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Coherent structure and heat transfer in geostrophic flow under density
stratification

O. Iida and Y. Nagano
Department of Mechanical Engineering, Nagoya Institute of Technology, Gokiso-cho, Showa-ku,
Nagoya 466-8555, Japan

~Received 21 April 1997; accepted 30 October 1998!

The mechanism of heat transport in geostrophic flows under various density stratifications has been
studied by using both direct numerical simulation and rapid distortion theory. It is found that in
cases with rotation, the iso-surfaces of the temperature fluctuations are aligned in the direction of the
rotational axis, and they become very close to two-dimensional. Under stable stratification with
rotation, the velocity and temperature fluctuations tend to oscillate with the Brunt–Va¨isälä
frequency, while they tend to oscillate with a longer period in cases without rotation. Under unstable
stratification with rotation, on the other hand, vortex columns are formed in the direction parallel to
the axis of rotation owing to the effects of nonlinear interactions. ©1999 American Institute of
Physics.@S1070-6631~99!02702-6#
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I. INTRODUCTION

In geophysically and astrophysically important flow
two kinds of body forces, i.e., the buoyancy and Corio
forces, are simultaneously imposed. Recently, increasing
tention has been paid to their mixed effects on turbulenc
resolve planetary circulation issues.

The density stratification associated with the buoyan
force can be classified into two categories, i.e., stable st
fication and unstable stratification. The mixed effects of
Coriolis force and the unstable stratification on turbulen
are studied mainly on the convection problem observed
wall-bounded flows.1–8 The flow pattern of Rayleigh–
Bénard convection under rotation can be classified appr
mately by the both Rayleigh number and the Taylor numb
The experiments of Boubnov and Golitsyn,4,5 Fernando
et al.,6,7 and Sakai8 have been performed at a sufficient
high value of Rayleigh and Taylor number to generate t
bulent convection. When the Rayleigh number is below
critical value, the fluid is at rest and heat transport is acco
plished by thermal conductivity. This critical Rayleigh num
ber is the minimum Rayleigh number required for the on
of convection, and was first found as a function of the Tay
number by Nakagawa and Frenzen.1 However, even beyond
this critical Rayleigh number typical Rayleigh–Be´nard con-
vection does not appear when imposed rotation is sufficie
large, while thin elongated vortex columns with a vertic
axis are generated between the two walls. It is also found
the horizontal scale of these vortex columns becomes s
as the Rossby number decreases, while their vertical s
increases and more intense isolated vortex columns ca
observed. Almost all these vortex columns are cyclon
which cannot be explained sufficiently in these experime

Direct numerical simulations and large eddy simulatio
of the rotating Rayleigh–Be´nard convection have been ca
ried out by Raash and Etling,9 Cabot et al.,10 and Julien
et al.11,12 Their results were qualitatively in good agreeme
3681070-6631/99/11(2)/368/10/$15.00
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with the previous experiments, although exact comparis
were not possible due to different values for the Raylei
the Taylor, and the Prandtl number. In both the numeri
studies of Cabotet al.10 and Julienet al.,11,12 two kinds of
surface boundary conditions, i.e., nonslip and free-slip wa
were imposed on the channel, and the effects of wall bou
ary condition on vortex columns and heat transfer associa
with them were discussed in detail. Julienet al.12 found that
the vortex columns became cyclonic in the process in wh
stationary fluid was ejected toward the central region o
channel by buoyancy, and the vorticity in the genera
plume was intensified by the vortex stretching associa
with the horizontal convergence of the flow. However, it
still unknown how the buoyancy force, Coriolis force, an
especially the nonlinear term affect their generation, resp
tively.

The generation mechanism of vortex columns was a
studied by the experiments and numerical simulation of
jecting dense saltwater into a rotating water tank.13–15 The
saltwater sank into the underlying less-dense homogene
water forming a growing three-dimensional~3D! turbulent
layer. When the turbulent front reached a transition dep
the Coriolis force affected turbulence and quasi-2D vor
structures were generated beneath the 3D turbulent m
layer. These vortices then penetrated downward to prod
vortex columns and eventually occupied the rest of the t
beneath the upper mixed layer. In these previous exp
ments, the parameters governing the characteristic length
velocity scale of the vortex columns were determined.

