09 1.45 1.9 1.4 1.3

[
1 − exp

(
− y+

A+

)]2
{

1 +

(
Bμ1

Rt
3
4

)
exp

[
−
(

Rt

Bμ2

)2
]}

20 120

A+ fε D E fw

30
1 + 11.8P +

1 − 0.3 exp
(−Rt

2
) −2ν

(
∂
√

k

∂y

)2

ννt(1 − fw)
(

∂2Ū

∂y2

)2 [
1 − exp

(
−y+

30

)]2

technique used is a finite-volume method developed by Patankar (1980) and Leschziner (1982).

The coordinate for regions of very large gradients should be expanded near the wall. Thus,

for internal flows, a transformation is introduced so that η = (y/h)
1
2 . For external flows, the

following nonuniform grid (Nagano & Tagawa 1990a) across the layer is employed:

yj = Δy1
Kj − 1

K − 1
, (3.14)

where Δy1, the length of the first step, and K, the ratio of two successive steps, are chosen as

10−5 and 1.03, respectively. For both internal and external flows, 201 cross-stream grid points

were used to obtain grid-independent solutions. To confirm numerical accuracy, the cross-

stream grid interval was cut in half for internal flow cases. No significant differences were seen

in the results.

The boundary conditions are: Ū = k = ε̃ = 0 at y = 0 (wall), ∂Ū/∂y = ∂k/∂y = ∂ε̃/∂y =

0 at the axis for internal flows (symmetry); Ū = Ūe, k = ε̃ = 0 at the outside boundary layer

where Ūe or dP̄ /dx is prescribed from experiments.

The criterion for convergence is:

max |X(i+1) − X(i)|
max |X(i)| < 10−5, (3.15)

where X = Ū , k and ε̃, and i denotes the number of iterations. The computations were per-

formed on a PC386 personal computer and a TITAN 3000 computer.
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3.2.2 Channel flow

First, we have calculated a fully developed channel flow. This test case involves the most

fundamental actual flows, and often occurs in engineering-related problems.

The prediction of mean velocity profile in a channel is shown in Fig. 3.1. The result is

compared with the DNS data (Moser et al. 1999) (Re = Ūmh/ν = 1.375× 104). The proposed

model predicts exactly the universal velocity profile given by the DNS data as follows:

Ū+ = 2.5 ln y+ + 5.0. (3.16)

The prediction of Reynolds shear stress near the wall, which is the most important turbulent

quantity to be calculated, is shown in Fig. 3.2. The prediction reproduces well the wall limiting

behaviour −uv+ ∝ y+3, and agreement with the DNS data is very good.

The calculated profiles of turbulence energy k and its dissipation rate ε near the wall are

shown in Figs. 3.3 and 3.4. The wall limiting behaviour of k predicted by the present model is

compared with the DNS data. Although the near-wall limiting behaviour, k+ ∝ y+2, is satisfied,

there is a slight underprediction of the DNS data which may be attributed to the difference in

the calculated dissipation rate very near the wall. As mentioned in section 3.1, however, this

difference does not affect the overall performance of model predictions.

3.2.3 Boundary layer flows

Turbulent boundary layers with pressure gradients are particularly important in practical

applications; for example, atmosphere flow, flow around an aerofoil and flow in a gas turbine.

We have calculated the boundary layer with and without pressure gradients, namely, with a

zero pressure gradient (ZPG; P+ = 0), with an adverse pressure gradient (APG; P+ > 0), and

with a favorable pressure gradient (FPG; P+ < 0).

Zero pressure gradient flows

In Fig. 3.5, the prediction of mean velocity profile in the ZPG flow is presented in com-

parison with the experimental data of Nagano et al. (1992) (Rθ = 1620) and the DNS data of

Spalart (1988) (Rθ = 1410). The present prediction is in almost perfect agreement with the
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standard log-law profile:

Ū+ = 2.44 ln y+ + 5.0. (3.17)

The prediction of Reynolds shear stress in the ZPG flow is shown in Fig. 3.6. The calculated

profile of Reynolds shear stress is again in close agreement with the experimental and DNS

results.

Figure 3.7 shows the profiles of turbulence energy at various Reynolds numbers based on

a momentum thickness, Rθ. From comparison of the model predictions with the experimental

(Nagano et al. 1992; Verriopoulos 1983; Klebanoff 1955) and DNS (Spalart 1988) data, it can

be seen that the present model correctly reproduces the significant Reynolds-number depen-

dence of the turbulence energy distribution.

Adverse pressure gradient flows

Predictions of flows under APG conditions are shown in Figs. 3.8–3.10, in comparison with

the experimental data of Nagano et al. (1992). Following the proposals made by Nagano and

Tagawa (1990a), calculations are performed with the aid of the algebraic stress model (ASM).

The ASM used in the NT model, however, is modified for the present model by replacing ε with

ε of Eq. (3.5).

We can see the change of mean velocity profiles in the APG flows with increasing Rθ in

Fig. 3.8, where the experimental results and the calculated results with A+ ≡ 30 in fμ are

included for comparison. Obviously, the model predictions with A+ = A+
0 /(1 + 11.8P+) are

much better than those with A+ as a constant.

Figure 3.9 compares the predicted results with experimental data of the Reynolds shear

stress in the APG flows. The proposed model reproduces well the phenomenon of increasing

−uv+ in the outer region along the flow. These cannot be observed in the ZPG flow.

The predictions of turbulence energy are shown in Fig. 3.10. It can be seen that good

agreement is obtained between the present predictions and the experimental data (Nagano et al.

1992).
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Favorable pressure gradient flows

The last test case for which calculations have been performed is that for the FPG flows. This

test case simulates the DNS of Spalart (1986) at the acceleration parameters K = (ν/Ū2
e )(dŪe/dx)

= 1.5 × 10−6 and 2.5 × 10−6. The results of calculations with the present model are shown

in Figs. 3.11 and 3.12, where the DNS data of Spalart and the calculated results for a ZPG

flow are included for comparison. Figure 3.11 shows the mean velocity profiles in FPG flows

and Fig. 3.12 the Reynolds shear stress. Both predicted quantities show the character of the

FPG flow, where a decrease in the Reynolds shear stress along flow laminarization is exactly

predicted by the present model.

3.2.4 Calculation stability

We assess the calculation stability of the present model and the NT model which lets ε be

equal to ν(∂2k/∂y2) at a wall, with the calculation of the pipe flow at various Reynolds numbers

using the initial profiles at Re = 10000. The results of assessment are shown in Table 3.2. The

proposed model can perform stable calculation as shown in the table which includes the CPU

times and the number of iterations with the present model and with the NT model. When the

Reynolds number becomes higher, the expenditure of the CPU times of the present model is

much smaller than of the NT model, since the wall boundary condition for the dissipation-rate

equation (2.11) of the proposed model is always equal to zero, whereas that of the NT model is

determined by the diffusion of turbulence energy which is dependent on the Reynolds number.
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Table 3.2: Assessment of calculation stability

Initial data Re = 10, 000(pipe flow)

NT model Present(HN) time ratio

CPU (No. CPU (No. (HN/NT)

Re time(sec) itera.) time(sec) itera.)

2×104 27 (54) 24 (41) 0.889

3×104 26 (53) 25 (42) 0.962

4×104 31 (63) 25 (42) 0.806

5×104 34 (68) 25 (43) 0.735

1×105 38 (78) 25 (43) 0.658

5×105 40 (81) 25 (39) 0.625
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Figure 3.1: Mean velocity profile in a channel.
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Figure 3.2: Near-wall behaviour of Reynolds shear stress.
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Figure 3.4: Near-wall behaviour of dissipation rate of turbulence energy.
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Figure 3.5: Mean velocity profile in a boundary layer.

��� ��� ��� ���
�

���

���

���

��	

�

Experiment
 Nagano et al.

        (��=1620)
DNS

 Spalart
        (��=1410)

Prediction
 (��=1620)

�+

��
�

+

Figure 3.6: Reynolds shear stress profile in a ZPG flow.
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Figure 3.7: Turbulence energy profiles in boundary layers.
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Figure 3.8: Mean velocity profiles in APG flows.



CHAPTER 3. Improvement of k–ε̃ model for turbulent flows with pressure gradients 41

��� ��� ��� ���
�

�

�

�

� ���  Predictions
1410     
1880     
2660     
3350     

Experiments (Nagano et al.)
 (ZPG)

�+

��
�

+
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Figure 3.10: Turbulence energy profiles in APG flows.
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CHAPTER 4

Modeling the turbulent heat and momentum

transfer in flows under different thermal conditions

In this Chapter, we propose modified two-equation models in which the apparent dissipation

rates of both turbulence energy and temperature variance are set to zero at the wall though the

wall limiting behaviour is reproduced exactly. The present k-ε model is a nonlinear k-ε model

of Abe et al. (1995) type which incorporates some essential characteristics of Reynolds stress

and algebraic stress models. The proposed k-ε turbulence model was tested by application to a

channel flow and boundary layers with/without pressure gradients. The proposed heat-transfer

model was tested in a channel flow and in turbulent boundary layers with four different wall

thermal conditions; i.e., a uniform wall temperature, a uniform wall heat flux, a constant wall

temperature followed by an adiabatic wall, and intermittent stepwise heat-flux input at the wall.

4.1 Modeling

4.1.1 Nonlinear k-ε model

In this Chapter, we adopt a nonlinear formulation for the k-ε model constructed by Abe et

al.(1995b) (hereinafter referred to as the AKN model), and modify it so that we can make ε zero

at the wall. This formulation includes a new type of expression for the Reynolds stress uiuj by

introducing the explicit algebraic stress model concept (Pope 1975; Taulbee 1992; Gatski and

Speziale 1993) to the nonlinear k-ε representation. The present nonlinear k-ε model is thus

43
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described with the following equation (Abe et al. 1995b):

uiuj =
2

3
kδij − 1

fR
2νtSij

+
4CD

fR
kτ 2

R

[
(SikΩkj − ΩikSkj) −

(
SikSkj − δij

3
SmnSmn

)]
, (4.1)

where fR = 1+(CDτR)2 [(22/3)Ω2 + (2/3) (Ω2 − S2) fB ]. According to Abe et al. (1995b), in

Eq. (4.1), the parameter (CDτR)2(Ω2 −S2) is one of the most important measures in turbulence

since it indicates how the flow field deviates from the condition of pure shear flow. In complex

flows, sometimes the normal strain rate becomes much larger than the shear strain rate, i.e.,

S2 � Ω2. Therefore, to guarantee non-negative turbulent intensities, the model function fB is

introduced as follows:

fB = 1 + Cη

(
Ω2 − S2

)
. (4.2)

The eddy viscosity νt in Eq. (4.1) is expressed as

νt = Cμfμ
k2

ε
. (4.3)

Note that the following time scale is employed as the characteristic time scale of turbulence:

τR =
νt

k
= Cμfμ

k

ε
, (4.4)

where fμ is the model function to account for the near-wall and LRN effects originating from

the rigorous physical requirements.

We employ the following representation of ε in the eddy viscosity νt and the turbulent

Reynolds number Rt = k2/(νε):

ε = ε̃ + 2ν

(
∂
√

k

∂y

)2

,
∂
√

k

∂y
≥ 0 (4.5)

with ε̃ ≡ 0 at the wall (y = 0). Since the above representation is used, we should solve the

transport equation for the pseudo-dissipation ε̃. Thus, we replace ε with ε̃ in Eq. (2.11). In

Eq. (4.3), because the limiting behaviour of ε is ε ∝ y0, the model function fμ has to satisfy

fμ ∝ y−1, where y is the distance from wall. Therefore, we adopt the representation similar to

Abe et al.(1995b) as follows:

fμ =

{
1 +

23

R
3/4
t

exp

[
−
(

Rt

150

)2
]}

[1 − fw(28)] , (4.6)
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where fw(ξ) is the wall reflection function (Nagano and Shimada 1995a) given in the present

model by

fw(ξ) = exp

[
−
(

y∗

ξ

)2
]

, (4.7)

where y∗ = uεy/ν is the dimensionless distance from the wall based on the Kolmogorov ve-

locity scale uε = (νε)1/4. It must be appropriate to discuss the argument regarding the use of

the wall distance in the model functions. In this study, the wall distance at a point, y, is defi-

nitely determined by the definition as “the distance between that point and the nearest point on

all the wall surfaces in a flow field” (Abe et al. 1995b; Abe et al. 1996). By following this

definition, we can uniquely determine the wall distance y used in the model functions in any

geometrical configuration and in any coordinate system. Even near the corner, it can be deter-

mined by considering the limit of a wall with a very small curvature. The distance between two

points is not essentially harmful to the tensorial invariance, as is readily recognized by some

expressions of the two-point-correlation equations and general solution of the pressure-strain

correlation. Furthermore, Abe et al. (1995b; 1996) have confirmed that the calculations with

the AKN model, in which the wall distance is uniquely determined by the above-mentioned

definition, give the identical solution when the coordinate system is rotated some degrees, e.g.,

45 deg, in backward-facing step flows. Thus, the use of the wall distance may not violate the

tensorial invariance, so long as the wall distance is determined uniquely in the problem, e.g.,

the nearest distance from all the wall surface as employed in the present study1.

An important feature of the present model functions is the introduction of the Kolmogorov

velocity scale, uε = (νε)1/4, instead of the friction velocity uτ . In adverse pressure gradi-

ent(APG) flows, as will be discussed in the later section, the friction velocity changes more

rapidly in the streamwise direction than turbulent quantities such as Reynolds stresses. There-

fore, in our previous study (Hattori et al. 1995) the dimensionless pressure-gradient parameter

P+[= ν(dP̄ /dx)/ρu3
τ ] was adopted in order to restrain the variation of the friction velocity,

leading to reasonable predictions of the APG flows. In addition, it is elucidated in this study

that model functions with y∗, i.e. uε, work more appropriately than those with y+ for APG flow

predictions even though we have excluded P+ (see section 4.2.3). Abe et al.(1994) have also

1From a practical viewpoint, a further effort to develop a new model without the wall distance is now being

made (Shimada and Nagano 1996).
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confirmed that in backward-facing step flows, the model functions with y∗ improve the predic-

tion accuracy in the region downstream of the reattachment point, where the flow is subjected

to a strong adverse pressure gradient. The above discussions, however, do not directly indicate

that the Kolmogorov velocity scale is more suitable for scaling the near-wall turbulence than the

friction velocity. The law of scaling the near-wall turbulence in APG flows is now investigated

on the basis of the experiment of Nagano et al. (1992), the detail of which will be reported in

an another paper.

Turbulent diffusion terms Tk and Tε in Eqs. (2.10) and (2.11) are modeled using the gener-

alized gradient diffusion hypothesis by Daly and Harlow(1970) as follow:

Tk + Πk =
∂

∂xj

(
Csft1

νt

k
uju	

∂k

∂x	

)
, (4.8)

Tε + Πε =
∂

∂xj

(
Cεft2

νt

k
uju	

∂ε̃

∂x	
,

)
, (4.9)

where Cs = 1.4 and Cε = 1.4 are the model constants, and ft1 = 1 + 6.0fw(5) and ft2 =

1 + 5.0fw(5) are the model functions activating in the vicinity of the wall. Other model con-

stants are assigned the same value as those in the AKN model, i.e., Cμ = 0.12, CD = 0.8,

Cη = 5.0, Cε1 = 1.45 and Cε2 = 1.9, respectively. For fε, we adopt the conventional model

function: fε = 1 − 0.3 exp[−(Rt/6.5)2]; and the extra production term E in Eq. (2.11) is

E = 0.01fw(28)ν(k/ε̃)u	uk

(
∂2Ūi/∂x	∂xk

) (
∂2Ūi/∂xj∂xk

)
.

4.1.2 Two-equation heat transfer model

Main issue in improving a two-equation heat transfer model is to obtain a simplified form

satisfying the wall limiting behaviour. Under the nonuniform wall temperature conditions, kθ is

generally not null at the wall, and the pseudo-dissipation rate ε̃θ = εθ − 2α(∂
√

kθ/∂y)2 in the

NK model cannot be applied as it is. Thus, we propose a new expression for εθ, with reference

to Youssef et al.(1992):

εθ = ε̃θ + 2α

(
∂
√

Δkθ

∂y

)2

,
∂
√

Δkθ

∂y
≥ 0, (4.10)

where Δkθ = kθ(x, y, z) − kθ(x, 0, z) = kθ − kθw. With a Taylor series expansion of θ near

the wall, i.e., θ = θw + b1y + b2y
2 + O(y3), we obtain that the wall limiting behaviour of εθ is
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αb2
1 +O(y) for tw = 0 and 2αb2tw +O(y) for θw �= 0 (see Youssef et al.1992). It can be readily

seen that Eq. (4.10) satisfies this requirement since ε̃θ = 0 at the wall.

The turbulent diffusivity for heat can be written as

αt = Cλfλkτm, (4.11)

where Cλ = 0.1 is the model constant, τm is the hybrid (mixed) time scale proposed by Nagano

and Kim(1988) and fλ is the wall reflection function.

In the present model, using ε in Eq. (4.5) and εθ in Eq. (4.10), we write τm with reference

to some recent studies(Abe et al. 1995a; Shikazono & Kasagi 1996) as follows:

τm =
k

ε

{
2R

0.5 + R
+

(
23
√

2R/Pr
4
3

R
3
4
t

)
exp

[
−
(

Rt

150

)2
]}

, (4.12)

where R = (kθ/εθ)/(k/ε) is the time-scale ratio with ε and εθ defined by Eqs. (4.5) and

(4.10). The following wall reflection function fλ is adopted on the basis of the discussion

by Cebeci(1973):

fλ = [1 − fw(A)]
1
2 [1 − fw(B)]

1
2 , (4.13)

where the constants A and B are set to A = 26 and B = A/Pr
1
3 . Turbulent diffusion terms Tkθ

and Tεθ
should be modeled. We adopt gradient-type diffusion modeling, and write Tkθ

and Tεθ

as

Tkθ
=

∂

∂xj

[
ft3

(
αt

σh

)
∂kθ

∂xj

]
, (4.14)

Tεθ
=

∂

∂xj

[
ft4

(
αt

σφ

)
∂ε̃θ

∂xj

]
, (4.15)

where σh = 1.4 and σφ = 1.0 are the model constants for diffusion, ft3 = 1 + 9.0fw(5) and

ft4 = 1 + 1.0fw(5) are the model functions activating in the neighborhood of the wall. Other

model constants and functions in the present kθ–εθ model are assigned the standard values:

CP1 = 0.85, CP2 = 0.64, CD1 = 1.0, CD2 = 0.9, fD1 = fP1 = fP2 = 1.0 and fD2 =

(1/CD2)(Cε2fε − 1). The extra production term Eθ has a form similar to the NK model: Eθ =

ααtfw(26)
(
∂Θ̄/∂xj∂xk

)2
.
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4.2 Discussion on predictions with the proposed models

To assess the performance of the present k − ε and kθ–εθ models, several representative

test cases are calculated. The numerical technique used are a finite-volume method in the

wall-bounded flows and a Runge-Kutta method in the homogeneous shear flow. Full details

of the present numerical method of solution are given in Hattori and Nagano(1995) and Abe et

al.(1995b; 1996). The computations were performed on an SGI Indigo 2 computer.

4.2.1 Rotating homogeneous shear flow

In this study, we propose a new model formulation including the invariants of not only the

strain rate but also the vorticity tensor. It is highly expected that this new formulation gives

more reasonable predictions for a flow field where there exist considerable differences between

the strain rate and the vorticity tensor. Thus, we first applied the proposed model to the rotating

homogeneous shear flow, which is a typical test case to evaluate the model performance in the

above-mentioned flow field.

In the rotating homogeneous shear flow, the most important phenomenon which a turbulence

model should reproduce is the “bifurcation” as follows:

• Unsteady (developing with time) solutions are obtained under the condition of 0 ≤
Ω/S ≤ 0.5.

• Steady (decaying with time) solutions are obtained under the condition of Ω/S � 0 and

Ω/S � 0.5.

Note that S is the shear rate and Ω is the frame-rotating speed. The present model is applicable

to the rotating homogeneous shear flow just by defining the non-dimensional vorticity tensor

Ω∗
ij as follows:

Ω∗
ij = 2CDτ (Wij − 1.2εijkΩk) , Wij = Ωij − εijkΩk, (4.16)

where Ωk is the angular-velocity vector of the frame rotation, i.e., Ω = |Ωk|. If Ωk = 0, the

above expression completely coincides with that in the inertial frame. This model extension

follows the discussion by Gatski and Speziale (1993).

The “bifurcation diagram” for the rotating homogeneous shear flow, which is the variation

of the equilibrium values of ε/kS versus Ω/S, is shown in Fig. 4.1. The computational results
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obtained by the standard k–ε model and the GS model (Gatski and Speziale, 1993) are also

included for comparison. From Fig. 4.1, we can readily see that the present and the GS model

sufficiently predict the above-mentioned bifurcation phenomenon, whereas the standard k–ε

model evidently fails to predict it. This is a definite advantage.

4.2.2 Channel flow

We have calculated a fully developed channel flow. This test case is the most fundamental

in actual flows, and often occurs in engineering relevant problems.