The vortex columns are closely associated with the du
devil observed in the lower atmosphere near the ground7 and
the oceanic vortices associated with hydrothermal plume16

Hence, the rotating turbulence under unstable stratificatio
important, especially in the geophysical flows. Unfort
nately, all of these studies were conducted on wall-boun
flows, whereas there are none for the homogeneous tu
lence which is equally important in the geophysical flow.
© 1999 American Institute of Physics
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TABLE I. Computational conditions. In the table,Ng represents the number of grid points.

Case N NR1 NR2 S SR1 SR2 SR3 SR4 SR5 SR6 S

Ng 323

n 0.0243
Pr ([n/a) 0.71 10 0.71
Su 1
gb 0 0 0 4 4 1 4 1 4 16 4
V 0 10 0 10 5 20 10 5 10 10
S ([AugbSuu/2V) 0.1 0.05 0.2 0.1

Case U UR1 UR2 UR3 UR4 UR5 UR6 UR7 UR8 UR9 UR10 UR11 UR

Ng 323 643

n 0.0243 0.012
Pr 0.71
Su 21
gb 4 4 1 4 1 4 16 4 1 4 1 4 16
V 0 10 5 20 10 5 10 10 5 20 10 5 10
S 0.1 0.05 0.2 0.1 0.05 0.2
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homogeneous turbulence, it is possible to investigate
generation mechanism of vortex columns by expansion
velocity fluctuations into Fourier spectra in all directions.

Homogeneous turbulence has been used as an obje
flow field, although to the authors’ knowledge there is
previous DNS study on rotational homogeneous turbule
under unstable stratification. The effect of rotation has b
successfully demonstrated in the studies on homogen
turbulence without buoyancy.17–21All these numerical simu-
lations and experiments showed a quasi-two dimensiona
tion, where integral-length scale increased in the direct
parallel to the rotational axis. However, no study has e
noted the marked tendency for the velocity vector to al
itself perpendicular to the rotational axis, as predicted by
Taylor–Proudmann theorem. Another remarkable featur
that the rotation reduces the nonlinear triad interaction
the energy cascade of turbulence. Thus, turbulent kinetic
ergy is piled up at low-wave numbers, while high-wav
number energy decreases markedly. The experiment of
mori et al.22 showed that under unstable stratificatio
turbulence activity was enhanced over all wave numbers
the energy cascade. Hence, the effects of rotation and s
fication are in conflict with each other.

We also study the effects of rotation on stably stratifi
turbulence. The most important feature in the stably strati
flow should be the occurrence of the internal gravity wa
Previously, the effects of rotation on stably stratified turb
lence has been mainly studied with the geostrophically
proximated equation, where the internal gravity waves w
removed by the hydrostatic assumption along the vert
axis.23–25 Metais et al.26 carried out three-dimensional nu
merical simulations of strongly stratified and rotating turb
lence. However, we have little knowledge about the effe
of solid rotation on the internal gravity wave excluding t
theoretical works.25,27

Our main objective in the present study is to numerica
investigate the effects of solid body rotation on both sta
and unstably stratified turbulence. The three-dimensio
Navier–Stokes equation with the Boussinesq approxima
 to 133.68.192.96. Redistribution subject to AIP licens
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is solved, and the coherent structures and heat transfe
geostrophic flows are studied in detail.

II. NUMERICAL PROCEDURE

All computations are carried out in the domain of a cub
box of which sides are set to be 2p, and periodic boundary
conditions are assumed on each side. The cubic box is
assumed to rotate around thex3 axis. Both the mean tem
perature gradient (Su[dQ/dx3) and the gravitational accel
erationg are imposed in thex3 direction.

The parameters included in the governing equations
kinematic viscosityn, thermal diffusivitya, angular velocity
V, and buoyancy parametergb, whereb represents the vol-
ume expansion rate. The typical values studied are liste
Table I. In this table, neutrally stratified cases are designa
by an N, and stably and unstably stratified cases are rep
sented by S and U, respectively, while rotation is designa
by a following R. Because the gravitational accelerationg is
imposed in the downward direction, the negative mean te
perature gradient indicates the unstable stratification, w
the positive gradient makes the flow field stable in the d
namical sense. In all stratified cases with rotation, i.e., C
NR1, SR1, and UR1, the rapid distortion theory~RDT! is
applied as well as the direct numerical simulations. Fr
Case N to UR6 listed in Table I, the same energy spectr
~ES1! is used as the initial condition, while from Case UR
to UR12 the other initial energy spectrum~ES2! is used. The
energy spectra ES1 and ES2 are defined in the following

ES1~k1 ,k2 ,k3!50.018k2 expS 2
k2

25D , ~1!

ES2~k1 ,k2 ,k3!50.18k expS 2
k

3D ,

~2!
ES2~k1 ,k2,0!50.

In the above equation,k i represents the wave number in th
i -th direction, whilek is the three-dimensional wave numbe
In the energy spectrum ES2, the velocity fluctuations atk3
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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50 are set to be zero, indicating that there is no integral s
in thex3 direction. It should be noted that without the initi
integral scale, RDT cannot predict any evolution of veloc
fluctuations ofk350.

The numerical procedure is based on the pseudo-spe
method where the governing equations are discretized by
Fourier-collocation method. The maximum number of g
points used in the study is 643. The second-order Runge
Kutta method is used for the time integration. The init
condition of the velocity field is artificially generated isotr
pic turbulence without any temperature fluctuation exc
Case SR7. Temperature fluctuations are generated spon
ously by turbulence activity under the imposed mean te
perature gradient. In Case SR7, however, artificially gen
ated temperature fluctuations are assumed as the in
condition.

The Boussinesq-approximated Navier–Stokes equat
the continuity equation, and the equation of temperature fl
tuationu take the following forms when nondimensionalize
by the appropriate length scaleL, the velocity scaleU, and
the temperature scaleDT ([uSuuL):

]ui

]t
1uj

]ui

]xj
52

]p

]xi
1

1

Re

]2ui

]xj]xj

2
1

Ro
~2u2d i11u1d i2!1

u

Bo
d i3 , ~3!

]ui

]xi
50, ~4!

]u

]t
1uj

]u

]xj
52u31

1

Re Pr

]2u

]xj]xj
, ~5!

where Re5UL/n, Ro5U/(2VL), and Bo5U2/(LgbDT)
are the Reynolds number, the Rossby number, and the b
ancy parameter, respectively. Also,ui and p are the i -th
component of the velocity vector and pressure, respectiv
The ratio of the viscosity to the Coriolis force results in t
Ekman number Ek5n/(2VL2). When the square root of th
turbulent kinetic energyAk and the characteristic lengt
scale of turbulencek3/2/e are used as the reference scal
these parameters become Re5k2/en, Ro5e/(2Vk), Bo
5e/(AkgbDT), Ek5ne2/(2Vk3), respectively. In all case
except the unstable stratification, the Reynolds numbe
below 20. In the most complex case of unstable stratifica
with rotation, the Reynolds number begins to increase ma
edly just after vortex columns are generated, as discus
later. However, our dominant objective is to investigate
generation mechanism of vortex columns, which begins
relatively low-Reynolds numbers. Both the Rossby and
Ekman numbers are around 0.1 in all cases. Thus, all
flow fields become geostrophic flow, where the balance
tween the pressure and the Coriolis force is retained.

III. RESULTS AND DISCUSSION

A. Cases of neutral and stable stratification

Figure 1 shows the distribution of the temperature flu
tuations and the velocity vectors in thex1-x3 plane in the
loaded 06 Sep 2010 to 133.68.192.96. Redistribution subject to AIP licens
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neutrally stratified case with rotation. It becomes evident t
the iso-surfaces of the temperature fluctuations are aligne
the direction parallel to the axis of the rotation, indicatin
that the temperature field becomes two-dimensional w
solid body rotation is imposed.

The effects of rotation on temperature fluctuations
studied through RDT. By neglecting both the nonlinear a
viscous terms, the following solutions are obtained anal
cally for the Fourier spectrum of the velocity and tempe
ture, i.e.,ûi , û:

k5~k1 ,k2 ,k3!. ~6!