Figures 4.2–4.5 show the present results of the channel flow calculated under both the DNS

conditions of Moser et al. (1999) (Reτ = uτδ/ν = 395) and of Kasagi et al.(1992) (Reτ = 150).

From Figs. 4.2, 4.3 and 4.4, it can be seen that the mean velocity, Reynolds shear stress and

turbulence energy are quite successfully predicted for both cases. Figure 4.5 shows all the

terms of the turbulence energy budget. The predicted dissipation and molecular diffusion terms

give the profiles slightly different from the DNS very near the wall (y+ < 3). It seems, however,

that this difference does not affect the overall performance of model predictions.

Next, we perform the model assessment in a fully developed channel flow with heat transfer,

for which trustworthy DNS database(Kasagi et al. 1992) (Reτ = 150 and Pr=0.71) is available.

Comparisons of the predicted mean temperature and temperature variance with DNS is shown in

Fig. 4.6. The model predictions are in almost perfect agreement with the DNS data. Figure 4.7

shows the predicted budget of temperature variance, compared with the DNS data. Obviously,

agreement of each term with DNS is also very good.

4.2.3 Boundary layer flows with and without pressure gradients

We have calculated boundary layers with/without pressure gradients, i.e., with a zero pres-

sure gradient (ZPG; dP̄ /dx = 0), with an adverse pressure gradient (APG; dP̄/dx > 0) and

with a favorable pressure gradient (FPG; dP̄/dx < 0). In Fig. 4.8, the prediction of mean ve-

locity profile in the ZPG flow is presented in comparison with the experimental data of Nagano

et al.(1992) (Rθ = 1620) and the DNS data of Spalart(1988) (Rθ = 1410). Again, the present

predictions are in almost perfect agreement with the experiment, the DNS and the standard

log-law profile: Ū+ = 2.44 ln y+ + 5.0.
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Predictions of flows under different pressure-gradient conditions are shown in Figs. 4.9–

4.11, in comparison with the experimental data of Nagano et al.(1992) (APG, ZPG) and with

the DNS data of Spalart(1986) (FPG). Note that including the additional production of ε due to

irrotational strains is significant in calculating APG flows (Hanjalić and Launder 1980; Hanjalić

1994; Nagano and Tagawa 1990a; Hattori and Nagano 1995) as:

Dε̃

Dτ
= Dε + Tε + Πε − Cε1

ε̃

k
uv

∂Ū

∂y
−C ′

ε1

ε̃

k

(
u2 − v2

) ∂Ū

∂x
− Cε2fε

ε̃2

k
+ E. (4.17)

Here, the velocity fluctuation components u2 and v2 are calculated by the present nonlinear k-ε

model, and the model constant of C ′
ε1 = 2.5Cε1 is given as in the NT model. Figure 4.9 shows

the mean velocity profiles. Obviously, the present model works very satisfactorily in flows with

a variety of pressure gradients.

Figure 4.10 compares the predicted results with the experimental and DNS data of Reynolds

shear stresses in APG, FPG and ZPG flows . The proposed model reproduces well the phenom-

ena of increasing −uv+ in the outer region along the flow on APG and decreasing one on FPG.

These cannot be observed in the ZPG flow.

The predictions of turbulence energy are shown in Fig. 4.11. Again, it can be seen that good

accordance with the experimental data(Nagano et al. 1992) is achieved.

4.2.4 Heat transfer from uniform temperature or uniform heat-flux wall

In the following, we assess the present two-equation heat transfer model in boundary layer

flows. The most basic situations encountered in engineering applications are the heat transfer

from a uniform temperature or uniform heat-flux wall. The results of thermal-field calculations

under the constant wall temperature or the constant wall heat-flux condition along a flat plate,

are shown in Fig. 4.12. The present predictions indicate good agreement with the experimental

data(Gibson et al. 1982; Antonia et al. 1977).

4.2.5 Stepwise change in wall temperature

To further verify the effectiveness of the present model for calculating various kinds of

turbulent thermal fields, the predictions of mean temperature profiles for a constant wall tem-

perature (Θ̄w = Θ̄e + 16◦C) followed by another constant wall temperature (Θ̄w = Θ̄e) are
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shown in Fig. 4.13. Also, included for comparison are the experimental data of Charnay et al.

(1979) and the calculations of Browne and Antonia (1981) at the same streamwise location.

Note that the model for the velocity field proposed in Chapter 3 is used here.

The present model gives a little overpredictions, though the overall predictions are much

better than those of Browne and Antonia. This is mainly due to difficulties of reproducing the

initial conditions, as experienced by Browne and Antonia (1981).

The predictions of the rms temperature fluctuations
√

kθ/(Θ̄ws−Θ̄e) are shown in Fig. 4.14.

Again, owing to the same reason mentioned above, the predictions give a little overpredictions.

4.2.6 Constant wall temperature followed by adiabatic wall

The next test case for which calculations have been performed is concerned with a more

complex thermal field in a boundary layer along a uniformly heated wall followed by an adi-

abatic wall. This case is of interest in the de-icing of aircraft wings. The same situations also

occur frequently in compact heat exchangers. Figure 4.15 shows a comparison of the predicted

results with the experimental data(Reynolds et al. 1958) of temperature differences between

the wall and the free-stream ΔΘ̄. The proposed model gives generally good predictions for the

rapidly changing thermal field.

4.2.7 Double-pulse heat input

To further verify the effectiveness of the present model for calculating various kinds of tur-

bulent thermal fields, comparison of the predicted variation of wall temperature (ΔΘ̄w = Θ̄w −
Θ̄e; Θ̄w and Θ̄e being the wall and free-stream temperatures) with the measurement (Reynolds

et al. 1958) for double-pulse heat input case is shown in Fig. 4.16. Figure 4.17 shows how a

wall turbulent thermal layer changes when heat input is intermittent, in which ΔΘ = Θ̄− Θ̄e is

normalized by the temperature difference between the wall and free-stream ΔΘ̄0 = Θ̄w0 − Θ̄e

just before the first heat-input/cut-off point. It can be seen that very abrupt decrease and increase

in mean fluid-temperature occur in the wall region, which is the consequence of no heat-input

condition followed by heat input, i.e., ∂Θ̄/∂y|w = 0 → ∂Θ̄/∂y|w = constant. Within a short

distance from the discontinuity point, the mean temperature profile becomes uniform over most

of the thermal layer. Also, variations of the temperature variance are shown in Fig. 4.18. It
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can been seen that the temperature fluctuations are growing along the thermal boundary layer,

then sudden heat cut-off at the wall makes the temperature variance decrease close to the wall.

This phenomenon agrees with the experimental evidence obtained by Subramanian and Antonia

(1981a).



CHAPTER 4. Modeling the turbulent heat and momentum transfer 53

���� � ��� �

���

���

���

��	

�Present model
 Standard ��� model
 GS model

���

(�
��

�
) �

Figure 4.1: Bifurcation diagram for rotating homogeneous shear flow

��� ��� ���

�

��

��

�+

�
+

�

 DNS
 Kasagi  et al. ����=150�
 Moser  et al. ����=395�

����	
��

��

����������
	��

������
	��

Figure 4.2: Profiles of mean velocity in a channel
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Figure 4.3: Profiles of Reynolds shear stress in a channel: (a) overall (b) wall-limiting behaviour
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Figure 4.5: Budget of turbulence energy in channel flow



56 CHAPTER 4. Modeling the turbulent heat and momentum transfer

��� ��� ���
�

��

��
� ��� �

�

�

�

�+

���

�
�

�
�
��

��	
���
�
����������
�� ����������������

Figure 4.6: Profiles of mean temperature and temperature variance in a channel
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Figure 4.7: Budget of temperature variance in channel flow
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Figure 4.13: Comparison of the predicted mean temperature profile with the measurements
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Figure 4.14: Comparison of the predicted rms temperature fluctuations with the measurements
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Figure 4.16: Comparison of the predicted variation of wall temperature with the measurement

(double-pulse heat input)
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Figure 4.17: Mean temperature profiles for double-pulse heat input
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Figure 4.18: Variation of temperature variance for double-pulse heat input





CHAPTER 5

Rigorous formulation of two-equation heat-transfer

model of turbulence using direct simulations

The direct numerical simulations (DNS) for wall shear flows provided the details of turbu-

lent quantities near the wall (e.g., Moser et al. 1999; Kasagi et al. 1992). It was shown from

these DNS data that the near-wall profiles of the dissipation-rates of turbulent kinetic energy

and temperature variance were completely different from the existing model predictions. Re-

cently, Rodi & Mansour (1993), and Nagano & Shimada (1995a) improved the k − ε model

using DNS databases, in which all the budget terms in the exact ε–equation were incorporated

in the modeled ε–equation. The performance of the existing ε–equation models was assessed

by Nagano & Shimada (1995b), and a rational ε–equation was reconstructed by Nagano et al.

(1994).

Similarly, two-equation heat-transfer models (kθ–εθ) have been improved, since Nagano &

Kim (1988) proposed the first model for wall turbulent shear flows. The two-equation heat-

transfer model is a powerful tool for predicting the heat transfer in flows with almost com-

plete dissimilarity between velocity and thermal fields. Also, the characteristic time scale for a

thermal field needed in a second-order closure model is now calculated with the two-equation

heat-transfer model (Shikazono & Kasagi 1996).

In this Chapter, we develop a rigorous kθ–εθ model. In particular, modeling of the εθ–

equation is performed by taking into account all the budget terms in the exact εθ–equation.

First, we make a critical assessment of existing εθ– and ε̃θ–equations for both two-equation and

second-order closure models. Secondly, we rebuild a more sophisticated εθ–equation reflect-

ing the assessment results. Then, we propose a set of kθ–εθ models to match with the present

rigorous εθ–equation. Finally, we verify a set of model equations using DNS data and experi-

65
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mental data. In order to show the proposed two-equation heat-transfer model performance, we

analyze the system of a sudden change wall thermal condition, which is hard to measure using

conventional tools, then we investigate physical phenomenon of the system using the results of

analysis.

5.1 Assessment of modeled εθ–equations

5.1.1 Modeled εθ–equations

The modeled dissipation-rate equations for temperature variance used in the current kθ–εθ

models for wall shear flows are written in either of two ways:

Dεθ

Dτ
=α

∂2εθ

∂xj∂xj
+ Tεθ

+ CP1fP1
εθ

kθ
Pkθ

+ CP2fP2
εθ

k
Pk

− CD1fD1
εθ

2

kθ
− CD2fD2

εθε

k
+ Additional term, (5.1)

Dε̃θ

Dτ
=α

∂2ε̃θ

∂xj∂xj
+ T

�εθ
+ CP1fP1

ε̃θ

kθ
Pkθ

+ CP2fP2
ε̃θ

k
Pk

− CD1fD1
ε̃2

θ

kθ
−CD2fD2

ε̃θε̃

k
+ Additional term. (5.2)

The turbulent diffusion term Tεθ
in Eq. (2.19) is generally modeled as follows:

Tεθ
=

⎧⎪⎪⎨⎪⎪⎩
∂

∂xj

(
αt

σφ

∂εθ

∂xj

)
: at a two-equation level,

∂

∂xj

(
Cs

k

ε
f(R)uiuj

∂εθ

∂xi

)
: at a second-order closure level.

(5.3)

The T
�εθ

term is also modeled in the same manner as in Eq. (5.3).

In Eq. (5.2), quantities ε̃ and ε̃θ, called the isotropic dissipation rates of k and kθ, are defined

by the following equations, respectively:

ε̃ = ε − ε̂, (5.4)

ε̃θ = εθ − ε̂θ, (5.5)

where ε̂ = 2ν(∂
√

k/∂y)2, ε̂θ = 2α(∂
√

Δkθ/∂y)2 and Δkθ = kθ − kθw.

5.1.2 Assessment Procedure

In Eqs. (5.1) and (5.2), εθ and ε̃θ are the only unknown variables, and all turbulence quanti-

ties except εθ and ε̃θ are given directly from the DNS data; i.e., Ūi, uiuj, k, ε, ε̃, Θ̄, and kθ are
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not calculated from any modeled equation, but given as the “true” values from the DNS data.

We perform the model assessment in a fully developed channel flow with heat transfer for

which the trustworthy DNS database is available (Kasagi et al. 1992) . The Reynolds number

based on the friction velocity and a channel half-width, Reτ , is 150 and the Prandtl number is

0.71.

5.1.3 Models for Assessment

We assess the six temperature dissipation-rate equations proposed by Nagano and Kim (NK)

(1988), Hattori, Nagano and Tagawa (HNT) (1993) and Shikazono and Kasagi (SK) (1996),

which are the ε̃θ–equations, and those by Nagano et al. (NTT) (1991), Abe et al. (AKN) (1995)

and Sommer et al. (SSL) (1992), which are the εθ–equations. The abbreviations in parentheses

are introduced for ease of reference. The details of the above six modeled equations are listed in

Table 5.1. It should be mentioned that the SSL model has partly introduced ε̃ and ε̃θ to prevent

divergence in calculation caused by finite values of ε and εθ at the wall, while the NTT and

AKN models avoid it by introducing the proper fD1 and fD2 functions. In the SSL model, the

turbulent heat-flux uiθ in the Pkθ
term is modeled using αt, but the Reynolds shear-stress uiuj

and turbulent diffusion term Tεθ
are modeled at a second-order closure level [see Eq. (5.3)].

The AKN model has put fP1 = fD1 to avoid divergence in calculation of flows with complete

dissimilarity between velocity and thermal fields. In the SK model, where the kθ–εθ model is

employed to calculate the time scale of thermal field, the turbulent diffusion and production

terms are modeled at a second-order closure level.

A characteristic time scale τm, whose importance was demonstrated by Nagano and Kim

(1988), has been used in all the two-equation heat-transfer models for wall shear flows. It can

be shown that the eddy diffusivity for heat αt is governed near the wall by the Kolmogorov

microscale in the NTT, HNT and AKN models, and by the Taylor microscale in the SSL model.

5.1.4 Assessment Results

The results of assessment for ε̃θ– and εθ–equation models at a two-equation level and those

at a second-order closure level are shown in Fig. 5.1, where in ε̃θ–equation modeling εθ is

obtained from εθ = ε̃θ + ε̂θ. The resultant characteristic time scale τθ is assessed in Fig. 5.2.
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To assess the NK model, the time scale τu in αt is given by k/ε̃ from the DNS, because the NK

model is usually combined with Nagano and Hishida model (1987) (ε̃–equation model).

As can be seen from Figs. 5.1 and 5.2, the results of assessment for ε̃θ– and εθ–equation

models indicate that none of the four models can reproduce accurately the DNS behaviour.

Especially, predicted εθ tends to increase in the buffer layer (5 < y+ < 40). In Figs. 5.1(c) and

5.2(c), only the SK model qualitatively and quantitatively reproduces a trend similar to DNS.

However, the constants CP1 and CP2 in the SK model do not satisfy the relation for “constant-

stress and constant-heat-flux layer” as follows:

κ2/Prt√
Cμ

+
CP1 − CD1

2R
+ CP2 − CD2 = 0, (5.6)

where κ = 0.39 ∼ 0.41, Prt=0.9, Cμ = 0.09 and R = 0.5 are typical values in the wall

bounded flows.

Next, we discuss the gradient of εθ at the wall. The near-wall behaviour of εθ without θw

fluctuations can be inferred from a Taylor series expansion in terms of y as follows (Yossef et

al. 1992):

εθ = h1 + 4h2y + O(y2), (5.7)

where coefficients h1 and h2 are independent of the y coordinate. On the other hand, from

Eq. (2.18), the molecular diffusion term balances with the dissipation term at y = 0:

εθ = α
∂2kθ

∂y2
with α

∂2kθ

∂y2
= h1 + 6h2y + O(y2). (5.8)

From Eq. (5.7) and Eq. (5.8), the coefficient h2[= (1/4)(∂εθ/∂y)|w] should be zero. This can

be, of course, seen in the DNS data.

In theory, the wall limiting behaviour of ε̃θ must be ε̃θ ∝ y2. But in the ε̃θ–equation of the

NK and HNT models, the molecular diffusion term balances with CD1ε̃θ
2/kθ term at y = 0. As a

result, the wall limiting behaviour of ε̃θ becomes ε̃θ ∝ y1. Therefore, in the ε̃θ–equation, adding

the extra term to reproduce the correct wall limiting behaviour of ε̃θ is of the first importance to

obtain the correct profile of εθ near the wall. The SK model has an additional term to balance,

at the wall, with the molecular diffusion term in the ε̃θ–equation, as suggested by Kawamura

and Kawashima (1994).

The sum total of budget data for ε̃θ– and εθ–equations are shown in Fig. 5.3. The budget

in the ε̃θ–equation is represented by α(∂2εθ/∂y2) = α(∂2ε̃θ/∂y2) − 2α2(∂2[(
√

Δkθ)
2]/∂y2).
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Table 5.1: Existing εθ and ε̃θ equation models.

Nagano-Kim(1988) Nagano et al.(1991)

Cλ 0.11 0.1

Cs — —

CP1 0.9 0.85

CP2 0.72 0.64

CD1 1.1 1.0

CD2 0.8 0.9

σφ 1.0 1.0

τm

(
k

ε̃

)
(2R̃)

1
2

(
k

ε

)[
(2R)2 +

3.4(2R)
1
2

Rt
3
4

]

fλ

[
1 − exp

(
−y+

Aλ

)]2 [
1 − exp

(
−y+

Aλ

)]2

Aμ — —

Aλ

(
30.5√

Pr

)(
Cf

2St

)
26√
Pr

f(R) — —

fP1 1.0 1.0

fP2 1.0 1.0

fD1 1.0

[
1 − exp

(
−y+

5.8

)]2

fD2 1.0
1

CD2
(Cε2fε − 1)

[
1 − exp

(
−y+

6

)]2

Additional
term

ααt(1 − fλ)
(

∂2Θ̄
∂xj∂xk

)2

—

Cε2 = 1.9

R̃ =
kθ/ε̃θ

k/ε̃
fε = 1− exp

[
−
(

Rt

6.5

)2
]



70 CHAPTER 5. Rigorous formulation two-equation heat-transfer model of turbulence

Table 5.1: (continued)

Shikazono-Kasagi(1996) Abe-Kondoh-Nagano(1995)

Cλ — 0.1

Cs 0.3 —

CP1 0.8 1.9

CP2 0.3 0.6

CD1 1.0 2.0

CD2 0.3 0.9

σφ — 1.6

τm —
k

ε

[
f(R) +

3(2R)
1
2

Rt
3
4 Pr

fd

]
fλ —

[
1 − exp

(
− y∗

Aμ

)][
1 − exp

(
− y∗

Aλ

)]
Aμ — 14

Aλ —
Aμ√
Pr

f(R)
2R

0.7 + R

2R

0.5 + R

fP1 1.0 [1 − exp(−y∗)]2

fP2 1.0 1.0

fD1 1.0 [1 − exp(−y∗)]2

fD2 1.0
1

CD2
(Cε2fε − 1)

[
1 − exp

(
− y∗

5.7

)]2

Additional
term

2αCw2

(
kθ

εθ

)
v2

(
∂2Θ̄
∂y2

)2

− ε̃θ ε̂θ

kθ
—

fd = exp

[
−
(

Rt

200

)2
]

Cw2 = max[0.1, 0.35− 0.21Pr] Cε2 = 1.9

fε = 1 − exp

[
−
(

Rt

6.5

)2
]
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Table 5.1: (continued)

Sommer-So-Lai(1992) Hattori-Nagano-Tagawa(1993)

Cλ 0.11 0.1

Cs 0.11 —

CP1 0.9 0.85

CP2 0.72 0.64

CD1 1.1 1.0

CD2 0.8 0.9

σφ — 1.0

τm
k

ε

⎡⎣(2R)
1
2 +

0.1(2R)
1
2

R
1
4
t

(
fεt

fλ

)⎤⎦ k

ε

⎡⎣(2R)
1
2 +

7.9(2R)
1
2

R
3
4
t

fd

⎤⎦
fλ

[
1 − exp

(
−y+

Aλ

)]2 [
1 − exp

(
−y+

Aμ

)][
1 − exp

(
−y+

Aλ

)]
Aμ —

30
1 + 11.8P +

Aλ 30
Aμ

Pr
1
3

f(R) 1.0 —

fP1 1.0 1.0

fP2 1.0 1.0

fD1
ε̃θ

εθ
1.0

fD2
ε̃

ε

1
CD2

(Cε2fε − 1)

Additional
term

fεt

[
(CD1 − 2)

ε̃θ

kθ
εθ + CD2

ε̃

k
εθ

ααt(1 − fw)
(

∂2Θ̄
∂xj∂xk

)2

− ε∗θ
2

2kθ
+ (1 − CP1)

εθ

kθ
P ∗

θ

]
fεt = exp

[
−
(

Rt

80

)2
]

fd = exp

[
−
(

Rt

120

)2
]

ε∗θ = εθ − 2α
kθ

y2
fw =

{
1 − exp

[
− y+

(30/Pr
1
3 )

]}2

P ∗
θ = uθ

(
∂Θ̄
∂x

)
P+ =

ν

ρu3
τ

(
dP̄

dx

)
Cε2 = 1.9

fε = 1 − 0.3 exp
(−R2

t

)
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Obviously, the two-equation model predictions are not in agreement with the DNS data. As seen

from Fig. 5.3(c), the sum total of the budget in the SK model is the closest to the DNS. This

is the consequence of smaller model constants CP2 and CD2 used, which render the production

and destruction terms smaller in magnitude. In the εθ–equation models, the NTT model is rather

close to the DNS. This is because the NTT model has no additional production term.