Whenk3Þ0,

û1~k,t !5û1~k,0!cosgt1$hû1~k,0!1zû2~k,0!%singt,

û2~k,t !5û2~k,0!cosgt2$jû1~k,0!1hû2~k,0!%singt,

û3~k,t !5û3~k,0!cosgt1S 1

k D $k2û1~k,0!

2k1û2~k,0!%singt,

û~k,t !5
1

2Vk3
Su3@k2$û1~k,t !2û1~k,0!%

2k1$û2~k,t !2û2~k,0!%#1 û~k,0!, ~7!

with

g52V
k3

k
, h5

k1k2

k3k
, z5

k22k1
2

k3k
, j5

k22k2
2

k3k
.

Whenk350,

û j~k,t !5û j~k,0!, û~k,t !5 û~k,0!2Suû3~k,0!t, ~8!

wherek i is the wave number of thei -th direction. The RDT
solution for the velocity field is also obtained by Bartel
et al.21 From the above equations, it is found that the te

FIG. 1. The distribution of temperature fluctuations and velocity vectors
the x1-x3 plane~Case NR1!: Black to white;20.5 to 0.5,t52.0.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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perature fluctuations associated with thek350 mode should
increase linearly, while the fluctuations at other wave nu
bers oscillate and fail to develop. Thus, the temperature fl
tuations should become independent in thex3 direction, and
hence become two-dimensional when the flow develops
ficiently.

In the following, the effects of two-dimensionalizatio
of the temperature fluctuations are discussed, especial
the cases of stable and unstable stratification. Figures~a!
and~b! show the time evolution of the vertical turbulent he
flux u3u. In Fig. 2~b!, the timet is nondimensionalized by
the Brunt–Väisälä frequencyN5AgbSu. The magnitude of
u3u increases from zero in all cases because of the m
temperature gradient imposed vertically. However, in
neutrally stratified case with solid rotation~NR!, the increase
of the magnitude ofu3u is markedly smaller than in the cas
with no solid rotation~N!. This must be because the tempe
ture fluctuations are transported vertically only through
velocity fluctuations of the lowest wave number, i.e.,k3

50. In both stably and unstably stratified cases~SR and UR!,
this effect of the rotation is clearly observed in the develo
ing period of turbulent heat flux.

From Fig. 2~b!, it is also found that in the stable strat
fication with rotation~SR!, u3u oscillates at nearly twice the
Brunt–Väisälä frequency 2N, while the oscillation period
becomes larger in the case without rotation~S!.

In the case of stable and unstable stratification, the

FIG. 2. The time evolution ofu3u; ~a! Cases N, NR1, NR2, UR1, U, SR1
~b! Cases S, SR1–7
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lowing equation is obtained for the vertical velocity comp
nentu3 by neglecting nonlinear and diffusion terms:

]2

]t2 ¹2u314V2
]2u3

]x3
2 1N2S ]2u3

]x1
2 1

]2u3

]x2
2 D 50, ~9!

which equation is derived by differentiating the equation
¹2u3 with respect to time and eliminating temperature flu
tuation u by using the equation foru, i.e., ]u/]t52Suu3 .
Detailed information on how to derive Eq.~9! is available in
the literature.25 The Fourier spectrum ofu3 , i.e., û3 , should
oscillate at the following frequency,f , under stable stratifi-
cation becauseN2 takes a positive value:

f 5AN2~k1
21k2

2!14V2k3
2

k1
21k2

21k3
2 . ~10!

The temperature fluctuations also oscillate at this frequenf
when both the nonlinear and diffusive terms are neglec
Considering that the temperature fluctuations in the region
k350 become dominant when the rotation is imposed,
characteristic frequencies of the temperature and vertical
locity fluctuation ultimately become the Brunt–Va¨isälä fre-
quencyN. Accordingly, the correlation between them, or th
product of u and u3 , should oscillate at twice the Brunt–
Väisälä frequency 2N as shown in Fig. 2~b!.