From these assessments it becomes clear that solutions for εθ are significantly influenced by

an additional production term, model constants and a formulation of characteristic time scale.

5.2 Modeling of εθ–equation

As shown in the previous section, none of the existing ε̃θ and εθ models at a two-equation

level give qualitative and quantitative agreement with the DNS. Hence, we will construct an

εθ–equation model based on the NTT model by taking into account all the budget terms in the

exact εθ–equation.

5.2.1 Modeling of P 1
εθ

, P 2
εθ

, P 4
εθ

and Υεθ

The P 1
εθ

, P 2
εθ

, P 4
εθ

and Υεθ
terms can be modeled in a way similar to the NK model (1987)

and NTT model (1991):

P 1
εθ

+ P 2
εθ

+ P 4
εθ
− Υεθ

= − CP1fP1
εθ

kθ
ujθ

∂Θ̄

∂xj
− CD1fD1

εθ
2

kθ
− CP2fP2

εθ

k
uiuj

∂Ūi

∂xj
− CD2fD2

εθε

k
. (5.9)

The DNS data indicates that the P 1
εθ

and P 2
εθ

terms exert a great influence on the production of

εθ near the wall. The modeling given by Eq. (5.9) is based on P 4
εθ

and Υεθ
, so that other terms’

effects are not sufficiently reflected. Therefore, we model the contributions from the P 1
εθ

and

P 2
εθ

terms using an order-of-magnitude analysis, as done in modeling ε by Rodi and Mansour

(1993) and Nagano and Shimada (1995a). With kθ and �θ =
√

kτθ (thermal turbulence length
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scale), we can estimate an order of magnitude of the P 1
εθ

, P 2
εθ

and P 4
εθ

terms as

P 1
εθ

= O

[(
k
√

kθ

�θ

)(
λθ

λ

)
G

]

P 2
εθ

= O

[(√
kkθ

�θ

)
S

]

P 4
εθ

= O

[(
kkθ

�θ
2

)(
�θ

λ

)]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
, (5.10)

where G = [(∂Θ̄/∂xj)(∂Θ̄/∂xj)]
1
2 represents the mean temperature gradient, S =

[(∂Ūi/∂xj)(∂Ūi/∂xj)]
1
2 is the mean strain rate, and λ =

√
kν/ε and λθ =

√
kθα/εθ are

the Taylor microscales for the velocity and temperature fields, respectively. The above relations

give P 1
εθ

/P 4
εθ

∼ (λθ/
√

kθ)G = G/(εθ/α)
1
2 , P 2

εθ
/P 4

εθ
∼ (λ/

√
k)S = S/(ε/ν)

1
2 . Consequently,

we define the parameters RT and RU as

RT =

[(
∂Θ̄/∂xj

)2
]1

2

[
(∂θ/∂xj)

2
] 1

2

=
G

(εθ/α)
1
2

, (5.11)

RU =

[(
∂Ūi/∂xj

)2] 1
2

[
(∂ui/∂xj)

2
] 1

2

=
S

(ε/ν)
1
2

. (5.12)

These parameters represent the ratio of the gradient of mean flow to that of fluctuating compo-

nents. Apparently, the relations P 1
εθ

/P 4
εθ

∼ RT and P 2
εθ

/P 4
εθ

∼ RU hold. Since the structure of

turbulent shear flows near the wall is mainly governed by the gradient of mean flow (see, e.g.,

Hinze 1975), contributions of P 1
εθ

and P 2
εθ

terms must appear when RT > 1 and RU > 1. We

replace the mean temperature gradient G and the strain rate parameter S with the well-known

relations for the constant heat-flux layer [G = (qw/ρcp)/(α + αt) = uτθτ/(α + αt)] and the

constant stress layer [S = (τw/ρ)/(ν + νt) = uτ
2/(ν + νt)]. Then, Eqs. (5.11) and (5.12) lead

to

RT =
uτθτ

(1/Pr +αt/ν)(Pr εθ/ν)
1
2

fw(6), (5.13)

RU =
uτ

2

(1 + νt/ν)(ε/ν)
1
2

fw(6). (5.14)
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The contributions of P 1
εθ

and P 2
εθ

are now able to be included in the model functions fP1 and

fP2 as follows:

fP1 = (1 − f ′
P1)fp

f ′
P1 = exp(−7 × 10−5RT

10)[1 − exp(−2.2RT
1
2 )]

⎫⎬⎭ , (5.15)

fP2 = (1 − f ′
P2)fp

f ′
P2 = exp(−7 × 10−5RU

10)[1 − exp(−2.2RU

1
2 )]

⎫⎬⎭ , (5.16)

where fp

(
= 1 + 0.75 exp

[
− (Rh/40)

1
2

])
is introduced for correcting overproduction near the

wall and Rh = kτm/ν = Rt[2R/(0.5 + R)] is the turbulence Reynolds number based on the

harmonic-averaged time scale τm = (k/ε)[2R/(0.5 + R)]. Note that τm becomes identical to

τu = k/ε in local-equilibrium flows with R = 0.5.

The wall-reflection function employed in the present model is

fw(ξ) = exp

[
−
(

y∗

ξ

)2
]

, (5.17)

where y∗ = uεy/ν is the dimensionless distance from the wall based on the Kolmogorov veloc-

ity scale uε = (νε)
1
4 . This model function is more useful for analysis of various complex flows,

as confirmed by Abe et al. (1995) and Nagano et al. (1997).

5.2.2 Modeling of P 3
εθ

The P 3
εθ

term is negligibly small in comparison with P 1
εθ

, P 2
εθ

, P 4
εθ

and Υεθ
. However, when

compared with the sum of these terms, i.e., P 1
εθ

+ P 2
εθ

+ P 4
εθ
−Υεθ

, the P 3
εθ

term becomes of the

same order, so that modeling of P 3
εθ

is also important.

In the present model, we adopt the following form similar to that proposed in the k–ε model

by Nagano and Shimada (1995a):

P 3
εθ

= ααtfw(12)

(
∂2Θ̄

∂xj∂xk

)2

+ CP3α
k

ε
f(R)

∂k

∂xk

∂Θ̄

∂xj

∂2Θ̄

∂xj∂xk
, (5.18)

where f(R) = 2R/(0.5 + R).
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5.2.3 Modeling of Tεθ

A gradient-type diffusion plus convection by large-scale motions may effectively repre-

sent turbulent diffusion for scalar (see, e.g., Hinze 1975). Thus, considering the relation εθ 

2(ε/k)kθ at R 
 0.5 and the near-wall limiting behaviour of Tεθ

, we write Tεθ
as

Tεθ
=

∂

∂xj

(
αt

σφ

∂εθ

∂xj

)
+ Cεθ

α
∂

∂xj

{
[1 − fw(3)]

3
2
ε

k

∂kθ

∂xj
fw(3)

}
. (5.19)

For the eddy diffusivity for heat αt, we adopt the following representation similar to the

AKN model (1995):

αt = Cλ
k2

ε

[
f(R) +

Bλ1

Rt
3
4

exp

(
− Rh

Bλ2

)]
[1 − fw(Aμ)]

1
2 [1 − fw(Aλ)]

1
2 . (5.20)

The model constants and functions in the modeled εθ–equation at a two-equation level are

listed in Table 5.2.

5.2.4 Case of second-order closure modeling

In the second-order closure modeling, the turbulent diffusion term Tεθ
and the production

term P 3
εθ

should be slightly modified, since the second-order closure model needs neither νt nor

αt. Hence, the gradient parameters RT and RU are changed as follows:

RT =
uτθτ + vθ

(εθν/Pr)
1
2

fw(6), (5.21)

RU =
uτ

2 + uv

(εν)
1
2

fw(6). (5.22)

The model functions f ′
P1 and f ′

P2 in Eqs. (5.15) and (5.16) are defined by

f ′
P1 = exp

(−7 × 10−5RT
10
) [

1 − exp(−1.1RT

1
2 )
]

f ′
P2 = exp

(−7 × 10−5RU
10
) [

1 − exp(−1.1RU
1
2 )
]
⎫⎬⎭ . (5.23)

The turbulent diffusion term Tεθ
can be written as

Tεθ
=

∂

∂xk

(
Cs

k

ε
f(R)ujuk

∂εθ

∂xj

)
+ Cεθ

α
∂

∂xj

{
[1 − fw(3)]

3
2
ε

k

∂kθ

∂xj
fw(3)

}
, (5.24)

where Cs = 0.11, and f(R) and Cεθ
are exactly the same as those used in the two-equation

heat-transfer model.

The P 3
εθ

term may be written [see Eq. (5.18)] as

P 3
εθ

= CP4αujuk
k

ε
f(R)

∂2Θ̄

∂xk∂x	

∂2Θ̄

∂xj∂xk
+ CP3α

k

ε
f(R)

∂uju	

∂xk

∂Θ̄

∂x	

∂2Θ̄

∂xj∂xk
(5.25)

with CP3 = 0.1 and CP4 = 0.25.
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Table 5.2: Model constants and functions in the present εθ model

Cλ 0.1 fR
2R

0.5 + R

Cs — fP1 (1 − f ′
P1) fp [1 − fw(12)]

CP1 0.9 fP2 (1 − f ′
P2) fp

CP2 0.77 fD1 1 − fw(12)

CP3 0.05 fD2
1

CD2
(Cε2fε − 1) [1 − fw(12)]

CD1 1.0 Additional term
(
= P 3

εθ

)
CD2 0.9 fd exp

(
− Rh

220

)
Cεθ

1.6 Cε2 1.9

σφ 1.8 fε 1 − 0.3 exp

[
−
(

Rt

6.5

)2
]

τm
k

ε

⎡⎣f(R) +
26(2R)

1
2

Pr
4
3 R

3
4
t

fd

⎤⎦ f ′
P1 exp

(−7 × 10−5R10
T

) [
1 − exp(−2.2R

1
2
T )
]

fλ [1 − fw(Aμ)]
1
2 [1 − fw(Aλ)]

1
2 f ′

P2 exp
(−7 × 10−5R10

U

) [
1 − exp(−2.2R

1
2
U)
]

fw(ξ) exp

[
−
(

y∗

ξ

)2
]

fp 1 + 0.75 exp

[
−
(

Rh

40

) 1
2

]
Aμ 28 RT fw(6)

uτθτ

(α + αt)(εθ/α)
1
2

Aλ
Aμ

Pr
1
3

RU fw(6)
uτ

2

(ν + νt)(ε/ν)
1
2

5.2.5 Assessment of proposed εθ-equation models

Figure 5.4 shows the solutions obtained from new εθ–equations. As shown previously, the

existing two-equation level models have never reproduced the correct near-wall behaviour of

εθ, whereas the present predictions give excellent agreement with the DNS data. Owing to the

inclusion of the model for αt, the proposed model at a two-equation level gives predictions

slightly different from those at a second-order closure level. The overall predictions, however,

are much better than with the existing models. It should also be noted that, for the budget

balance in the εθ–equation [Fig. 5.4(c)], excellent agreement is now achieved.



CHAPTER 5. Rigorous formulation two-equation heat-transfer model of turbulence 77

5.3 Construction of set of model equations

5.3.1 Two-equation model for velocity field

In this study, for the basic formulation in k–ε model, we adopt the Nagano–Shimada model

(1995a) (hereinafter referred to as the NS model) which reproduces turbulence energy and its

dissipation rate including these budgets exactly. An incompressible turbulent velocity field is

described with the following governing equations (the equation of continuity, the ensemble-

averaged Navier-Stokes equation, and the transport equations of the turbulence energy and its

dissipation rate):

∂Ūi

∂xi
=0, (5.26)

DŪi

Dτ
= − 1

ρ

∂P̄

∂xi

+
∂

∂xj

(
ν
∂Ūi

∂xj

− uiuj

)
, (5.27)

−uiuj =νt

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
− 2

3
δijk, (5.28)

νt =Cμfμ
k2

ε
, (5.29)

Dk

Dτ
=

∂

∂y

[(
ν +

νt

σ∗
k

)
∂k

∂y

]
− uv

∂Ū

∂y
− ε + max

[
−0.5ν

∂

∂y

(
k

ε

∂ε

∂y
fw1

)
, 0

]
, (5.30)

Dε

Dτ
=

∂

∂y

[(
ν +

νt

σ∗
ε

)
∂ε

∂y

]
− Cε1

ε

k
uv

∂Ū

∂y
− Cε2f2

ε2

k
+ fw2ννt

(
∂2Ū

∂y2

)2

+ Cε3ν
k

ε

∂k

∂y

∂Ū

∂y

∂2Ū

∂y2
+ Cε4ν

∂

∂y

[
(1 − fw1)

ε

k

∂k

∂y
fw1

]
. (5.31)

The NS model employed the wall friction velocity uτ in the wall reflection function fw.

However, we introduce the Kolmogorov velocity uε in this function described in the previous

section [see Eq. (5.17)], and the model constants and functions were optimized for the proposed

function. These are listed in Table 5.3.

5.3.2 Modeling of kθ–equation

Figure 5.5 shows the budget of temperature variance predicted by the NTT model (Nagano

et al. 1991) which is the basis for the proposed model and the AKN model (Abe et al. 1995).

Obviously, the model predictions are different from DNS data near the wall because of the

solution given by εθ–equation and the modeling of turbulent diffusion term in the kθ–equation.
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Table 5.3: Constants and fuctions for the k–ε model.

σ∗
k 1.4/ft

σ∗
ε 1.3/ft

ft 1 + 6fw1

fw1 fw(4)

fw2 fw(26)

Cε1 1.45

Cε2 1.9

Cε3 0.005

Cε4 0.5

f2 (1 + f ′
2)(1 − fw1)

{
1 − 0.6 exp

[
−
(

Rt

45

) 1
2

]}
f ′

2 exp (−2 × 10−4R13
v ) [1 − exp (−2.2R0.5

v )]

Rv

(
k

ε

)
1

1 + νt/ν

(
1

Rt
1
2

)
fw1

fμ (1 − fw2)

{
1 +

(
60

Rt
3
4

)
exp

[
−
(

Rt

55

) 1
2

]}

Therefore, in the kθ–equation given by Eq. (2.18), it is the turbulent diffusion term Tkθ
that

should be modeled. We adopt the foregoing turbulent diffusion modeling, and write Tkθ
as

Tkθ
=

∂

∂xj

(
αt

σ∗
h

∂kθ

∂xj

)
+ Cθ

∂

∂xj

{
σuku�

dkn	ej[1 − fw(28)]
1
2

√
k kθ[fw(28)]

1
2

}
, (5.32)

where Cθ = 0.1 and σ∗
h = 1.8/ [1 + 0.5fw(28)], and dk, n	 and ej are unit vectors in the stream-

wise, wall-normal and xj directions, respectively and σuku�
is a sign function, first introduced by

Nagano and Tagawa (1990b). The sign function σuku�
is necessary to make a model independent

of a coordinate system, which is defined as

σx =

⎧⎨⎩ 1 (x ≥ 0),

−1 (x < 0).
(5.33)
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5.4 Discussion of predictions with proposed models

In general, a turbulence model must give a prediction of great precision for both fundamen-

tal internal and external flows. For instance, if the model predicting does not indicate good

agreement with both cases, the model obtains a no-confidence prediction and can hardly predict

complex flows of technological interest. In this study, the modeling takes into account full tur-

bulence quantities and these budgets obtained by DNS results, so that we confirm the precision

of model prediction in basically both fields. Then, we assess the proposed model performance

in flow fields under different thermal conditions at the wall for turbulent quantities and these

budgets.

The numerical technique used are a finite-volume method in the wall-bounded flows. Full

details of the present numerical method of solution are given in Hattori and Nagano(1995).

In this Chapter, the boundary conditions are: Ūw = kw = kθw = 0, εw = 2ν(∂
√

k/∂y)2,

εθw = 2α(∂
√

Δkθ/∂y)2 and Θ̄w or qw are determined by experimental or DNS data at a wall,

∂Ū/∂y = ∂k/∂y = ∂ε/∂y = ∂Θ̄/∂y = ∂kθ/∂y = ∂εθ/∂y = 0 at the axis for internal flows

(symmetry); Ū = Ūe, k = ε = kθ = εθ = 0 and Θ̄ = Θ̄e at the outside boundary layer where Ūe

and Θ̄e are prescribed from experiments. The computations were performed on a PC personal

computer and a DEC Alpha Work Station.

5.4.1 Channel flow with heat transfer (constant heat-flux wall and con-

stant temperature wall)

It is important to predict the velocity field precisely for relevant temperature field prediction.

The framework of the proposed k–ε model is based on the NS model, which has been confirmed

to show highly accurate prediction of the wall-bounded turbulent flows (Nagano & Shimada

1995a). In this study, however, the wall-reflection function is corrected on the model, so that

the model is tested in the channel flow calculated under both DNS conditions of Moser et al.

(1999) (Reτ = 395) and of Kasagi et al. (1992) (Reτ = 150) shown in Fig. 5.6. From Fig. 5.6,

it can be seen that the mean velocity and turbulence energy are quite successfully predicted for

both cases.

Next, we assess the constructed two-equation heat-transfer model with the k–ε model in a

fully developed channel flow under both constant temperature (Kim & Moin 1989) (Reτ = 180
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and Pr=0.71) and constant heat-flux wall conditions (Kasagi et al. 1992) (Reτ = 150 and

Pr=0.71). Comparisons of the predicted mean temperature, turbulent heat-flux and temperature

variance with DNS are shown in Fig. 5.7(a), 5.7(b) and 5.7(c), respectively. The model predic-

tions are in almost perfect agreement with the DNS data. As shown Figs. 5.8(a) and 5.8(b), the

model predictions reproduce exactly the wall limiting behaviour of temperature variance and

turbulent heat-flux near the wall for both thermal wall conditions, i.e., θw = 0 and θw �= 0. Fig-

ures 5.9 and 5.10 show the predicted budget of temperature variance and of its dissipation-rate,

compared with the DNS data. Obviously, agreement of each term in both budgets with DNS is

also very good. An important point of the present study is the modeling for turbulent diffusion

term Tkθ
in the kθ–equation. From a comparison of Fig. 5.5 with 5.9, the calculated budget of

the proposed model is seen to improve over previous models near the wall (y+ < 15). These

facts indicate that the modeling of a gradient-type diffusion plus convection by large-scale mo-

tions is effective for the turbulent diffusion term, and that the proposed modeling is appropriate

for construction of a set of heat-transfer models.

5.4.2 Boundary layer flows with uniform temperature or uniform heat-

flux wall

In the following, we assess the present two-equation heat transfer model in boundary layer

flows under different thermal conditions. The most basic situations encountered are the heat

transfer from a uniform temperature or uniform heat-flux wall. The results of thermal-field

calculations under the constant wall temperature or the constant wall heat-flux condition along

a flat plate compared with experimental data of Gibson et al. (1982) (uniform temperature wall)

and of Antonia et al. (1977) (uniform heat-flux wall), are shown in Fig. 5.11. It is known

that the NTT model for reference gives good prediction of turbulent thermal fields under these

wall thermal conditions (Youssef et al. 1992), and the present predictions also indicate good

agreement with the experimental data.

5.4.3 Constant wall temperature followed by adiabatic wall

The next test case for which calculations have been performed is concerned with a more

complex thermal field in a boundary layer along a uniformly heated wall followed by an adi-
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abatic wall. Figure 5.12 shows a comparison of the predicted results with the experimental

data (Reynolds et al. 1958) of temperature differences between the wall and the free-stream

ΔΘ̄(= Θ̄e − Θ̄w). It can be seen that the proposed model gives generally good predictions for

the rapidly changing thermal field. And the present model gives no prediction inferior to the

AKN model (Abe et al. 1995) for comparison.

5.4.4 Constant heat flux followed by adiabatic wall

To further verify the effectiveness of the present model for calculating various kinds of

turbulent thermal fields, we have carried out the calculation of a boundary layer flow along a

uniform heat-flux wall followed by an adiabatic wall, which has been reported by Subramanian-

Antonia (1981a) in detail. The calculated distributions of rms temperature fluctuations normal-

ized by temperature difference between free-stream and wall, ΔΘ̄c, at a step change in surface

thermal condition, are shown in Fig. 5.13, compared with the experimental data (Subramanian

& Antonia 1981a) and the prediction of AKN model. Both models indicate a slight under-

prediction for the peak value of rms temperature. The proposed model, however, shows the

variation of physical phenomena of rms temperature in the thermal layer along a uniform heat-

flux followed by adiabatic wall. Especially, a rapid decrease in fluctuation of temperature from

the inner region has been captured by the proposed model.

As shown in the foregoing, the proposed model accurately reproduces a distribution of tem-

perature and of rms temperature in arbitrary wall thermal conditions.

5.4.5 Double-pulse heat input

As a final test case, we have calculated more complex heat transfer, where heat input is

intermittent in a double-pulse manner. Then we have investigated the mechanism of turbulent

heat transfer in such a rapidly changing thermal layer.

The temperature difference between free-stream and wall, ΔΘ̄ = Θ̄w − Θ̄e, and the Stanton

number reported by Reynolds et al. (1958), are shown in Fig. 5.14 compared with the pre-

diction of the present model. It is indicated that both the velocity and the thermal fields are

well predicted, and the turbulent heat transfer characteristics in the thermal entrance region are

reproduced very well. Figure 5.15(a) shows how a wall turbulent thermal layer changes when
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heat input is intermittent, in which ΔT = Θ̄ − Θ̄e is normalized by the temperature difference

between the wall and free-stream ΔΘ̄c = Θ̄wc − Θ̄e just before the first heat-input/cut-off point.

It can be seen that a very abrupt decrease and increase in mean fluid-temperature occur in the

wall region, which is the consequence of no heat-input condition followed by heat input, i.e.,

∂Θ̄/∂y|w = 0 → ∂Θ̄/∂y|w = constant. Within a short distance from the discontinuity point,

the mean temperature profile becomes uniform over most of the thermal layer. The following

discussion deals with how these phenomena affect other turbulent quantities. Figure 5.15(b)

shows distribution of turbulent heat-flux normalized by uτ and ΔΘ̄c. At just after the first heat-

input/cut-off point, with vanishing the mean temperature gradient near the wall, the turbulent

heat-flux vθ decreases rapidly. Then just before the second heat-input point, vθ remains a little

in the outer layer only. At the reheated wall, vθ shows again a quick increase near the wall. This

is qualitatively consistent with the experiment result (Antonia et al. 1977) for thermal entrance

region of boundary layer on a flat plate.

Next, variations of the rms temperature are shown in Fig. 5.15(c). Just after the heat cut-

off point, distributions of the rms temperature tend to be similar to the experimental evidence

obtained by Subramanian & Antonia (1981a) discussed in the previous section. It can be seen

that just before the second heat-input point the rms temperature remains in the outer region only,

and it increases very rapidly near the wall after that point. Figures 5.16(a)–(d) show budgets

of temperature variance at locations just before the first heat cut-off (x = 0.517 m), just after

the heat cut-off (x = 0.579 m), just before the second heat-input (x = 0.876 m) and just after

the second heat-input (x = 0.936 m), respectively. In these figures, each term is normalized by

the peak value of the production Pkθ
at the respective locations. Since the mean temperature

gradient vanishes near the wall as shown in Fig. 5.15(a) at x=0.579 m, the peak value of the

production term tends to increase in the outer region and the rapidly decreasing temperature

fluctuation is restrained by an increase of the convective term there. Accordingly, the fluctuating

temperature is transported actively by the turbulent diffusion from the outer to wall region,

though the dissipation also increases away from the wall. Since the molecular diffusion and

the dissipation preserve the near-wall structure and no temperature fluctuation is yielded by the

mean temperature gradient, the temperature fluctuation is virtually non-existent just before the

second heat-input point as shown in Fig. 5.15(c). From the above-mentioned, after the first

cut-off point, it is understandable that the near-wall structure of thermal turbulence is preserved
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mainly by diffusion from the outer to inner region, and the temperature fluctuation decreases

remarkably. Then, just after the second heat-input point, the near-wall profile of temperature

fluctuation returns to the unperturbed initial profile rapidly. The remaining fluctuation in the

outer region does not participate in the re-production. Since the proposed model is rigorously

constructed by considering the budget profiles of turbulence quantities obtained by DNS, we

may expect that the model could be used to investigate the detailed mechanism of heat transfer

in complex applications, as illustrated in this section.
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(a)

(b)

Figure 5.1: Assessment of ε̃θ– and εθ–equations: (a) ε̃θ–equations (εθ = ε̃θ + ε̂θ) at a two-

equation level; (b) εθ–equations at a two-equation level; (c) ε̃θ– and εθ–equations at a second-

order closure level
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(c)

Figure 5.1: (continued)
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(a)

(b)

Figure 5.2: Profiles of time scale τθ: (a) In ε̃θ–equations at a two-equation level; (b) In εθ–

equations at a two-equation level; (c) In ε̃θ– and εθ–equations at a second-order closure level
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(c)

Figure 5.2: (continued)
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(a)

(b)

Figure 5.3: Budgets of modeled ε̃θ–equations (P 1
�εθ
+P 2

�εθ
+P 3

�εθ
+P 4

�εθ
+T

�εθ
−Υ

�εθ
) and εθ–equations

(P 1
εθ

+ P 2
εθ

+ P 3
εθ

+ P 4
εθ

+ Tεθ
− Υεθ

): (a) Two-equation level ε̃θ–equations; (b) Two-equation

level εθ–equations; (c) Second-order closure level ε̃θ– and εθ–equations



CHAPTER 5. Rigorous formulation two-equation heat-transfer model of turbulence 89

(c)

Figure 5.3: (continued)
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(a)
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(b)

Figure 5.4: Assessment of the proposed εθ–equation models: (a) Profiles of εt near the wall;

(b) Profiles of time scale τθ near the wall; (c) Budget of the proposed εθ–equation models

(P 1
εθ

+ P 2
εθ

+ P 3
εθ

+ P 4
εθ

+ Tεθ
− Υεθ

)
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(c)

Figure 5.4: (continued)

Figure 5.5: Budget of temperature variance kθ
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(a)

(b)

Figure 5.6: Channel flow predictions: (a) Mean velocity; (b) turbulence energy
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(a)

(b)

Figure 5.7: Thermal field predictions in channel flow: (a) Mean temperature; (b) Turbulent

heat-flux; (c) Temperature variance
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(c)

Figure 5.7: (continued)
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(a)

 
 

(b)

Figure 5.8: Near-wall behaviour of turbulence quantities: (a) Temperature variance; (b) Turbu-

lent heat-flux
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Figure 5.9: Budget of temperature variance in channel flow
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(b)

Figure 5.10: Calculated budget of εθ in channel flow: (a) Molecular diffusion; (b) Turbulent

diffusion; (c) Gradient production; (d) Production + destruction
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(c)

(d)

Figure 5.10: continued
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(a)

(b)

Figure 5.11: Profiles of turbulent quantities in a boundary layer: (a) Mean temperature; (b)

Turbulent heat-flux; (c) Rms temperature
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(c)

Figure 5.11: (continued)

Figure 5.12: Comparison of the predicted variations of wall temperature with the measurement



CHAPTER 5. Rigorous formulation two-equation heat-transfer model of turbulence 101

Figure 5.13: Comparison of the predicted rms temperature profiles and measurements (sudden

decrease in wall heat flux)

Figure 5.14: Comparison of the predicted variations of wall temperature and Stanton number

with the measurements (double-pulse heat input)
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(a)

(b)

Figure 5.15: Variations of turbulent quantities for double-pulse heat input: (a) Mean tempera-

ture; (b) Turbulent heat-flux; (c) Rms temperature
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(c)

Figure 5.15: (continued)
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(a)

(b)

Figure 5.16: Budget of temperature variance for double-pulse heat input: (a)x = 0.517 [m];

(b)x = 0.579 [m]; (c)x = 0.876 [m]; (d)x = 0.936 [m]
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(d)

Figure 5.16: (continued)





CHAPTER 6

Two-layer turbulence model for heat transfer in

wall turbulent shear flows

In this Chapter, we propose a new two-layer model, in which both the dissipation rate for

turbulent kinetic energy and temperature variance are given in terms of algebraic expressions

near the wall based on recent two-equation modeling. The models also take the Prandtl num-

ber effects into account according to Nagano & Shimada model (1996). The proposed models

are tested in turbulent boundary layer flows with/without pressure gradients, in detaching and

reattaching flows and in various Prandtl number flows, and then the model performance is dis-

cussed.

6.1 Construction of two-layer model

6.1.1 Two-layer modeling for ε and εθ

The two-layer model proposed by Rodi et al. (1993) (hereafter referred to as the RMM

model) was based on the one-equation model very near the wall, in which two length scales

appearing in the relations for the eddy viscosity and dissipation-rate must be prescribed as indi-

cated in Eqs. (1.13) and (1.14). In this study, however, we propose a new two-layer model based

on the two-equation model taking modeling for thermal field into account. Thus, modeling of

the time scale for eddy viscosity is needed; i.e., the dissipation-rate must be modeled.

We represent ε and εθ near the wall with the following conjugate forms:

ε = ε̃a + D, (6.1)

εθ = ε̃θa + Dθ, (6.2)

107
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where D = 2ν
[(

∂
√

k/∂xj

)(
∂
√

k/∂xj

)]
and Dθ = 2α

[(
∂
√

Δkθ/∂xj

) (
∂
√

Δkθ/∂xj

)]
are

the additional terms to correct the near-wall behavior of both dissipation rates, and a subscript a

indicates quantities given by algebraic formulas. The above formulation has been employed in

the previous ε̃– and ε̃t–equation models (e.g., Nagano & Shimada 1996), in which the first terms

of the right hand side in Eqs. (6.1) and (6.2) are solved with the relevant transport equations. In

the present study, however, we model ε̃a and ε̃θa by the following algebraic expressions:

ε̃a 

(

k

τb

)
fb =

[
k

ν/ (νS + k)

]
fb, (6.3)

ε̃θa 

(

kθ

τbθ

)
fbθ =

⎡⎣ kθ

ν/
(
k + νS + νG

√
k/kθ

)
⎤⎦ fbθ, (6.4)

where, G
[
=
√(

∂Θ̄/∂xj

) (
∂Θ̄/∂xj

) ]
is the temperature gradient parameter, S

(
=
√

2SijSij

)
is the mean shear-rate, and τb and τbθ are the hybrid time-scales determining ε and εθ in the

near-wall region, respectively. It should be noted that in order to express a complex thermal

field, the hybrid time-scale τbθ is represented by using the three characteristic time-scales, i.e.,√
kθ/k(1/G) derived from the order-of-magnitude modeling for the production term in the εθ–

equation (Hattori-Nagano, 1998), ν/k determining the fluctuating velocity time-scale and 1/S

reflecting the mean velocity gradient. Moreover, the model functions, fb and fbθ, which include

the effect of Prandtl numbers are defined as follows:

fb =

(
1

90

)
exp

[
− (1.0 × 10−4Rs

) 1
2

]
, (6.5)

fbθ =
1

130
√

Pr
exp

[
−
(

Rcθ

13

)1
2

]
, (6.6)

where Rs = k/(νS) and Rcθ(= τbθk/ν) are the turbulent Reynolds numbers.

We assess the proposed algebraic formulas to substitute DNS data for Eqs. (6.3) and (6.4).

From Fig. 6.1, it can be seen that the proposed algebraic formulas are in good agreement with

the DNS results for various Reynolds number and Prandtl number flows.
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6.2 Construction of two-equation models

The models for νt and αt are similar to the AKN model (Abe et al. 1994) and the NS model

(Nagano & Shimada 1996):

νt =Cμfμ
k2

ε

{
1 +

(
40

R
3/4
t

)
exp

[
−
(

Rt

25

)1/2
]}

, (6.7)

αt =Cλfλ
k2

ε

⎧⎪⎨⎪⎩f(R) +

√
2R

Pr

55(
1 + 2

√
Pr
) 1

4

1

R
3
4
t

exp

[
−
(

Rtf(R)

12

)1
2

]⎫⎪⎬⎪⎭ , (6.8)

where the wall reflection functions used in Eqs. (6.7) and (6.8) are given as follows:

fμ =1 − exp

[
−
(

n∗

24

)2
]

, (6.9)

fλ =1 − exp
(
−7.5 × 10−4n∗ 7

4 n∗
θ

1
4

)
. (6.10)

The nondimensional wall distance n∗ (= uεn/ν) is introduced to calculate a flow with separa-

tion and reattachment (Abe et al. 1994) and n∗
θ

[
=
(
1 + 2

√
Pr
)

n∗
]

is defined by the mixed

length of the Kolmogorov and the Batchelor microscales (Nagano & Shimada 1996), where uε

is the Kolmogorov velocity scale and n is the distance between a point n and the nearest point

on all the wall surfaces in a flow field (Abe et al. 1994). Note that the use of the wall distance

does not violate the tensorial invariance, as long as the wall distance is determined uniquely in

the problem.

In addition, the modeling for the turbulent diffusion term of kθ is made by considering

the gradient-type diffusion plus convection by large-scale motion as proposed by Hattori &

Nagano (1998) and that for k accounts for the gradient-type diffusion and pressure diffusion.

It should be noted, however, that the corresponding near-wall model functions are not needed

in the dissipation-rate equations, since the proposed models adopt the algebraic formulas for

the dissipation-rates near the wall. Thus, the equations for Tε and Tεθ
are identical with the
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high-Reynolds-number turbulence models:

Tk + Πk =
∂

∂xj

[(
νt

σ∗
k

)
∂k

∂xj

]
, (6.11)

Tε =
∂

∂xj

[(
νt

σε

)
∂ε

∂xj

]
, (6.12)

Tkθ
=

∂

∂xj

[(
αt

σ∗
h

)
∂kθ

∂xj

]
+ Cθ

∂

∂xj

[
σuku�

dkn	ej

√
k kθ

√
fλ(1 − fλ)

]
, (6.13)

Tεθ
=

∂

∂xj

[(
αt

σφ

)
∂εθ

∂xj

]
, (6.14)

where dk, n	 and ej are unit vectors in the streamwise, wall-normal and xj directions, respec-

tively, and σuku�
is a sign function which is necessary to make a model independent of a coor-

dinate system (Nagano & Tagawa 1990b), i.e., σuku�
= −1 when uku	 ≤ 0: σuku�

= 1 when

uku	 > 0. Especially, in Eqs. (6.11) and (6.13), the model constants σk and σh are not constants

as observed from the DNS results near the wall. Thus we adopt the following modifications

near the wall (Nagano-Shimada 1995a; Hattori-Nagano 1998):

σ∗
k =

σk

fk

=
σk

1 + 5fw

, (6.15)

σ∗
h =

σh

fθ
=

σh

1 + 9fw
, (6.16)

where the wall reflection function fw is defined as follows:

fw = exp

[
−
(

n∗

10

)2
]

. (6.17)

The other model constants and functions used in the present new two-layer heat-transfer

model are summarized in Table 6.1.

6.2.1 Connecting the algebraic formulas

The conjunct turbulence Reynolds numbers based on τb and ν/k, Rc(= τbk/ν), and τbθ and

ν/k, Rcθ(= τbθk/ν) are employed as the switching indicators to connect the algebraic formulas

close to the wall and the two-equation modeling away from the wall. The criterion functions

are:

fc =

(
0.5

Rc

){
1 − exp

[
−1 × 104

(
Sν

Ū2
i

)]}
, (6.18)

fcθ =

(
1.0

Rcθ

){
1 − exp

[
−1 × 104

(
Sν

Ū2
i

)]}
exp

(
−
√

Rcθ

10

)
. (6.19)
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Table 6.1: Constants and functions in proposed models

Cμ Cε1 Cε2 fε

0.09 1.5 1.9 1 − 0.3 exp
[− (Rt/6.5)2

]
σk σε Cλ Cθ CP1 CP2 CD1

1.4 1.4 0.1 0.05 0.9 0.77 1.0

CD2 σh σφ fP1 fP2 fD1

0.9 1.8 1.8 1.0 1.0 1.0

fD2 f(R)

(1/CD2) (1.9fε − 1.0) 2R/(R + 0.2/Pr
1
4 )

When values of the above functions become larger than unity, the corresponding algebraic for-

mulas are used. In a typical channel flow, a point of connection is located at about y+ 
 10 for

both velocity and temperature fields.

6.3 Dscussion of predictions with proposed models

To assess the performance of the present two-layer models, several representative test cases

are calculated. The numerical technique used is the finite-volume method applied for parabolic

equations in channel and boundary layer flows (Hattori & Nagano 1995) and for elliptic equa-

tions in backward-facing step flows (Nakayama 1995). Especially, in the calculation of backward-

facing step flows, the third-order upwind difference for the convection term is used and the grid

system is staggered.

6.3.1 Channel flows with heat transfer at various Reynolds and Prandtl

numbers

Comparisons of mean velocity profiles of channel flows at various Reynolds numbers are

made between the model predictions and the DNS (Moser et al. 1999; Kim & Moin 1989;
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Kasagi et al. 1992) in Fig. 6.2. The agreement between the DNS data and the predicted results

is very good. Figure 6.5 shows the prediction for the budget of turbulent kinetic energy near

the wall, compared with the DNS data (Moser et al. 1999). It can be seen that the modeled

algebraic dissipation-rate reproduces quite well the near-wall profile given by DNS.

Figures 6.6–6.10 show the predicted profiles of mean temperature Θ̄, turbulent heat flux

vθ, temperature variance kθ, budget of kθ at Pr = 0.71, and that at Pr = 0.025, respectively.

Also, the predicted the mean temperature, turbulent heat flux and temperature variance in the

constant wall-temperature condition of various Prandtl number fluilds (Pr = 0.1, 0.71 and 2.0)

are indicated in Figs. 6.11–6.13. In a variety of Prandtl number fluids, the present predictions

for the detailed turbulent heat transport show good agreement with the corresponding DNS data

(Kasagi et al. 1992; Kasagi & Ohtsubo 1992; Kim & Moin 1989).

6.3.2 High Prandtl number fluids

The evaluations for the proposed model in the high Prandtl number fluids are shown in

Figs. 6.14 and 6.15. In comparison with experimental data (Kader 1981), it can been seen that

the proposed model reproduces adequately the mean temperature in a fully developed channel

flow of technical oil (Pr = 95 and Re = 10000). To assess the proposed model at various high

Prandtl number fluids, we have compared predictions and the following empirical equation by

Kader (1981):

Θ̄+ = Pry+ exp(−Γ) +

{
2.12 ln

[
(1 + y+)

2.5(2− y/δ)

1 + 4(1 − y/δ)2

]
+ β(Pr)

}
exp

(
− 1

Γ

)
,

(6.20)

where

β(Pr) =(3.85Pr
1
3 − 1.3)2 + 2.12 ln Pr,

Γ =
10−2(Pry+)4

1 + 5Pr3y+
.

It can been seen that the proposed model gives proper predictions of mean temperature at

various high Prandtl number fluids as shown in Fig. 6.15.
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6.3.3 Boundary layer flows with or without pressure gradients

We have calculated boundary layers with/without pressure gradients, i.e., with a zero-pressure

gradient (ZPG) and with an adverse pressure gradient (APG). Especially, since the standard log-

law, Ū+ = 2.44 ln y+ + 5.0 is not valid in an APG flow (Nagano et al. 1992), these are good

test cases for the wall function reflecting the effect of the pressure gradients. In Figs. 6.16–6.19,

the predictions of mean velocity, Reynolds shear stress, turbulence energy and dissipation rate

of turbulence energy profiles in ZPG flows are compared with the DNS (Spalart 1988) and ex-

perimental data (Nagano et al. 1992). The present predictions are in almost perfect agreement

with the experiment and the DNS data.

Predictions of flow under APG condition are shown in Figs. 6.20, 6.21 and 6.22, in com-

parison with the experimental data (Nagano et al. 1992), and the prediction with the AKN

and RMM models. Note that including the additional production term for ε due to irrotational

strains is significant in calculating APG flows (Nagano et al. 1997) as:

Dε

Dτ
=

∂

∂y

[(
ν +

νt

σε

)
∂ε

∂y

]
− ε

k

[
Cε1uv

∂Ū

∂y
+ C ′

ε1

(
u2 − v2

) ∂Ū

∂x
+ Cε2fεε

]
, (6.21)

where, u2 and v2 are calculated by the nonlinear k–ε model as shown in Chapter 5, and the

model constant is C ′
ε1 = 2.5Cε1. In the RMM model, although an empirical relation between

v2/k and the wall distance is used instead of the wall reflection function, it can not, however,

reflect the varying APG effects on mean velocity profiles as indicated in Fig. 6.20. Obviously,

the present model works very satisfactorily in flow with an APG similar to the AKN model.

6.3.4 Boundary layer flows with heat transfer

We assess the performance of the proposed two-layer models by comparing with exper-

iments and DNS in boundary layer flows with heat transfer. Mean temperature profiles in

boundary-layer flows along uniform-temperature and uniform-heat-flux walls are shown in

Fig. 6.23. The present predictions indicate good agreement with the experimental data (Gibson

et al. 1982; Antonia et al. 1977). Comparisons of the predicted mean temperature an temper-

ature variance profiles with DNS (Bell & Ferziger 1993) in various Prandtl number fluids are

shown in Figs. 6.24 and 6.25. Again, excellent agreement between the predictions and DNS

results is achieved for each profile.
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As shown in the foregoing, the proposed two-layer models accurately reproduce a funda-

mental flow system. From Fig. 6.26 and the foregoing figures, it can be seen that objectionable

disconnections between the algebraic formulas and the solutions from the transport equations

do not exist in both ε and εθ.

6.3.5 Backward-facing step flows with or without heat transfer

We have calculated a backward-facing step flow to assess the model performance in a com-

plex flow. In Fig. 6.27, the predicted mean velocities are presented, compared with the ex-

perimental data (Kasagi & Matsunaga 1995) and with the AKN and RMM model, where the

reattachment length obtained is 6.52 for the AKN model (Abe et al. 1994) and 6.26 for the

RMM model, respectively. The predicted streamline is also indicated in Fig. 6.28. The reat-

tachment length obtained is xR/H = 6.23 for the present two-layer model, which is almost

in agreement with the experimental data of xR/H = 6.51. Other turbulent quantities are also

in good agreement with the experimental data. Figure 6.29 shows the comparison of the pre-

dicted dissipation rates with the experimental data. The predicted dissipation rate gives profiles

slightly different from those of the AKN model very near the wall. This difference seems to

affect the predicted turbulent energy levels which are larger than for the AKN model in the

central recirculation region. Thus, the reattachment length is slightly underpredicted.