B. Effects of rotation on unstably stratified turbulence

Figure 3 shows distributions of the temperature fluctu
tion and velocity vectors in thex1-x3 plane in the unstably
stratified case with rotation. The temperature fluctuations
this case also become approximately two-dimensional, a
the neutrally stratified case with rotation. However, in th
case, the fluids move upward in the regions of positive te
perature fluctuations, while they move downward when

FIG. 3. Distributions of the temperature fluctuation and velocity vectors
the x1-x3 plane~Case UR1!: Black to white;21.8 to 1.8,t52.0.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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FIG. 4. Iso-surfaces ofv3 at t52.0. White iso-surfaces representv3 /v3rms52.0 while black iso-surfaces arev3 /v3rms522.0; ~a! Case UR1;~b! Case U.
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temperature fluctuations take negative values. It should
be noted that both the upward and downward motions
twisted in the spanwise direction.

Figures 4~a! and~b! show the iso-surfaces of the vertic
component of the vorticityv3 in the case of the unstabl
stratification with and without rotation, respectively. Und
the unstable stratification with rotation, the vortex colum
of v3 are clearly observed to be elongated in the direct
parallel to the axis of rotation. However, in cases witho
rotation or unstable stratification~not shown here!, no elon-
gated vortex columns are generated. In addition, in the
culation using the RDT, though the figure is not shown he
the vortex columns are not formed regardless of the ini
condition, thus indicating that the nonlinear effects are ab
lutely required to generate the vortex columns.

Figures 5~a! and ~b! show the joint probability density
function ~p.d.f.! between the vertical vorticityv3 and the
pressure fluctuationp in Cases UR1 and U, respectively.
Case UR1, the large positive vertical vorticity is indeed m
likely associated with the large negative pressure fluctuat
whereas the large negative vertical vorticity is associa
with the large positive pressure fluctuation. Thus, the
served vortex columns are generated under the geostro

FIG. 5. ~a! The joint p.d.f. between pressurep and vertical vorticityv3 ; ~a!
Case UR1,t52.0; ~b! Case U,t52.0.
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balance between the pressure gradient and the Coriolis fo
In the case without rotation, both large positive and nega
vertical vorticities tend to be associated with negative pr
sure fluctuations.

Next, we investigate the generation of the vertical vo
ticity in more detail. The equation of the vertical vorticityv3

is given as follows:

]v3

]t
1uj

]v3

]xj
5v3

]u3

]x3
12V

]u3

]x3
1S ]u3

]x2

]u1

]x3
2

]u3

]x1

]u2

]x3
D

1n
]2v3

]xj]xj
. ~11!

In Eq. ~11!, the first and second terms on the right-hand s
represent the nonlinear and linear vortex-stretching ter
respectively. Figures 6~a! and ~b! show the joint p.d.f. be-
tween the vertical vorticityv3 and the strain rate]u3 /]x3 in
Cases UR1 and U, respectively. In Case U, large plus
minus vertical vorticities are mainly associated with the
tensive]u3 /]x3 with a positive sign. This indicates that th
vertical vorticity is generated mostly by the nonlinear te
v3(]u3 /]x3) in Eq. ~11!. On the other hand, in Case UR
where vortex columns ofv3 are clearly observed, the larg

FIG. 6. The joint p.d.f. between vertical vorticityv3 and]u3 /]x3 ; ~a! Case
UR1, t52.0; ~b! Case U,t52.0.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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v3 is indeed most likely associated with the large]u3 /]x3

with the same signs asv3 . Thus, the observed vortex co
umns ofv3 must be generated by the vortex stretching as
ciated with the linear term 2V(]u3 /]x3).

The generation mechanism of vortex columns can
explained by using the equation on a potential vorticity, d
fined as

p5~v12V!•“ r̃5b~v12V!•“~Q1u! ~12!

5bS v3Su1v•“u12VSu12V
]u

]x3
D , ~13!

wherer̃ is nondimensionalized density and the boldface ty
represents a vector. In the above equation,v•“u can be
neglected becauseV andQ are sufficiently large in compari
son to v and u, respectively. Then, from the conservatio
law of a potential vorticity,25 the following equation is ob-
tained:

Dp

Dt
5bSuS Dv3

Dt
1

D

Dt S 2V

Su

]u

]x3
D D50. ~14!

It should also be noted thatv3 and (2V/Su)]u/]x3 represent
barotropic and baroclinic vorticities, respectively.

Because the nonlinear terms included in an equation
the temperature fluctuationu were not required to generat
vortex columns~not shown here!, the time derivative of
]u/]x3 can be approximated as

D

Dt

]u

]x3
52Su

]u3

]x3
. ~15!