Finally, we have carried out a simulation of backward-facing step flow with heat transfer

reported by Vogel & Eaton (1985). The streamline, mean velocity and skin friction coefficient

in the velocity field are shown in Fig. 6.30, and mean temperature and Stanton number are

shown in Fig. 6.31, in comparison with experimental data. Note that x∗ denotes the streamwise

distance normalized by the reattachment length xR, that is x∗ = (x − xR)/xR in the figure.

The present model predicts the reattachment length xR = 6.0, which is slightly shorter than

the experimental result (=6.7). However, the NS model, which serves as the basis for the pro-

posed two-layer model, predicts a similar reattachment length in this case, for the same reasons

(Nagano & Shimada, 1996) mentioned above. Both the mean velocity and mean temperature

profiles are significant factors for the Stanton number. It can be seen that the present model

predicts well both profiles, and good accordance with the experimental data is achieved for the

Stanton number.
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Table 6.2: Assessment of calculation stability

Model AKN HN Present

Re No. itera. No. itera. No. itera.

10,000 199 55 47

20,000 98 51 46

30,000 75 49 50

40,000 68 47 50

50,000 65 46 49

100,000 58 42 49

6.3.6 Calculation stability and grid dependence

We assess the calculation stability of the present model, the AKN model which lets ε be

equal to ν (∂2k/∂y2) at a wall and the HN model (Hattori & Nagano 1995) which employs the

pseudo-dissipation ε̃ set to zero at the wall, with the calculation of channel flows at various

Reynolds numbers using the initial profiles calculated from the log-law. The results of assess-

ment are shown in Table 6.2. The proposed model can perform stable calculation as shown in

the table which includes the number of iterations with each model. When the Reynolds num-

ber becomes smaller, the number of iterations with the present model is much smaller than

with other models, since the dissipation-rate equation (2.11) is not solved near the wall for the

proposed two-layer model, whereas that for other models must be calculated in this near-wall

region.

Moreover, we assess the grid dependence of the present model predictions. For instance,

in the channel flow, the DNS at the present Reynolds number needs the number of 97 grid

points for half channel width in the normal direction (Moser et al. 1999). The Reynolds-

averaged turbulence model must give mean profiles identical to the DNS data with less grid

points. Figure 6.32 shows the dependency of grid numbers, varying from 21 to 11 for the

proposed model with JL model (Jones & Launder 1972) for comparison. From the figure, it

is evident that the present model can predict mean velocity profiles exactly with considerably

fewer grid points.
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Figure 6.5: Budget of turbulent kinetic energy
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Figure 6.12: Profiles of turbulent heat flux in various Prandtl number flows (Θ̄w=const.)
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Figure 6.15: Mean temperature profile in various high Prandtl number flows
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Figure 6.17: Profiles of Reynolds shear stress in boundary layer flows
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Figure 6.20: Distributions of mean velocity in APG flows
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Figure 6.21: Distributions of Reynolds shear stress in APG flows
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Figure 6.22: Distributions of turbulent kinetic energy in APG flows
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Figure 6.27: Comparison with experiment in backward-facing step flow: (a) mean velocity; (b)

Reynolds shear stress; (c) turbulence energy
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Figure 6.28: Predicted streamline of backward-facing step flow at ReH = 5500
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Figure 6.29: Distributions of dissipation rates in backward-facing step flow
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Figure 6.30: Computational results for velocity field in backward-step flow of Vogel & Eaton

(1985): (a) streamline; (b) mean velocity; (c) skin friction coefficient
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Figure 6.31: Comparison with experiment of Vogel & Eaton (1985) for thermal field: (a) mean

temperature; (b) Stanton number on step side wall



134 CHAPTER 6. Two-layer turbulence model for heat transfer in wall turbulent shear flows

��� ��� ���

�

��

��
���� ���� ���� ������

�=16

�=21

�
+

�

���=395
 DNS

��	
�
�
����
�
�������
�

�

�=11

�+

(a)

��� ��� ���

�

�
���� ���� ���� ���

�+

	=16

	=21

�

	=11

�

���

��
�

+ ���=395
 DNS

��	
�
�
����
�
�������
�

(b)

��� ��� ���

�

�
���� ���� ���� ���

	+


=21


=16

�

�
+

�

�=11

���

��	=395
 DNS

�	
���
�������
���������

(c)

Figure 6.32: Grid dependence of mean velocity profiles in channel flow: (a) mean velcotiy; (b)

Reynolds shear stress; (c) turbulence energy



CHAPTER 7

Nonlinear two-equation model taking into account

the wall-limiting behaviour and redistribution of

stress components

Nonlinear k–ε models have been extensively used in many technological applications (Abe

et al. 1997; Myong & Kasagi 1990b; Craft et al. 1997; Apsley & Leschziner 1998; Suga

& Abe 2000). The existing low-Reynolds-number nonlinear k–ε models, however, can not

satisfy the requirement for the wall-limiting behaviour of the Reynolds stress component, u2
2,

in the wall-normal direction, x2, which should be proportional to x4
2 near the wall. Since the

wall-limiting behaviour of Reynolds normal stress components expressed in the nonlinear k–ε

model are determined by the turbulence energy, k, which appears in the lowest order term in the

model, the Reynolds stress components, u2
1, u2

2 and u2
3 are proportional to x2. Especially in the

prediction of turbulent heat-transfer phenomena of a wall-bounded flow, the Reynolds normal

stress component of the wall-normal direction, u2
2, is the most important turbulent quantity. This

is because u2
2 is included in the production of turbulent heat-flux (Launder 1988), and also in the

turbulent diffusion term modeled using the generalized gradient diffusion hypothesis (GGDH)

(Launder 1988; Daly & Harlow 1970) in the wall-bounded flow. Therefore, the modeled u2
2

should be satisfied the wall-limiting behaviour vicinity of the wall for the requirement of a

quantitative prediction of heat transfer phenomena in the wall-bounded flow. Moreover, in

order to satisfy the mathematical requirement of a turbulence model in the wall-bounded flow,

exactly reproducing the wall-limiting behaviour of the Reynolds stress components should be

needed. On the other hand, regarding the redistribution of the Reynolds stress components (i.e.,

anisotropy in Reynolds normal stress components near the wall which is also essential for of a

135
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prediction of a turbulent flow), the current nonlinear k–ε models are not sufficient to reproduce

proper anisotropy in Reynolds normal stress components near the wall.

In this Chapter, in order to explore typical problems for the existing low-Reynolds-number

nonlinear k–ε models, we have assessed the nonlinear models by using the direct numerical

simulation (DNS) database in the inertial (Kasagi et al. 1992; Moser et al. 1999) and nonin-

ertial frame (Nishimura & Kasagi 1996) (here the rotating channel flow, which is the typical

noninertial frame, is adopted). Then, on the basis of the assessment result, we have proposed a

new expression of Reynolds stress in a low-Reynolds-number nonlinear k–ε model which ex-

actly satisfies the wall-limiting behaviour of Reynolds normal stress components and predicts

the anisotropy near the wall in both the inertial and noninertial frames.

7.1 Assessment of nonlinear two-equation models

In order to clarify the performance and underlying problems of the existing nonlinear k–ε

models, we have evaluated them using DNS databases in the fully developed two-dimensional

channel flow of Kasagi et al. (1992) (Reτ = 150) and Moser et al. (1999) (Reτ =590 where

Reτ = uτδ/ν is the Reynolds number based on the friction velocity, uτ , and the channel half

width, δ) for the inertial frame, and in the fully developed channel flow with spanwise rotation

(Re∗τ = 150 and Roτ = 2.5 where Re∗τ = u∗
τδ/ν is the Reynolds number based on the averaged

friction velocity of both walls, u∗
τ , and the channel half width, δ; and Roτ = 2Ωδ/u∗

τ is the

rotation number based on u∗
τ , δ and the angular velocity, Ω) (Nishimura & Kasagi 1996) for the

noninertial frame as shown in Fig. 7.1. In the evaluation, the DNS data are given to the model

expression of Reynolds stress except for uiuj, i.e., the correct mean velocity, turbulence energy

and dissipation rate of turbulence energy are specified. Therefore, we can obtain the exact

behaviour of the model expression of Reynolds stress. We have evaluated five low-Reynolds-

number nonlinear k–ε models, which are the quadratic type models of the kind proposed by

Abe, Kondoh and Nagano (1997) (hereinafter referred to as the NLAKN model) and Myong

and Kasagi (1990b) (NLMK), and the cubic type model proposed by Craft, Launder and Suga

(1997) (NLCLS), Apsley and Leschziner (1998) (NLAL) and Suga and Abe (2000) (NLSA).

These model functions and constants in Eq. (2.6) are listed in Table 7.1.

Figures 7.2–7.5 show the assessment results for the Reynolds stress expressions u2
2, u2

1, u2
3
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Table 7.1: Model constants and functions of nonlinear models

Model C0 C1 C2 C3 C4

NLAKN
(quadratic)

1
fR

4CD

fR

4CD

fR
0 0

NLMK
(quadratic) 1 0.95Cμfμ 1.1Cμfμ 0.2Cμfμ 0

NLCLS
(cubic) 1 0.44Cμ

fq

fr
−0.2Cμ

fq

fr
0.84Cμ

fq S̃

fr(S̃ + Ω̃)/2
−6.4Cμfc

NLAL
(cubic)

1
fc

(ã11 − ã22)
σ̃2

f2
p

6 (ã11 + ã22)
σ̃2

f2
p 0 6

Cμ

fc

(
β̄

σ̃

)(
γ̄

σ̃

)
f2
p

NLSA
(cubic) 1 0.44fq −0.2fq 1.68fq

S̃

S̃ + Ω̃
−3.2fc

Model C5 C6 C7 Aij τR

NLAKN 0 0 0 0
νt

k

NLMK 0 0 0
2
3
ν

k

ε
Aij(n, m)

(
∂
√

k

∂xn

)2
k

ε

NLCLS 0 −4Cμfc 4Cμfc 0
k

ε̃

NLAL −6
Cμ

fc

(
γ̄

σ̃

)2

f2
p −4

3
Cμ

fc

(
β̄

σ̃

)2

f2
p −2

Cμ

fc

(
γ̄

σ̃

)2

f2
p 0

k

ε

NLSA 0 −4fc 4fc cakAij
k

ε̃

Model Cμ fμ

NLAKN 0.12 [1 − fw(26)]

⎡⎣1 +

⎛⎝ 35

R
3
4
t

⎞⎠ fd

⎤⎦
NLMK 0.09

(
1 +

3.45√
Rt

)[
1 − exp

(
−y+

70

)]
NLCLS

0.667rη

{
1 − exp

[
−0.415 exp

(
1.3η

5
6

)]}
1 + 1.8η

1

NLAL
−ã12

σ̃
fp 1

NLSA 0.09CμACμRt
CμS 1
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Table 7.1: (continued)

NLAKN fB = 1 + Cη (CDνt/k)2
(
Ω2 − S2

)
, fd = exp

[
− (Rt/30)

3
4

]
fR = 1 + (CDνt/k)2

[
(22/3)Ω2 + (2/3)

(
Ω2 − S2

)
fB

]
, fw(ξ) = exp[−(n∗/ξ)2]

n∗ = uεn/ν, uε = (νε)
1
4 , S2 = SijSij, Ω2 = ΩijΩij , Cη = 5.0, CD = 0.8

NLMK Aij(n, m) = −δij − δinδjn + 4δimδjm; n : wall-normal direction, m : streamwise direction

NLCLS A2 = aijaji, aij = uiuj/k − 2δij/3, S̃ = (k/ε̃)
√

2SijSij, Ω̃ = (k/ε̃)
√

2ΩijΩij

fc = r2
η/
(
1 + 0.45η2.5

)
fr =

{
1.1
√

ε̃/ε
[
1 − 0.8 exp

(
−R̃t/30

)]}
/
(
1 + 0.6A2 + 0.2A3.5

2

)
fq = rη/

√
1 + 0.0086η2, rη = 1 +

{
1 − exp

[−(2A2)3
]} [

1 + 4
√

exp
(
−R̃t/20

) ]
R̃t = k/(νε̃), ε̃ = ε − 2ν

(
∂
√

k/∂xj

)2
, η = rη max(S̃, Ω̃)

NLAL ã11 = 1 + 0.42 exp
(
0.296x∗

2

1
2 − 0.040y∗

)
− 2/3

ã22 = 0.404
[
1 − exp

(−0.001x∗
2 − 0.000147x∗

2
2
)]− 2/3

ã12 = 0.3
[
1 − exp

(
−0.00443x∗

2

1
2 − 0.0189x∗

2

)]
f0 = 1 + 1.25 max

(
0.09σ̃2, 1.0

)
, fc =

[
1 + (1/3)β̄2 − γ̄2

]
fp = 2f0/

[
1 +

√
1 + 4f0(f0 − 1)(σ/σ̃)2

]
, x∗

2 = x2

√
k/ν

σ = (k/ε)
√(

∂Ūi/∂xj

)2
σ̃ = 3.33 [1 − exp (−0.45x∗

2)]
[
1 + 0.277x∗

2

3
2 exp (−0.088x∗

2)
]

β̄ = 0.22, γ̄ = 0.62

NLSA A = 1− (9/8)(A2 − A3), A2 = aijaji, A3 = aijajkaki, aij = uiuj/k − 2δij/3

Aij = c′a (k/ε̃)2
[(

∂
√

Ak/∂xi

)(
∂
√

Ak/∂xj

)
− δij

(
∂
√

Ak/∂xk

)(
∂
√

Ak/∂xk

)
/3
]

ca = −
[
(8/3)

1
2 fa

]
/
[
1 + 2 (AijAij)

1
2

]
, c′a = 1/

[
1− exp

(
−R̃t/30

)]
CμA = min

[
1.05, 1.2 {1 − exp [−A − (A/0.6)α]} + 0.18 [1 − exp(−10A)]

1
2

]
CμRt

= 1 + 2A exp
(−R2

t /8100
)
, CμS = min [1, 1.2/(1 + 0.06η)]

fa = exp
[
−
(
S̃/2.2

)2
]

, fc =
[
(2/3)r3

η

]
/
[
(1 + 1.8η)(1 + 0.45η2.5)

]
fq =

[
(2/3)r2

η(1 − fa)
]
/
[
(1 + 1.8η)(1 + 0.0086η2)

1
2

]
rη = 1 + 0.9

[
1 + 0.4β exp (−Rt/5)

1
4

]
exp

[
− (A/0.7)2

]
, R̃t = k/(νε̃)

S̃ = (k/ε̃)
√

2SijSij, Ω̃ = (k/ε̃)
√

2ΩijΩij

α = 1 + 2.6 min [1, Rt/200] , β = min
[
10, max(0, S̃ − 5)

]
,

ε̃ = ε − 2ν
(
∂
√

k/∂xj

)2
, η = rη max(S̃, Ω̃)
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and u1u2 near the wall in the channel flows. Note that the Reynolds normal stresses of the all

models are expressed to include the quadratic mean velocity gradients in such cases as follows:

u2
1 =

2

3
k + C1kτ 2

R (Ω12S21 + Ω12S21)

+ C2kτ 2
R

(
S12S21 − S2

3

)
+ C3kτ 2

R

(
Ω12Ω21 − Ω2

3

)
+ A11, (7.1)

u2
2 =

2

3
k + C1kτ 2

R (Ω21S12 + Ω21S12)

+ C2kτ 2
R

(
S21S12 − S2

3

)
+ C3kτ 2

R

(
Ω21Ω12 − Ω2

3

)
+ A22, (7.2)

u2
3 =

2

3
k + C2kτ 2

R

(
−S2

3

)
+ C3kτ 2

R

(
−Ω2

3

)
+ A33, (7.3)

where S2 = SmnSmn and Ω2 = ΩmnΩmn. Therefore, the both quadratic and cubic models are

of an identical expression for the Reynolds normal stress components.

The NLAKN model can not reproduce anisotropy adequately near the wall, while the NLMK

and NLCLS models give negative values for the Reynolds normal stress components u2
2 and u2

3

as shown in Figs. 7.2(b)(c) and 7.4(b)(c). Thus, these models do not satisfy the realizability

constraint for the Reynolds normal stress. Evaluations of the modeled Reynolds shear stress

are shown in Figs. 7.2(d) and 7.3(d). Note that the cubic type models include the cubic mean

velocity gradients in the expression, and the quadratic type models do not:

u1u2 = − 2C0νtS12

quadratic model

+ C5kτ 3
R (Ω12Ω21S12 + S12Ω21Ω12) + C6kτ 3

RS12S
2 + C7kτ 3

RS12Ω
2

cubic model . (7.4)

In Figs. 7.2(d) and 7.4(d), it can be seen that the NLMK, NLCLS and NLAL overpredict

the Reynolds shear stress near the wall for an insufficient reflection of wall effects.

The wall-limiting behaviour of turbulence is given by the Taylor-series expansion of turbu-

lent quantities near the wall as: u2
1 ∝ x2

2, u2
2 ∝ x4

2, u2
3 ∝ x2

2, u1u2 ∝ x3, k ∝ x2
2 and ε ∝ x0

2

. It is confirmed from Figs. 7.3(b) and 7.5(b) that only the NLMK model satisfies the wall-

limiting behaviour of u2
2 though it does not fulfill the realizability conditions. The wall-limiting

behaviour of the Reynolds shear stress is indicated in Figs. 7.3(d) and 7.5(d). Since the NLCLS

and NLSA models adopt the quasi dissipation-rate, i.e., ε̃ [= ε − 2ν(∂
√

k/∂xj)
2] which is ex-

actly proportional to x2
2 in the definition itself, but often it is proportional to x1

2 with the solved
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equations (Nagano & Hishida 1987), the models do not satisfy the wall-limiting behaviour of

u1u2.

In the rotating channel flow (noninertial frame), the evaluations of the Reynolds stress com-

ponent expressions are shown in Figs. 7.6–7.9, in which the results are indicated on both the

pressure and suction sides. Moreover, no models satisfying both the wall-limiting behaviour and

the anisotropy of the normal stress components are observed from the figures. Obviously, the

flow tends to laminarize on the suction side, and though the NLAL model retains the realizabil-

ity constraint for the Reynolds normal stress in the assessments of the inertial frame, the model

can not fulfill the realizability conditions on the suction side in the noninertial frame. Regard-

ing the prediction of the Reynolds shear stress, it can be seen that all models give insufficient

predictions as shown in Figs. 7.6(d) and 7.7(d).

From these evaluations of the Reynolds stress expressions in the low-Reynolds-number non-

linear k–ε models, it is evident that models satisfying both the wall-limiting behaviour and

anisotropy of the Reynolds normal stress components do not exist.

7.2 Proposal of nonlinear eddy viscosity model

From the results of model assessment, we have confirmed that the NLMK model (Myong

& Kasagi 1990b) satisfies the wall-limiting behaviour, but that it gives a negative value of u2
2

near the wall. Since the additional term proposed by Myong and Kasagi (1990b) includes the

unit tensors which determine the streamwise and wall-normal directions, the model may be

difficult to handle for an analysis of fluid flows along complex shapes. In this study, on the

basis of the physical consideration of turbulence, we have improved the NLAKN model (Abe

et al. 1997) to reproduce the wall-limiting behaviour and anisotropy of the Reynolds normal

stress components near the wall.

The Reynolds stress expression is modified to represent the original part as well as the

wall reflection part, similar to a wall-reflection term for the pressure-strain correlation in the

Reynolds stress model, as follows:

uiuj =
2

3
kδij − 2C0νtSij + Qo + Qw, (7.5)
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where

Qo = C1kτ 2
Ro(WjkSki + WikSkj) + C2kτ 2

Ro

(
SikSkj − δij

3
SmnSmn

)
, (7.6)

Qw = C ′
1kτ 2

Rw(WjkSki + WikSkj) + C ′
2kτ 2

Rw

(
SikSkj − δij

3
SmnSmn

)
, (7.7)

where C ′
1 and C ′

2 are the model constants for the wall-reflection term, and Wij = Ωij + εmjiΩm

is used for satisfying the MFI in the noninertial frame (Speziale et al. 1997). The quantity

τRo(= νt/k) is the characteristic time-scale defined in the original model (Abe et al. 1997), and

the time-scale τRw in the wall-reflection part, Qw, should be modeled to improve the near-wall

behaviour. We have considered typical wall shear flows with/without the spanwise rotation, in

which the mean shear ∂Ū1/∂x2 is the dominant parameter. Thus, in the wall-normal direction,

the Reynolds stress component should satisfy the following equation from the relation between

the model expression for u2
2 in Eq. (7.5) and the Taylor-series expansion in Eqs. (2.4)–(2.22).

u2
2 =

2

3
k+kτ 2

Ro

[
C1(−2S12W12) + C2

S12S12

3

]
+kτ 2

Rw

[
C ′

1(−2S12W12) + C ′
2

S12S12

3

]
, (7.8)

where we have set the model constants C ′
1 = C1 and C ′

2 = C2, respectively, and C1 = C2 =

4CD/fR in the original model (Abe et al. 1997), thus,

αvx
4
2 + · · · =

2

3
βvx

2
2 − βvx

2
2(τ

2
Ro + τ 2

Rw) [2C1 (CS0 + CS1x2) (CS0 + CΩ1x2 − Ω3)

−C2(CS0 + CS1x2)
2/3

]
+ · · · , (7.9)

here αv , βv and γv are the coefficients which occur in the Taylor-series expansion of turbulent

quantities as follows:

αv =c2
2 = (1/4)(∂2u2/∂x2

2)
2
, (7.10)

βv =(b2
1 + b2

3)/2, (7.11)

γv =2(CS0 + CS1x2)(5CS0/6 + CΩ1x2 − CS1x2/6 − Ω3). (7.12)

Therefore, the following relation should hold:

αvx
4
2 + · · · =

2

3
βvx

2
2 − C1βvx

2
2τ

2
Rwγv − C1βvx

2
2τ

2
Roγv + · · · . (7.13)
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Consequently, to balance the above equation in the order of x4
2, the characteristic time-scale

τRw should satisfy the following relation.

τRw =

√
1

C1

(
2

3
− αv

βv

x2
2

)
1

γv

. (7.14)

where αv , βv and γv should be modeled.

First, we have modeled αv in Eq. (7.14) with x2
2 using the velocity scale

√
k and a length

scale � as follows:

αvx
2
2 = c2

2x
2
2 =

1

4

(
∂2v

∂x2
2

)2

x2
2 


1

4
Cv

k

�2
, (7.15)

where Cv is the model constant, and the length scale � is represented as the Kolmogorov micro

scale, ν
3
4 /ε

1
4 , we obtain:

1

4
Cv

k

�2
=

1

4
Cv

k

ν
3
2 /ε

1
2

. (7.16)

The following relation is obtained with Eqs. (2.13) and (2.14) for the coefficient β in

Eq. (7.14):

βv =
b2
1 + b2

3

2

 ε

2ν
. (7.17)

Therefore, (αv/βv)x
2
2 in Eq. (7.14) is modeled as follows:

αv

βv
x2

2 

1

4
Cv

k

ν
3
2 /ε

1
2

2ν

ε
=

1

2
Cv

√
Rt, (7.18)

where Rt = k2/(νε) is the turbulent Reynolds number.

On the other hand, regarding the coefficient of Taylor series expansion for the mean velocity

gradient, the following relations hold:

S2 = SijSij 
 2(CS0 + CS1x2)
2, (7.19)

W 2 = WijWij 
 2(CS0 + CΩ1x2 − Ω3)
2. (7.20)

By this relation, the coefficient γ in Eq. (7.14) can be represented as follows:

γv 
 W 2

2
+

S2

3
−
(√

S2

2
−
√

W 2

2

)2

, (7.21)
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where in order to avoid a negative value of the equation (7.21), we have adopted the model

function fv1 which goes to 0 away from the wall, when the mean velocity gradient ∂Ū1/∂x2

goes to 0.

γv 
 fSW =
W 2

2
+

S2

3
−
(√

S2

2
−
√

W 2

2

)2

fv1. (7.22)

Consequently, the characteristic time-scale τRw is modeled as follows:

τRw =

√
2

3

1

C1fSW

(
1 − 3Cv

√
Rt

8

)
. (7.23)

Moreover, the characteristic time-scale τRw should be a positive. However, the above model

may give a negative value when Rt goes to infinity. Thus, in order to avoid a negative value of

the τRw, we have finally adopted the following formulation for the τRw.

τRw =

√
2

3

1

C1fSW

(
1 − 3Cv1fv2

8

)
f2

v1, (7.24)

where fv2 = 1 − exp
(−√

Rt/Cv2

)
and fv1 = fw(40). Since fv2 becomes 1 at Rt → ∞,

the model constant Cv1 should satisfy the inequality 3Cv1/8 < 1 at this condition in order to

avoid the negative value of τRw. Near the wall, since 3Cv1fv2/8 
 3Cv1(
√

Rt/Cv2) holds, the

relation between Eq. (7.23) and Eq. (7.24) gives Cv = Cv1/Cv2. Thus, referring to substituting

DNS data (Moser et al. 1999) for Eq. (7.18), we have set the model constants Cv1 = 0.4 and

Cv2 = 2 × 103 on the basis of the numerical optimization in various flows.

The model function fw(ξ) is the wall-reflection function proposed by Abe et al. (1994) as

follows:

fw(ξ) = exp

[
−
(

n∗

ξ

)2
]

, (7.25)

where n∗ is the dimensionless distance defined as n∗ = (νε)
1
4 n/ν, and fw(40) = fv1 means

exp
[− (n∗/40)2

]
. Note that the wall distance n is defined as “the distance between that point

and the nearest point on the whole surface in a flow field” (Abe et al. 1997).

The model constants and functions in the proposed model are listed in Table 7.2.

7.3 Results and discussion of proposed model

The evaluations for the proposed model are shown in Figs. 7.10 and 7.11 in the inertial

frame. In Fig. 7.10, the proposed model can reproduce the rational anisotropy of a Reynolds
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Table 7.2: Model constants and functions of the proposed model

C0 C1 C2 C ′
1 C ′

2 CD Cv Cv1 Cv2 Cμ Cη

1

fR

4CD

fR

4CD

fR
C1 C2 0.8

Cv1

Cv2
0.4 2 × 103 0.12 5.0

fB fR

1 + Cη (CDτRo)
2 (W 2 − S2) 1 + (CDτRo)

2

[
22

3
W 2 +

2

3
(W 2 − S2) fB

]

fSW fv1 fv2 fw(ξ)

W 2

2
+

S2

3
−
(√

S2

2
−
√

W 2

2

)2

fv1 fw(40) 1 − exp

(
−
√

Rt

Cv2

)
exp

[
−
(

n∗

ξ

)]

fμ τRo τRw

[1 − fw(26)]

{
1 +

(
35

R
3
4
t

)
exp

[
−
(

Rt

30

)3
4

]}
νt

k

√
2

3

1

C1fSW

(
1 − 3Cv1fv2

8

)
f2

v1

normal stress component in comparison with the original model (Abe et al. 1997). Moreover,

in comparison with DNS (Kasagi et al. 1992; Moser et al. 1999), it can be seen that the

proposed model reproduces the rational anisotropy of the Reynolds normal stress components

and exactly satisfies their wall-limiting behaviour. Distributions of the proposed characteristic

time-scale τRw are shown in Fig. 7.12. On the wall-affected region, it can be seen that the

Reynolds normal stresses are subject to the proposed time-scale. In particular, the wall-normal

stress component, u2
2, is suppressed with τRw for the balance of the equation. Thus, the proper

anisotropy of the Reynolds normal stress component near the wall can be reproduced by the

proposed model.

Next, we have performed an a priori test for the proposed model in the rotating channel

flow (Reτ = 150 and Roτ = 2.5) which is typical case of the noninertial frame. Figure 7.13(a)

shows the rms velocity fluctuations predicted by proposed model. That model gives the appro-
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priate Reynolds normal stress components on both the pressure and suction sides in compari-

son with the DNS (Nishimura & Kasagi 1996). The characteristic time-scales in the rotating

channel flow are shown in Fig. 7.13(b). On the suction side, since the flow tends to laminar-

ization, a time scale of turbulence becomes shorter than on the pressure side. It can be seen

that these time scales of the proposed model capture this tendency. Therefore, the proposed

model yields proper prediction on the both pressure and suction sides. The wall-limiting be-

haviour of Reynolds normal stress components on both sides is indicated in Figs. 7.13(c) and

(d). Obviously, the proposed model exactly reproduces them.

Though it is clear in the previous section that the existing nonlinear turbulence models can

not satisfy the wall-limiting behaviour and anisotropy of the Reynolds normal stress compo-

nents near the wall in both the inertial and noninertial frames, the present model can reproduce

adequately these in the both frames. This confirms that the proper modelling was achieved

for the Reynolds stress expression of the nonlinear model, in which we have adopted the wall-

reflection term, Qw in Eq. (7.5), and for the new characteristic time-scale, τRw .

In addition, in order to explore the performance of the proposed model, we have applied

it to a Couette-Poiseuille channel and backward-facing step flows as shown in Fig 7.14. For a

Couette-Poiseuille channel flow, the DNS database (Kuroda et al. 1994) is available to provide

the Reynolds number based on the moving wall velocity, Ūw, is Rew = Ūwδ/ν = 3000. Fig-

ure 7.15 shows the assessment result of the proposed model in the Couette-Poiseuille channel

flow. Since the weak mean velocity gradient exists on the moving-wall side, turbulence de-

creases on that side. It can be seen that the predicted Reynolds normal stress components are

good agreement with the DNS data on both the moving-wall and stationary sides. In addition,

the wall-limiting behaviour of the Reynolds normal stress components are satisfied exactly on

the both sides.

Finally, we have tried to assess the proposed model in the backward-facing step flow. Since

the proposed model does not contain the unit tensors to indicate flow directions, the wall-

limiting behaviour of wall-normal Reynolds stress component, which is proportional to the

fourth power of wall-normal direction, must be obtained automatically by determining merely

the distance from the wall for the wall-reflection function in Eq. (7.25). Therefore, we have

confirmed the performance of the proposed model in the flow which has two walls in different

directions, i.e., a backward-facing step flow as shown in Fig. 7.14(b). Although the database
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of the backward-facing step flow has been presented (e.g. Kasagi & Matsunaga 1995), the data

toward the streamwise direction from the perpendicular wall has never been supplied. Thus,

we have employed the prediction of the trustworthiest turbulence model proposed by Abe et al.

(1994) for the assessment. The flow condition of the assessment is identical with the experiment

(Kasagi & Matsunaga 1995). Figure 7.16 shows the wall-limiting behaviour of the proposed

model near two-direction walls, i.e., one is parallel to the streamwise direction, x1, and the

other is perpendicular to the x1 axis. On the parallel wall, the Reynolds stress component of

wall-normal direction is u2
2, and on the perpendicular wall it is u2

1. Obviously, the proposed

model automatically reproduces the Reynolds stress component in the wall-normal direction,

with u2
2 ∝ (x2/h)4 on the parallel wall and u2

1 ∝ (x1/h)4 on the perpendicular wall.
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Figure 7.1: Flow geometry in a channel flow with/without rotation.
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Figure 7.2: A priori test for Reynolds stress expressions near wall (Reτ = 150); (a) u2
1, (b) u2

2,

(c) u2
3, (d) −u1u2.



CHAPTER 7. The wall-limiting behaviour and redistribution of stress components 149

���� ��� ��� ���
��

��

�

�

�

���=150������

�����

�����	

�����

���	�

�2
+

�
32+

�
�	

(c)

(d)

Figure 7.2: (continued)



150 CHAPTER 7. The wall-limiting behaviour and redistribution of stress components

���� ���� ��� ��� ���
����

����

����

��� ���=150
�

12 + ����

��	
��

��	��

��	
	�

��	
	

��	�


�2
+

�2
+2

(a)

���� ���� ��� ��� ���
����

����

����

��� ���=150

���	

��
���

��

�

��
�
	

��
�


��
	�

�2
+4

�2
+

�
22+

(b)

Figure 7.3: A priori test for wall-limiting behaviour of Reynolds stress expressions (Reτ =

150); (a) u2
1, (b) u2

2, (c) u2
3, (d) −u1u2.



CHAPTER 7. The wall-limiting behaviour and redistribution of stress components 151

���� ���� ��� ��� ���
����

����

����

���

���=150

��	


�	��
	

�	��


�	���


�	���

�	�
�

�2
+

�
32+

�2
+2

(c)

(d)

Figure 7.3: (continued)
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Figure 7.4: A priori test for Reynolds stress expressions near wall in channel flow (Reτ = 590);
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2, (c) u2
3, (d) −u1u2.
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Figure 7.5: A priori test for wall-limiting behaviour of Reynolds stress expressions in channel

flow (Reτ = 590); (a) u2
1, (b) u2

2, (c) u2
3, (d) −u1u2.
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Figure 7.6: A priori test for Reynolds stress expressions in rotating channel flow on pressure

side (Reτ = 150,Roτ = 2.5); (a) u2
1, (b) u2

2, (c) u2
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Figure 7.6: (continued)
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Figure 7.7: A priori test for Reynolds stress expressions in rotating channel flow on suction side

(Reτ = 150,Roτ = 2.5); (a) u2
1, (b) u2

2, (c) u2
3, (d)u1u2.
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Figure 7.7: (continued)
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Figure 7.8: A priori test for wall-limiting behaviour of Reynolds stress expressions in rotating

channel flow on pressure side (Reτ = 150,Roτ = 2.5); (a) u2
1, (b) u2

2, (c) u2
3, (d)−u1u2.
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Figure 7.8: (continued)
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Figure 7.9: A priori test for wall-limiting behaviour of Reynolds stress expressions in rotating

channel flow on suction side (Reτ = 150,Roτ = 2.5); (a) u2
1, (b) u2

2, (c) u2
3, (d)u1u2.
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Figure 7.9: (continued)
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Figure 7.10: A priori test for the proposed Reynolds stress expression in channel flow (Reτ =

150); (a) velocity fluctuations near wall, (b) wall-limiting behaviour.
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Figure 7.11: A priori test for the proposed Reynolds stress expression in channel flow (Reτ =

590); (a) velocity fluctuations near wall, (b) wall-limiting behaviour.



166 CHAPTER 7. The wall-limiting behaviour and redistribution of stress components

���� ���� ��� ��� ��� ���
����

����

����

���

�2
+

��� 590  150
��� � �
��� �

�
�

+
, �

�
�

+

Figure 7.12: Distributions of time scale of the proposed model in channel flows
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Figure 7.13: A priori test for the proposed model in rotating channel flow (Reτ = 150,

Roτ = 2.5); (a) rms velocity fluctuations, (b) time scales, (c) wall-limiting behaviour of nor-

mal stress components (pressure side), (d) wall-limiting behaviour normal stress components

(suction side).
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Figure 7.13: (continued)
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(a)

(b)

Figure 7.14: Flow geometries; (a) Couette-Poiseuille channel flow, (b) backward-facing step

flow.
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(a)

Figure 7.15: A priori test for the proposed Reynolds stress expression in Couette-Poiseuille

channel flow (Rew = 3000); (a) Reynolds stress components, (b) wall-limiting behaviour

(moving-wall side), (c) wall-limiting behaviour (stationary-wall side).
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Figure 7.15: (continued)
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Figure 7.16: A priori test for the proposed Reynolds stress expression in backward-facing step

flow (Reh = 5500); wall-limiting behaviour (a) on parallel wall (b) on perpendicular wall.



CHAPTER 8

An improved turbulence model for rotating shear

flows

Rotating shear flows are encountered in many technological applications such as turboma-

chinery. Therefore, it is important to know the mechanism and detail of the flow with rotation

for the relevant applications. However, it is extremely difficult to measure a rotating flow, so

direct numerical simulation (DNS) is utilized for examining a typical rotating flow, and a tur-

bulence model is useful for predicting realistic rotating flows. Especially, two-equation models,

in particular the non-linear k–ε model, are very effective for solving various flow problems en-

countered in technological applications. In channel flows with rotation, however, the explicit

effects of rotation only appear in the Reynolds stress components. The exact equations for k and

ε do not have any explicit terms concerned with the rotating effects. Moreover, a Coriolis force

vanishes in the momentum equation for a fully developed channel flow with spanwise rotation.

Consequently, in order to predict rotating channel flows, after proper revision the Reynolds

stress equation model (RSM) or the non-linear eddy viscosity model (NLEVM) should be used.

In this Chapter, we improve the non-linear k–ε model so as to predict rotating channel flows.

In the modelling, the wall-limiting behaviour of turbulence is also considered. First, we evalu-

ated the non-linear k–ε model using the DNS database for a fully developed rotating turbulent

channel flow. Next, we assessed the non-linear k–ε model at various rotation numbers. Finally,

based on these assessments, we reconstruct the non-linear k–ε model to calculate rotating shear

flows, and the proposed model is tested in various rotating shear flows.

173
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8.1 Evaluation of modeled equations in rotating channel flows

First, we evaluate the modeled ε–equations of importance for determining the time-scale,

and the modeled expressions for Reynolds shear stress by using the trustworthy DNS data of

Nishimura and Kasagi (1996) in the fully developed channel flow with spanwise rotation as

shown in figure 8.1. Figure 8.2 shows the results of assessment for ε-equations in the rotating

channel flow. The AKN model (Abe et al. 1994), which is a linear eddy viscosity model, is

included for comparison. It can be seen that the NLAKN slightly overpredicts the ε near the

wall on the pressure side. On the suction side, however, none of the ε models give quantitative

agreement with the DNS.

Next, we explore the rotation number dependence of the model prediction with the aid of

the DNS data from Kristoffersen & Andersson (1993). The evaluation has been performed at

different rotation numbers (Roτ = 2Ωδ/uτ ; δ is the channel half width and uτ is the friction

velocity) from 3.05 to 7.63. Figure 8.3 shows the predictions of the NLAKN model at various

rotation numbers in comparison with the DNS. It is well known that a region exists in a rotating

channel where the vorticity ratio, S = −2Ω/(dŪ/dy), becomes S = −1, which represents

neutral stability (Kristoffersen & Andersson 1993; Johnston et al. 1972). This relation yields

the following equation:

U
+

= Roτ

(y

δ

)
+ C. (8.1)

The mean velocity profile with the gradient Roτ indeed exists in the region of neutral stability

in the DNS. However, in order to satisfy the DNS-based relation with the NLAKN model, a

rotation number about three times as large as the DNS has to be provided in the calculation,

thus indicating the weak rotation number dependence of the NLAKN model.

We have also assessed the model performance at a much higher rotation number (Lamballais

et al. 1996). The rotation number based on the mean velocity, the channel half width and the

angular velocity (= 2Ωδ/Um) is 1.5, which is larger than the maximum value (Ro = 0.5) of

the above DNS (Kristoffersen & Andersson 1993), and the corresponding Reynolds number (=

2Ūmδ/ν) is 3750. However, in the calculations using the NLAKN model, the rotation number

4.2 is used for the above-mentioned reason. From figure 8.4, it can be seen that the model

can not represent laminarization phenomena on the suction side, i.e., no observable vanishing

of either the turbulence energy or the Reynolds shear stress. From these results, it can be
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concluded that predictions from the existing non-linear k–ε model indicate weak dependence

on the rotation number.

On the other hand, the expressions for Reynolds shear stress of several nonlinear models are

evaluated as shown in the previous Chapter (see Chapter 7).

As demonstrated in the foregoing, there are crucial weak points in the NLAKN model for

the prediction of rotating flows, which should be amended.

8.2 Reconstruction of turbulence model

In this section, we reconstruct the NLAKN model based on the above-mentioned evaluation.

In order to satisfy the wall-limiting behaviour of normal stress components in the NLEVM, the

Reynolds stress expression is modified to represent the original part and the wall-reflection part,

similar to a wall-reflection term for the pressure-strain correlation in the Reynolds stress model

referred to by Hattori et al. (2002), as follows

uiuj =
2

3
kδij − 2νtSij + Qo + Qw, (8.2)

where

Qo =
4CD

fR
kτ 2

Ro

[
(SikΩkj − ΩikSkj) −

(
SikSkj − δij

3
SmnSmn

)]
, (8.3)

Qw =
4CD

fR
kτ 2

Rw

[
(SikΩkj −ΩikSkj) −

(
SikSkj − δij

3
SmnSmn

)]
. (8.4)

Here τRo(= νt/k) is the original part of the time scale defined by NLAKN (Abe et al. 1997),

and τRw is introduced to satisfy the wall-limiting behaviour. The time scale τRw is modelled in

consideration of the wall-limiting behaviour of the normal stress components as follows:

τRw =

√
2

3

1

C1fSW

(
1 − 3Cv1fv2

8

)
f2

v1, (8.5)

where the model functions fv1 = exp
[− (Rtm/45)2] and fv2 = 1 − exp

(−√
Rt/Cv2

)
and the

model constants C1 = 4CD/fR, Cv1 = 0.4 and Cv2 = 2 × 103 are introduced to avoid the

negative value of Eq. (8.5)，when Rt → ∞ (if Rt → ∞, fv2 becomes 1. Thus, the proposed

model constant Cv1 satisfies the inequality 3Cv1/8 < 1). The formulation fSW in Eq. (8.5) is

given by:

fSW =
W 2

2
+

S2

3
− fΩ

SW . (8.6)
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fΩ
SW is related with the rotation number defined as follows:

fΩ
SW =

[(√
S2

2
−
√

W 2

2

)
fw(1)

]2

. (8.7)

This represents Ω2
k implicitly in the rotating channel flows. By introduction of the time scale

τRw, the wall-limiting behaviour of normal stress components is satisfied, i.e., u2 ∝ y2, v2 ∝ y4

and w2 ∝ y2.

The modified turbulence Reynolds number Rtm is proposed in Eq. (8.5) for capturing the

laminarization phenomena on the suction side as follows:

Rtm =
Ctmn∗R1/4

t

CtmR
1/4
t + n∗

, (8.8)

where Ctm is the model constant set at 1.3 × 102.

Next, in order to modify the rotation number dependence of the model, we adopt the

rotation-influenced additional term of Shimomura (1989) in the ε–equation, which can rep-

resent the asymmetry in turbulence quantities of rotating channel flows:

R = CΩfΩkεij	WijΩ	. (8.9)

where CΩ = −0.045, and the following model function fΩ is newly introduced to reflect the

low-Reynolds-number and rotation number effects:

fΩ = CfΩ
exp

[
−
(

RΩ

10

)0.2
]

, (8.10)

where CfΩ
= 6.0 is the model constant, and RΩ is a parameter defined as follows:

RΩ = ηt

√
fΩ

SW , (8.11)

where ηt(=
√

ν/ε) is the Kolmogorov time scale. ηt is sensitive to the low-Reynolds-number

effect, and thus we introduce this parameter into fΩ.

Considering information obtained previously (Abe et al. 1994; Nagano & Shimada1996),

the following revised model functions are employed in the proposed model:

fμ =

{
1 +

(
40

R
3/4
t

)
exp

[
−
(

Rt

35

)3/4
]}

[1 − fw(32)] , (8.12)

fε =

{
1 − 0.3 exp

[
−
(

Rt

6.5

)]}
[1 − fw(3.7)] , (8.13)

fw(ξ) = exp

[
−
(

Rtm

ξ

)2
]

. (8.14)
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The turbulent diffusion terms in k– and ε–equations are modeled with the GGDH similar to

the NLAKN model:

Tk =
∂

∂xj

(
Csft1

νt

k
uju	

∂k

∂x	

)
, (8.15)

Tε =
∂

∂xj

(
Cεft2

νt

k
uju	

∂ε

∂x	

)
, (8.16)

where Cs = Cε = 1.4. The model functions in Eq. (8.16) are modified for introduction of τRw

as follows:

ft1 = [1 + 9.0fw(8)]/[1 − fw(32)]
1
2

ft2 = [1 + 5.0fw(8)]/[1 − fw(32)]
1
2

⎫⎬⎭ . (8.17)

The pressure diffusion terms in k– and ε–equations, which are often ignored in conventional

modeling, are introduced to satisfy exactly the wall-limiting behaviour, and the same extra

production term is also added to the ε–equation as in the NS model (Nagano & Shimada 1995a)

as follows:

Πk = max

{
−0.5ν

∂

∂xj

[
k

ε

∂ε

∂xj
fw(1)

]
, 0

}
, (8.18)

Πε = Cε4
∂

∂xj

{
[1 − fw(5)]

ε

k

∂k

∂xj
fw(5)

}
, (8.19)

E = Cε3ν
k

ε
uju	

∂2Ūi

∂x	∂xk

∂2Ūi

∂xj∂xk
+ Cε5ν

k

ε

∂ujuk

∂xj

∂Ūi

∂xk

∂2Ūi

∂xj∂xk
, (8.20)

where Cε3 = 0.02, Cε4 = 0.5 and Cε5 = 0.015. The other model constants are the same as

those of the original NLAKN model.

8.3 Results and discussion

In order to demonstrate the performance of the improved NLAKN model, various rotation

and Reynolds number flows have been calculated using the proposed model. Figure 8.5 shows

the distributions of mean velocity and Reynolds shear stress in comparison with the original

model predictions and the DNS data (Nishimura & Kasagi 1996) (Reτ = 150, Roτ = 2.5).

The turbulence energy and its dissipation rate are indicated in figure 8.6. It can be seen that

predictions with the improved model agree with the DNS data. Obviously, the proposed model

adequately captures turbulent quantities on the suction side, and the introduced model functions
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are found to work effectively. The predicted normal stress components are shown in figure 8.7.

Since the introduced time scale τRw functions effectively near the wall like a wall-reflection

term of a pressure strain term in the RSM, the proposed model reproduces exactly the normal

stress components in the rotating channel flow. Figure 8.8 shows the wall-limiting behaviour

of normal stress components, while indicating that the proposed model can predict the wall-

limiting behaviour of normal stress components. Especially, the wall-normal component, v2,

which is an important quantity for the turbulent diffusion term, is reproduced appropriately in

the present model.

Secondly, we appraised the rotation number dependence of the improved model. Fig-

ures 8.9, 8.10 and 8.11 show the mean velocity, Reynolds shear stress and turbulence energy

profiles in various rotation number flows together with the related DNS data (Kristoffersen &

Andersson 1993) (Reτ = 194, Roτ = 0 ∼ 7.63). In figure 8.9, it can be seen that the calculated

mean velocities are considerably refined in comparison with figure 8.3. Also, the Reynolds

shear stresses and the turbulence energy predicted by the present model are in good agreement

with the DNS data in various rotation number flows. The rms velocity fluctuations are indicated

in figure 8.12. It can be seen that the present non-linear model predicts properly the normal

stress components as well as the previous test case.

Next, we have applied the proposed model for the rotating channel flows measured by Jon-

ston et al. (1972), in which the Reynolds numbers are set higher than the DNS shown previously.

[The highest Reynolds number (Re = 2Ūmδ/ν) of the DNS is 5800 (Kristoffersen & Andersson

1993).] The experimental conditions Re = 11500,35000 and Ro = 0.21, 0.068, respectively

are given. Figures 8.13 and 8.14 show the mean velocity profiles in comparison with the exper-

imental data (Johnston et al. 1972), and the results of the Reynolds stress model (Shima 1993)

also are included in figures for comparison. Obviously, the proposed model reproduces the high

Reynolds number rotating channel flows.

Finally, we have calculated a high rotation-number flow (Ro = 1.5). In the foregoing calcu-

lations corresponding to the DNS of Kristoffersen and Andersson (1993), the maximum rotation

number is Ro = 0.5. Thus, the DNS data for Ro = 1.5 (Lamballais et al. 1996) used here sig-

nificantly increase the validation range for the proposed model. In figure 8.15, predictions for

mean velocity are presented; in figure 8.16, corresponding predictions for turbulence energy

and Reynolds shear stress are shown in comparison with the original model predictions and
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DNS data. In the present case, the laminar region (or no turbulence) in the channel poses one of

the most difficult problems for evaluation of a turbulence model. The proposed model predicts

the laminar region on the suction side, but the original model produces turbulence there. Hence,

the mean velocity profile predicted by the improved model comes to show good agreement with

the DNS data.
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Figure 8.1: Rotating channel flow and coordinate system
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Figure 8.9: Mean velocity profiles in various rotation number flows



CHAPTER 8. An improved turbulence model for rotating shear flows 185

Figure 8.10: Distributions of Reynolds shear stress in various rotation number flows
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Figure 8.11: Distributions of turbulence energy in various rotation number flows
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Figure 8.12: Rms velocity fluctuations in rotating channel flow (Roτ = 3.05)
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Figure 8.13: Mean velocity profiles in high Reynolds number flow (Re = 11500, Ro = 0.21)
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Figure 8.14: Mean velocity profiles in high Reynolds number flow (Re = 35000, Ro = 0.068)
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CHAPTER 9

Conclusions

To analyize turblent flow with heat transfer, six turbulence model have been developed. The

conclusion obtained from the present study are summarized as follows.

In Chapter 3, a convenient but rigorous turbulence model is developed to calculate flows

in the presence of pressure gradients. In the present model, we can make the dissipation rate

ε̃ of turbulent energy zero at a wall, though the wall limiting behavior of velocity fluctuations

is reproduced exactly. Thus, the model assures computational expediency and stability. The

model predictions show that agreement with the experiments and the DNS data is, in general,

very good. It is also shown that the present model works very well for calculating the boundary

layer under arbitrary pressure gradient conditions.

In Chapter 4, advanced turbulence models are developed to calculate flows in the presence

of pressure gradients and complex turbulent heat transfer. In the present models, we can make

the apparent dissipation rates of both turbulent energy and temperature variance zero at walls,

though the wall limiting behavior of turbulence in the velocity and thermal fields is reproduced

exactly. Thus, the models assure computational expediency and stability. The model predictions

indicate that agreement with the experiments and the DNS data is generally very good. It is also

shown that the present model works very well for calculating the heat transfer under different

wall thermal conditions.

In Chapter 5, using the DNS data for wall turbulent shear flows with heat transfer, we have

constructed a rigorous near-wall model for the temperature variance and its dissipation-rate

equations. In the kθ– and εθ–equations, the turbulent diffusion terms are represented with the

gradient-type diffusion plus convection by large-scale motions. In the εθ–equation, all of the

production and destruction terms are modeled to reproduce the correct behaviour of εθ near the

wall. It should be noted that the wall limiting behaviour of εθ does not follow the strict one, if

191
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the correct profile of kθ could not be obtained. It is also shown that the present model works

very well for calculating the heat transfer under different thermal conditions. Furthermore, the

present model reproduces the budget profiles of turbulence quantities as accurately as DNS.

Thus, we anticipate a practical application of the present model to disclosing the underlying

physics of turbulent heat transfer in the complex flows of technological interest.

In Chapter 6, the two-layer two-equation heat transfer models are constructed for various

flow conditions with heat transfer including Prandtl number effects. In this study, a new ap-

proach for the two-layer models is made on the basis of the time-scale modeling, which differs

from the traditional approach based on the length-scale modeling. Thereby, both dissipation-

rates of turbulent energy and of temperature variance are only modeled algebraically near the

wall. Also, criterion functions to link the between algebraic formulas to equations are proposed.

These criterion functions serve for connection between the algebraic formulas and equations

near the wall in various flows with heat transfer including Prandtl number effects. The model

predictions indicate that the agreement with the experiments and DNS data is generally very

good, and the calculation stability achieved is remarkably high.

In Chapter 7, major problems in the behaviour of the existing nonlinear k–ε models near the

wall are clarified by the assessment using the DNS database in fully developed two-dimensional

channel flows of the inertial frame and in a fully developed two-dimensional rotating channel

flow of the noninertial frame. It is clear from the assessment that the existing nonlinear models

can not reproduce the wall-limiting behaviour and anisotropy of the Reynolds normal stress

components either quantitatively or qualitatively in such flows. Considering the assessment

results, we have proposed the nonlinear k–ε model satisfying the wall-limiting behaviour and

anisotropy of the Reynolds normal stress components exactly near the wall in both the inertial

and noninertial frames. We have improved the quadratic nonlinear k–ε model, in which the

wall-reflection term and the new characteristic time-scale are introduced. Since no unit tensors

determining the direction are contained in the proposed model, the Reynolds stress component

of wall-normal direction and its wall-limiting behaviour which is proportional to the fourth

power of wall-normal direction must be obtained automatically, though the distance from the

wall must be determined merely for the wall-reflection function. The proposed model has been

evaluated in the three flows of the inertial frame and in the rotating channel flow of the non-

inertial frame. From the assessment results of the present model, it was demonstrated that the
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proposed model gives the proper anisotropy of the Reynolds normal stress component, and sat-

isfies the wall-limiting behaviour of the Reynolds normal stress component near the wall on

both the inertial and noninertial frames.

In Chapter 8, we have developed a non-linear two-equation turbulence model to predict ro-

tating channel flows, in which the wall-limiting behaviour and redistribution of normal stress

components are also considered. The predictions with the proposed quadratic model give good

agreement with the DNS data for various rotation number flows. The proposed model also sat-

isfies the wall-limiting behaviour of the normal stress components exactly, and can adequately

predict redistribution of the normal stress components.





Appendix A

Summary of the proposed two-equation models

A.1 k–ε̃ model in Chapter 3

The k–ε̃ model in Chapter 3 is summarized as follows:

Reynolds stress

uiuj =
2

3
δijk − νt

(
∂Ūi

∂xj
+

∂Ūj

∂xi

)
.

Eddy viscotiy

νt =Cμfμ
k2

(ε̃ + D)
= Cμfμ

k2

ε
,

where

fμ =

[
1 − exp

(
− y+

A+

)]2
{

1 +

(
20

Rt
3
4

)
exp

[
−
(

Rt

120

)2
]}

,

Rt =
k2

ν(ε̃ + D)
=

k2

νε
, A+ =

30

1 + 11.8P+
,

ε =ε̃ + D, D = 2ν

(
∂
√

k

∂y

)2

,
∂
√

k

∂y
≥ 0,

Cμ =0.09.

k-equation

Dk

Dt
=

∂

∂xj

[(
ν +

νt

σk

)
∂k

∂xj

]
− uiuj

∂Ūi

∂xj
− (ε̃ + D) ,

where σk = 1.4.
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ε̃-equation

Dε̃

Dt
=

∂

∂xj

[(
ν +

νt

σε

)
∂ε̃

∂xj

]
− ε̃

k

(
Cε1uiuj

∂Ūi

∂xj
+ Cε2fεε̃

)
+ ννt (1 − fw)

(
∂2Ūi

∂xj∂xk

)2

,

where

σε =1.3, Cε1 = 1.45, Cε2 = 1.9,

fε =1 − 0.3 exp
(−Rt

2
)
, fw =

[
1 − exp

(
−y+

30

)]2

.

The ASM used for solving the additional production term due to irrotational strains in the

ε̃-equation is given as follows:

uiuj =(Pij + Φij − εij)

(
k

Pk − ε

)
,

where

Pij = − uiuk
∂Ūj

∂xk
− ujuk

∂Ūi

∂xk
,

Φij =Φij1 + Φij2 + Φijw,
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2
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)
,

Φij2 = − C2
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Pij − 3

2
δijPk
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,
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fy,
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k

3
2 C

3
4
μ

εyκ
,

C1 = 3.0, C2 = 0.3, C ′
1 = 0.75, C ′

2 = 0.5, κ = 0.4,

εij =
2

3
δijε,

here ni = 1 (in the direction normal to the wall) and ni = 0 (otherwise). The additional

production term can be written in the 2-dimensional flow as follows:

−C ′
ε1

ε̃

k

(
u2 − v2

) ∂Ū

∂x
,

C ′
ε1 = 2.5Cε1.
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A.2 Nonlinear k–ε̃ model and kθ–ε̃θ model in Chapter 4

The proposed nonlinear k–ε̃ model and kθ–ε̃θ model in Chapter 4 are summarized. The

equations for the velocity field can be written as follows:

Reynolds stress

uiuj =
2

3
kδij − 1
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2νtSij

+
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fR
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)
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where
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k-equation

Dk

Dt
=

∂

∂xj

[(
νδj	 + Csft1

νt

k
uju	

) ∂k

∂x	

]
− uiuj

∂Ūi
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where

Cs =1.4, ft1 = 1 + 6.0fw(5).
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ε̃-equation
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.

The equations for the thermal field can be written as follows:

Turbulent heat flux

ujθ = −αt
∂Θ̄

∂xj
.

Eddy diffusivity for heat
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where
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A.3 kθ–εθ and k–ε models in Chapter 5

The rigorous kθ–εθ model and modified k–ε model (Nagano & Shimada 1995) in Chapter 5

are summarized. The proposed kθ–εθ model is given as follows:

Turbulent heat flux

ujθ = −αt
∂Θ̄

∂xj
.

Eddy diffusivity for heat
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In the velocity field, the modified k–ε model is given as follows:

Reynolds stress
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Rt

3
4

)
exp

[
−
(

Rt

55

) 1
2

]}
, fw2 = fw(26).

k-equation

Dk

Dτ
=

∂

∂y

[(
ν +

νt

σ∗
k

)
∂k

∂y

]
− uv

∂Ū

∂y
− ε + max

[
−0.5ν

∂

∂y

(
k

ε

∂ε

∂y
fw1

)
, 0

]
,

where

σ∗
k =

1.4

ft
, ft = 1 + 6fw1, fw1 = fw(4).

ε-equation

Dε

Dτ
=

∂

∂y

[(
ν +

νt

σ∗
ε

)
∂ε

∂y

]
− Cε1

ε

k
uv

∂Ū

∂y
− Cε2f2

ε2

k
+ fw2ννt

(
∂2Ū

∂y2

)2

+ Cε3ν
k

ε

∂k

∂y

∂Ū

∂y

∂2Ū

∂y2
+ Cε4ν

∂

∂y

[
(1 − fw1)

ε

k

∂k

∂y
fw1

]
,

where

σ∗
ε =

1.3

ft
,

Cε1 =1.45, Cε2 = 1.9, Cε3 = 0.005, Cε4 = 0.5,

f2 =(1 + f ′
2)(1 − fw1)

{
1 − 0.6 exp

[
−
(

Rt

45

) 1
2

]}
,

f ′
2 = exp

(−2 × 10−4R13
v

) [
1 − exp

(−2.2R0.5
v

)]
,

Rv =

(
k

ε

)
1

1 + νt/ν

(
1

Rt

1
2

)
fw1.
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A.4 Two-layer k–ε and kθ–εθ models in Chapter 6

The proposed two-layer k–ε̃ and kθ–ε̃θ models in Chapter 6 are summarized. The equations

for the velocity field can be written as follows:

Reynolds stress

−uiuj =νt

(
∂Ūi

∂xj

+
∂Ūj

∂xi

)
− 2

3
δijk.

Eddy viscotiy

νt =Cμfμ
k2

ε

{
1 +

(
40

R
3/4
t

)
exp

[
−
(

Rt

25

)1/2
]}

,

where

fμ =1 − exp

[
−
(

n∗

24

)2
]

, n∗ =
uεn

ν
.

k-equation

Dk

Dt
=

∂

∂xj

[(
ν +

νt

σ∗
k

)
∂k

∂xj

]
− uiuj

∂Ūi

∂xj
− ε,

where

σ∗
k =

σk

fk

=
σk

1 + 5fw

, fw = exp

[
−
(

n∗

10

)2
]

.

Algebraic ε-equation and ε-equation

ε is given as follows:

ε =

⎧⎪⎨⎪⎩algebraic equation = ε̃a + D for fc ≥ 1

transport equation for fc < 1
,

where

fc =

(
0.5

Rc

){
1 − exp

[
−1 × 104

(
Sν

Ū2
i

)]}
, Rc =

τbk

ν
, τb =

ν

νS + k
, S = 2SijSij

1
2 ,

ε̃a =

(
k

τb

)
fb, D = 2ν

(
∂
√

k

∂xj

)(
∂
√

k

∂xj

)
, fb =

(
1

90

)
exp

[
− (1.0 × 10−4Rs

) 1
2

]
,
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here transport equation can be written as follows:

Dε

Dt
=

∂

∂xj

[(
ν +

νt

σε

)
∂ε

∂xj

]
− ε

k

(
Cε1uiuj

∂Ūi

∂xj
+ Cε2fεε

)
,

where

σε =1.4, Cε1 = 1.5, Cε2 = 1.9,

fε =1 − 0.3 exp

[
−
(

Rt

6.5

)2
]

.

The equations for the themal field can be written as follows:

Turbulent heat flux

ujθ = −αt
∂Θ̄

∂xj
.

Eddy diffusivity for heat

αt =Cλfλ
k2

ε

⎧⎪⎨⎪⎩f(R) +

√
2R

Pr

55(
1 + 2

√
Pr
) 1

4

1

R
3
4
t

exp

[
−
(

Rtf(R)

12

) 1
2

]⎫⎪⎬⎪⎭
where

fλ =1 − exp
(
−7.5 × 10−4n∗ 7

4 n∗
θ

1
4

)
, f(R) =

2R

R + 0.2/Pr
1
4

, n∗
θ =

(
1 + 2

√
Pr
)

n∗.

kθ-equation

Dkθ

Dt
=

∂

∂xj

[(
α +

αt

σ∗
h

)
∂kθ

∂xj
+ Cθ

(
σuku�

dkn	ejfwθ

√
k kθ

)]
− ujθ

∂Θ̄

∂xj
− εθ,

where

σ∗
h =

1.8

1 + 9fw
, Cθ = 0.05,

fwθ =
√

fλ (1 − fλ),

here dk, n	 and ej are unit vectors in the streamwise, wall-normal and xj directions, respectively

and the sign function σuku�
is given as follows:

σuku�
=

⎧⎪⎨⎪⎩1 (x ≥ 0),

−1 (x < 0).
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Algebraic εθ-equation and εθ-equation

εθ is given as follows:

εθ =

⎧⎪⎨⎪⎩algebraic equation = ε̃θa + Dθ for fcθ ≥ 1

transport equation for fcθ < 1

,

where

fcθ =

(
1.0

Rcθ

){
1 − exp

[
−1 × 104

(
Sν

Ū2
i

)]}
exp

(
−
√

Rcθ

10

)
,

Rcθ =
τbθk

ν
, τbθ =

ν

k + νS + νG
√

k/kθ

, G =

√(
∂Θ̄

∂xj

)(
∂Θ̄

∂xj

)
,

ε̃θa =

(
kθ

τbθ

)
, Dθ = 2α

(
∂
√

Δkθ

∂xj

)(
∂
√

Δkθ

∂xj

)
, fbθ =

1

130
√

Pr
exp

[
−
(

Rcθ

13

)1
2

]
,

here transport equation for εθ can be written as follows:

Dεθ

Dt
=

∂

∂xj

[(
α +

αt

σφ

)
∂εθ

∂xj

]
− εθ

kθ

(
CP1fP1ujθ

∂Θ̄

∂xj
+ CD1fD1εθ

)
− εθ

k

(
CP2fP2uiuj

∂Ūi

∂xj
+ CD2fD2ε

)
,

where

σφ =1.8,

CP1 =0.9, CP2 = 0.77, CD1 = 1.0, CD2 = 0.9,

fD1 =fP1 = fP2 = 1.0, fD2 =
1

CD2
(1.9fε − 1) ,

fε =1 − 0.3 exp

[
−
(

Rt

6.5

)2
]

.
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A.5 Reynolds stress expression for nonlinear k–ε model in

Chapter 7

The proposed Reynolds stress expression for nonlinear k–ε model in Chapter 7 is given as

follows:

uiuj =
2

3
kδij − 2C0νtSij + Qo + Qw,

where

νt = = Cμfμ
k2

ε
,

Qo =C1kτ 2
Ro(WjkSki + WikSkj) + C2kτ 2

Ro

(
SikSkj − δij

3
SmnSmn

)
,

Qw =C ′
1kτ 2

Rw(WjkSki + WikSkj) + C ′
2kτ 2

Rw

(
SikSkj − δij

3
SmnSmn

)
,

here

τRo =
νt

k
, τRw =

√
2

3

1

C1fSW

(
1 − 3Cv1fv2

8

)
f2

v1,

C0 =
1

fR
, C1 =

4CD

fR
, C2 =

4CD

fR
, C ′

1 = C1, C ′
2 = C2,

CD =0.8, Cv =
Cv1

Cv2
, Cv1 = 0.4, Cv2 = 2 × 103, Cμ = 0.12, Cη = 5.0,

fB =1 + Cη (CDτRo)
2 (W 2 − S2

)
,

fR =1 + (CDτRo)
2

[
22

3
W 2 +

2

3

(
W 2 − S2

)
fB

]
,

fSW =
W 2

2
+

S2

3
−
(√

S2

2
−
√

W 2

2

)2

fv1,

fv1 =fw(40), fv2 = 1 − exp

(
−
√

Rt

Cv2

)
, fw(ξ) = exp

[
−
(

n∗

ξ

)]
,

fμ = [1 − fw(26)]

{
1 +

(
35

R
3
4
t

)
exp

[
−
(

Rt

30

) 3
4

]}
,

S2 =SijSij , W 2 = WijWij .
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A.6 Nonlinear k–ε model in Chapter 8

The proposed nonlinear k–ε model in Chapter 8 is given as follows:

Reynolds stress

uiuj =
2

3
kδij − 2C0νtSij + Qo + Qw,

where

Qo =C1kτ 2
Ro(WjkSki + WikSkj) + C2kτ 2

Ro

(
SikSkj − δij

3
SmnSmn

)
,

Qw =C ′
1kτ 2

Rw(WjkSki + WikSkj) + C ′
2kτ 2

Rw

(
SikSkj − δij

3
SmnSmn

)
,

here

τRo =
νt

k
, τRw =

√
2

3

1

C1fSW

(
1 − 3Cv1fv2

8

)
f2

v1,

C0 =
1

fR
, C1 =

4CD

fR
, C2 =

4CD

fR
, C ′

1 = C1, C ′
2 = C2,

CD =0.8, Cv =
Cv1

Cv2
, Cv1 = 0.4, Cv2 = 2 × 103, Cμ = 0.12, Cη = 5.0,

fB =1 + Cη (CDτRo)
2
(
W 2 − S2

)
,

fR =1 + (CDτRo)
2

[
22

3
W 2 +

2

3

(
W 2 − S2

)
fB

]
,

fSW =
W 2

2
+

S2

3
− fΩ

SW , fΩ
SW =

⎡⎣(√S2

2
−
√

W 2

2

)2

fw(1)

⎤⎦2

,

fv1 =exp

[
−
(

Rtm

45

)2
]

, fv2 = 1 − exp

(
−
√

Rt

Cv2

)
,

S2 =SijSij , W 2 = WijWij .

Eddy viscotiy

νt =Cμfμ
k2

ε
,

fμ =

{
1 +

(
40

R
3/4
t

)
exp

[
−
(

Rt

35

)3/4
]}

[1 − fw(32)] ,

fw(ξ) = exp

[
−
(

Rtm

ξ

)2
]

, Rtm =
Ctmn∗R1/4

t

CtmR
1/4
t + n∗

, Ctm = 1.3 × 102,
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k-equation

Dk

Dt
=

∂

∂xj

[(
νδj	 + Csft1

k

ε
uju	

)
∂k

∂x	

]
− uiuj

∂Ūi

∂xj
− ε + max

{
−0.5ν

∂

∂xj

[
k

ε

∂ε

∂xj
fw(1)

]
, 0

}
,

where

Cs =1.4, ft1 =
1 + 9.0fw(8)

[1 − fw(32)]
1
2

.

ε-equation

Dε

Dt
=

∂

∂xj

[(
νδj	 + Cεft2

k

ε
uju	

)
∂ε

∂x	

]
− ε

k

(
Cε1uiuj

∂Ūi

∂xj
+ Cε2fεε

)
+Cε4

∂

∂xj

{
[1 − fw(5)]

ε

k

∂k

∂xj
fw(5)

}
+Cε3ν

k

ε
uju	

∂2Ūi

∂x	∂xk

∂2Ūi

∂xj∂xk
+ Cε5ν

k

ε

∂ujuk

∂xj

∂Ūi

∂xk

∂2Ūi

∂xj∂xk
+ CΩfΩkεij	WijΩ	,

where

Cε =1.4, ft2 =
1 + 5.0fw(8)

[1 − fw(32)]
1
2

,

Cε1 =1.45, Cε2 = 1.9, Cε3 = 0.02, Cε4 = 0.5, Cε5 = 0.015,

fε =1 − 0.3 exp

[
−
(

Rt

6.5

)2
]

,

fΩ =CfΩ
exp

[
−
(

RΩ

10

)0.2
]

, RΩ = ηt

√
fΩ

SW ,

CΩ = − 0.045, CfΩ
= 6.0, ηt =

√
ν

ε
.
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Wall-limiting behaviour of terms in transport

equations

B.1 Transport equation for the turbulence energy

Transport equation for the turbulence energy in Eq. (2.7) is given as follows:

Dk

Dt
= Dk + Tk + Πk + Pk − ε, (B.1)

where

Dk =ν
∂2k

∂xj∂xj

: Molecular diffusion,

Tk = − ∂ujk′

∂xj

: Turbulent diffusion,

Πk = − ∂

∂xj

(
uj

p

ρ

)
: Pressure diffusion,

Pk = − uiuj
∂Ūi

∂xj

: Production,

ε =ν
∂ui

∂xj

∂ui

∂xj

: Dissipation,

here k′ = uiui/2.

The wall-limiting behaviour of individual terms are obtained with Eqs. (2.20)∼(2.26) and

the fluctuating pressure given as follows:

p =ap + bpx2 + cpx
2
2 + dpx

3
2 + · · · . (B.2)

The wall-normal component of individual terms should be considered for the wall-limiting

209
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behaviour, thus the following wall-limiting behaviour for individual terms are obtained.

Dk 
ν
∂2k

∂x2
2

= ν
(
b2
1 + b2

3

)
+ 6ν

(
b1c1 + b3c3

)
x2 + · · · ∝ x0

2, (B.3)

Tk 
− ∂u2k′

∂x2

= −
(
b2
1c2 + b2

3c2

)
x3

2 + · · · ∝ x3
2, (B.4)

Πk 
− 1

ρ

∂

∂x2
u2p = −2

ρ
apc2x2 − 3

ρ

(
apd2 + bpc2

)
x2

2 + · · · ∝ x1
2, (B.5)

Pk 
− u1u2
∂Ū1

∂x2
− u2

2

∂Ū2

∂x2
− u2u3

∂Ū3

∂x2

= − (
b1c2B1 + b3c2B3

)
x3

2 − 2c2
2C2x

5
2 + · · · ∝ x3

2, (B.6)

ε 
ν

[ (
∂u1

∂x2

)2

+

(
∂u2

∂x2

)2

+

(
∂u3

∂x2

)2
]

=ν
(
b2
1 + b2

3

)
+ 4ν

(
b1c1 + b3c3

)
x2

+ 4ν
[
c2
1 + c2

2 + c2
3 + (3/2)b1d1 + (3/2)b3d3

]
x2

2 + · · · ∝ x0
2. (B.7)

Note that the molecular diffusion term balances with the dissipation term near the wall in

order of x0
2. However, the difference between Eqs. (B.3) and (B.7) is 2ν

(
b1c1 + b3c3

)
x1

2 in order

of x1
2. Therefore, if the modeled k-equation does not have the term of 2ν

(
b1c1 + b3c3

)
x2, the

coefficient ν
(
b1c1 + b3c3

)
should be zero on the wall, and ν

(
b1c1 + b3c3

)
equals the gradient

of ε on the wall, i.e., ∂ε/∂x2|w = 0 holds.

To satisfy the wall-limiting behaviour of dissipation term in the modeled k-equation, the

pressure diffusion term in Eq. (B.5) should be modeled.

B.2 Transport equation for the dissipation rate of turbulence

energy

Transport equation for he dissipation rate of turbulence energy in Eq. (2.8) is given as fol-

lows:

Dε

Dt
= Dε + Tε + Πε + P 1

ε + P 2
ε + P 3

ε + P 4
ε − Υ, (B.8)

where

Dε =ν
∂2ε

∂xj∂xj
: Molecular diffusion,
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Tε = − ∂ujε′

∂xj
: Turbulent diffusion,

Πε = − 2ν
∂

∂xj

[
∂(p/ρ)

∂xm

∂uj

∂xm

]
: Pressure diffusion,

P 1
ε = − 2ν

∂ui

∂xj

∂uk

∂xj

∂Ūi

∂xk
: Mixed production,

P 2
ε = − 2ν

∂ui

∂xk

∂ui

∂xm

∂Ūk

∂xm
: Production by mean velocity gradient,

P 3
ε = − 2νuk

∂ui

∂xm

∂2Ūi

∂xk∂xm
: Gradient production,

P 4
ε = − 2ν

∂ui

∂xk

∂ui

∂xm

∂uk

∂xm
: Turbulent production,

Υ =2ν2 ∂2ui

∂xk∂xm

∂2ui

∂xk∂xm

: Destruction,

here ε′ = ν(∂ui/∂xm)(∂ui/∂xm).

Similarly, the wall-limiting behaviour of individual terms are given as follows:

Dε 
ν
∂2ε

∂x2
2

= 8ν2
[
c2
1 + c2

2 + c2
3 + (3/2)b1d1 + (3/2)b3d3

]
+ · · · ∝ x0

2, (B.9)

Tε 
− ∂u2ε′

∂x2
= −2ν

(
b2
1c2 + b2

3c2

)
x2 + · · · ∝ x1

2, (B.10)

Πε 
− 2
ν

ρ

∂

∂x2

(
∂p

∂x2

∂u2

∂x2

)
= −4

ν

ρ
c2bp + · · · ∝ x0

2, (B.11)

P 1
ε 
− 2ν

(
∂u1

∂x2

∂u2

∂x2

∂Ū1

∂x2
+

∂u2

∂x2

∂u2

∂x2

∂Ū2

∂x2
+

∂u3

∂x2

∂u2

∂x2

∂Ū3

∂x2

)
= − 4ν

(
b1c2B1 + b3c2B3

)
x2 + · · · ∝ x1

2, (B.12)

P 2
ε 
− 2ν

(
∂u1

∂x2

∂u1

∂x2

∂Ū2

∂x2

+
∂u2

∂x2

∂u2

∂x2

∂Ū2

∂x2

+
∂u3

∂x2

∂u3

∂x2

∂Ū2

∂x2

)
= − 4ν

(
b2
1 + b2

3

)
C2x2 + · · · ∝ x1

2, (B.13)

P 3
ε 
− 2ν

(
u2

∂u1

∂x2

∂2Ū1

∂x2
2

+ u2
∂u2

∂x2

∂2Ū2

∂x2
2

+ u2
∂u3

∂x2

∂2Ū3

∂x2
2

)
= − 4ν

(
b1c2C1 + b3c2C3

)
x2

2 + · · · ∝ x2
2, (B.14)

P 4
ε 
− 2ν

(
∂u1

∂x2

∂u1

∂x2

∂u2

∂x2
+

∂u2

∂x2

∂u2

∂x2

∂u2

∂x2
+

∂u3

∂x2

∂u3

∂x2

∂u2

∂x2

)
= − 4ν

(
b2
1c2 + b2

3c2

)
x2 + · · · ∝ x1

2, (B.15)

Υ 
2ν2

[ (
∂2u1

∂x2
2

)2

+

(
∂2u2

∂x2
2

)2

+

(
∂2u3

∂x2
2

)2
]

= 8ν2
(
c2
1 + c2

2 + c2
3

)
+ · · · ∝ x0

2. (B.16)
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Obviously, the molecular diffusion term Dε balances the destruction term Υ and pressure

diffusion term Πε in order of x0
2 near the wall from Eqs. (B.9)∼(B.16). Unfortunately, the

different in the coefficient of x0
2 exists, i.e., 12ν2

(
b1d1 + b3d3

) − 4νc2bp/ρ. In a calculation,

if the pressure diffusion term is modeled in the ε-equation, the coefficient 12ν2
(
b1d1 + b3d3

)
may balance 4νc2bp/ρ which is the coefficient in first term of Πε, and the correct wall-limiting

behaviour of ε-equation can be obtained near the wall. In the modeled equation, however, the

molecular diffusion term balances the modeled term −Cε2fεε
2/k in general. Since the wall-

limiting behaviour of this modeled term is 2ν2
(
b2
1 + b2

3

)
/x2

2, to satisfy the equation balance,

the model function fε should be proportional to x2
2. Consequently, the pressure diffusion term

modelling is not only satisfying the wall-limiting behaviour but near-wall correcting for the

equation.

B.3 Transport equation for the temperature variance

Transport equation for the temperature variance in Eq. (2.15) is given as follows:

Dkθ

Dt
= Dkθ

+ Tkθ
+ Pkθ

− εθ, (B.17)

where

Dkθ
=α

∂2kθ

∂xj∂xj
: Molecular diffusion,

Tkθ
= − ∂ujk

′
θ

∂xj
: Turbulent diffusion,

Pkθ
= − ujθ

∂Θ̄

∂xj

: Production,

εθ =α
∂θ

∂xj

∂θ

∂xj
: Dissipation,

here k′
θ = θ2/2.

The wall-limiting behaviour of individual terms are obtained with Eqs. (2.20)∼(2.27).

Dkθ

α

∂2kθ

∂x2
2

= α
(
h2

1 + 2h2θw

)
+ 6α

(
h2θw + h1h2

)
x2 + · · · ∝ x0

2, (B.18)

Tkθ

− ∂u2k

′
θ

∂x2
= −c2θwx2 − 2

(
c2h2

1 + 2c2h2θw

)
x3

2 + · · · ∝

⎧⎪⎨⎪⎩∝ x1
2 : θw �= 0

∝ x3
2 : θw = 0

, (B.19)
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Pkθ

− u2θ

∂Θ̄

∂x2
= −c2θwH1x

2
2 −

(
c2h1 − d2θw

)
H1x

3
2 + · · ·

⎧⎪⎨⎪⎩∝ x2
2 : θw �= 0

∝ x3
2 : θw = 0

, (B.20)

εθ 
α
∂θ

∂x2

∂θ

∂x2
= αh2

1 + 4αh1h2x2 + 4α
[
h2

2 + (3/2)h1h3

]
x2

2 + · · · ∝ x0
2. (B.21)

The molecular diffusion term balances with the dissipation term near the wall in order of

x0
2. However, the coefficient αh1h2 of x2 becomes 0 for the equation balance with θw = 0 as

mentioned in Chapter 5.

On the other hand, in case of existing of temperature fluctuation on the wall, there are the

following fluctuating temperature gradients.

∂θw

∂x1
,

∂θw

∂x3
,

where these are constant.

In this case, εθ is represented near the wall as follows:

εθ = α

(
∂θw

∂x1

)2

+ α

(
∂θ

∂x2

)2

+ α

(
∂θw

∂x3

)2

. (B.22)

Therefore, the wall-limiting behaviour of εθ is expressed exactly in case of θw �= 0 as

follows:

εθ = α

(
∂θw

∂x1

)2

+ α

(
∂θw

∂x3

)2

+ 4αh2
2x

2
2 + · · · ∝ x0

2. (B.23)

B.4 Transport equation for the dissipation rate of tempera-

ture variance

Transport equation for he dissipation rate of temperature variance in Eq. (2.16) is given as

follows:

Dεθ

Dt
= Dεθ

+ Tεθ
+ P 1

εθ
+ P 2

εθ
+ P 3

εθ
+ P 4

εθ
− Υεθ

, (B.24)
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where

Dεθ
=α

∂2εθ

∂xj∂xj
: Molecular diffusion,

Tεθ
= − ∂ujε′θ

∂xj
: Turbulent diffusion,

P 1
εθ

= − 2α
∂uj

∂xk

∂θ

∂xk

∂Θ̄

∂xj
: Mixed production,

P 2
εθ

= − 2α
∂θ

∂xk

∂θ

∂xj

∂Ūj

∂xk
: Production by mean velocity gradient,

P 3
εθ

= − 2αuj
∂θ

∂xk

∂2Θ̄

∂xj∂xk
: Gradient production,

P 4
εθ

= − 2α
∂uj

∂xk

∂θ

∂xk

∂θ

∂xj
: Turbulent production,

Υεθ
=2α2 ∂2θ

∂xk∂xj

∂2θ

∂xk∂xj
: Destruction,

here ε′θ = α(∂θ/∂xm)(∂θ/∂xm).

Considering the case of non-existing temperature fluctuation on the wall for convenience,

the wall-limiting behaviour of individual terms are obtained with Eqs. (2.20)∼(2.27).

Dεθ

α

∂2εθ

∂x2
2

= 8α2
[
h2

2 + (3/2)h1h3

]
+ · · · ∝ x0

2, (B.25)

Tεθ

− α

∂u2ε′θ
∂x2

= −αc2h2
1x2 + · · · ∝ x1

2, (B.26)

P 1
εθ


− 2α
∂u2

∂x2

∂θ

∂x2

∂Θ̄

∂x2
= −4αc2h1H1x2 + · · · ∝ x1

2, (B.27)

P 2
εθ


− 2α
∂θ

∂x2

∂θ

∂x2

∂Ū2

∂x2
, = −4αh2

1C2x2 + · · · ∝ x1
2, (B.28)

P 3
εθ


− 2αu2
∂θ

∂x2

∂2Θ̄

∂x2
2

= −4αc2h1H2x
2
2 + · · · ∝ x2

2, (B.29)

P 4
εθ


− 2α
∂u2

∂x2

∂θ

∂x2

∂θ

∂x2

= −4αc2h2
1x2 + · · · ∝ x1

2, (B.30)

Υεθ

2α2

(
∂2θ

∂x2
2

)2

= 8α2h2
2 + · · · ∝ x0

2. (B.31)

For case of existing temperature fluctuation on the wall, the wall-limiting behaviour of in-
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dividual terms are given as follows:

Dεθ

α

∂2εθ

∂x2
2

= 8α2h2
2 + · · · ∝ x0

2, (B.32)

Tεθ

− α

∂u2ε′θ
∂x2

= −16αc2h2
2x

3
2 + · · · ∝ x3

2, (B.33)

P 1
εθ


− 2α
∂u2

∂x2

∂θ

∂x2

∂Θ̄

∂x2
= −4αc2h1H1x2 + · · · ∝ x1

2, (B.34)

P 2
εθ


− 2α

(
∂θ

∂x2

∂θw

∂x1

∂Ū1

∂x2
+

∂θ

∂x2

∂θ

∂x2

∂Ū2

∂x2
+

∂θ

∂x2

∂θw

∂x3

∂Ū3

∂x2

)
= − 8α

(
h2

∂θw

∂x1
B1 + h2

∂θw

∂x3
B3 + h2

2C2

)
x2 + · · · ∝ x1

2, (B.35)

P 3
εθ


− 2αu2
∂θ

∂x2

∂2Θ̄

∂x2
2

= −4αc2h1H2x
2
2 + · · · ∝ x2

2, (B.36)

P 4
εθ


− 2α

(
∂u1

∂x2

∂θ

∂x2

∂θw

∂x1
+

∂u2

∂x2

∂θ

∂x2

∂θ

∂x2
+

∂u3

∂x2

∂θ

∂x2

∂θw

∂x3

)
= − 8α

(
b1h2

∂θw

∂x1
+ b3h2

∂θw

∂x3

)
x2 + · · · ∝ x1

2, (B.37)

Υεθ

2α2

(
∂2θ

∂x2
2

)2

= 8α2h2
2 + · · · ∝ x0

2. (B.38)

In both cases, the molecular diffusion balances with the destruction term in order of x0
2.

The coefficient 12α2h1h3 in Eq (B.25) becomes 0 for the equation balance. In the modeled

equation, however, the molecular diffusion term balances the modeled term −CD1fD1ε
2
θ/kθ −

CD2fD2εθε/k in general. The order of these terms is x−2
2 . Thus, to balance the equation near

the wall, the model functions fD1 and fD2 should be proportional to x2
2.
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