Then, the time derivative of a potential vorticity should s
isfy

bSuS Dv3

Dt
22V

]u3

]x3
D50. ~16!

This result indicates that the vortex columns are generate
the process by which the baroclinic vorticity is transform
into the barotropic vorticity, which mechanism can be rep
sented by the linear vortex-stretching term@see Eq.~11!#.

Figure 7 shows the time evolution of the r.m.s. value
the vertical vorticityv3 in Cases UR1–6, where bothv3 and
t are nondimensionalized by the imposed rotation rateV.

FIG. 7. The time evolution ofv3 in Cases UR1–6.
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The parameterS given in Fig. 7 is the ratio of the Brunt–
Väisälä frequency to the angular frequency of rotation. In t
case of unstable stratification (Su,0), S is defined as

S[
AugbSuu

2V
. ~17!

As shown in Table I, the value ofS increases from 0.05 to
2.0 in Cases UR1 to UR6 and UR7 to UR12. In the ca
with the same value of S, it can be seen from Fig. 7 that
vertical vorticity begins to increase at the same normaliz
time Vt/2p, and its time evolutions almost coincide wit
each other. This indicates that the vortical structure of un
bly stratified rotating turbulence is almost entirely dete
mined by the parametersS andV associated with the body
force terms. Our results are interestingly similar to the e
periments of injecting dense salty water into the rotat
tank, where the evolution of the vortex columns is det
mined by the parameter S.15 It is also found that the smallS,
i.e., smaller effects of buoyancy than the Coriolis force, do
delay the increase inv3 .

The corresponding time evolution of the cros
correlation ofu3 and u is presented in Fig. 8. Initially, the
cross-correlationR3u decreases due to the effects of rotatio
then begins to increase almost up to unity under the effe
of rotation. Figures 9 and 10 show the time evolution ofv3

and R3u in Cases UR7 to UR12, respectively. Their tim
evolutions are qualitatively similar to those observed in
cases with the initial integral scale~UR1–6!. This should be
because even if the initial integral scales are set to be zer
in UR7–12, the imposed rotation enhances the backscatt
the energy cascade and increases the integral scale in thx3

direction.19–21 This mechanism is thought to be a prelude
a Taylor–Proudmann reorganization into two-dimensio
turbulence,19 although the present generation mechanism
vortex columns itself is not due to the Taylor–Proudma
theory, but directly related to the above-mentioned vor
stretching in the vertical direction. In the cases without t
integral scale, more time is needed to generate vortex
umns.

Comparison of Figs. 8 and 10 with Figs. 7 and 9 reve
that v3 begins to increase whenR3u has reached almos

FIG. 8. The time evolution of the cross-correlation between vertical velo
and temperature fluctuations in Cases UR1–6.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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unity, indicating that the vortical structures begin to eme
after both temperature and velocity fluctuations become t
dimensional.

Figure 11 shows the vertical structure of temperature
velocity vectors, while Fig. 12 shows the iso-surfaces ofv3 .
Symbols ~a! and ~b! appended to the figures represent t
cases ofS50.1 and 0.05, respectively. These figures are
snapshots at the instance when spatially averaged ver
vorticity begins to increase, as shown in Figs. 7 and 9. I
noted from Fig. 11 that both temperature and velocity flu
tuations tend to be aligned in the vertical direction, and
come almost two-dimensional. It is also found that the vor
columns as observed in Fig. 4~a! begin to emerge in both
cases ofS50.05 and 0.1.

C. Effects of the nonlinear term

The effects of the nonlinear term on the generat
mechanisms of vortex columns should be discussed. Fig
13 shows the time evolution of Reynolds normal stresse

FIG. 9. The time evolution ofv3 in Cases UR7–12.
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Cases U and UR1. After the initial period of decaying, bo
u1

2 and u2
2 in Case UR1 begin to increase remarkably at

.1.7, while in Case U an increase inu1
2 and u2

2 occurs
gradually from a much earlier time oft50.8. In Case UR1,
the increase ofu3

2 is also delayed in comparison to Case
Thus, the increase of velocity fluctuations due to the effec
unstable stratification is delayed by imposing rotation. Int
estingly, in the RDT for Case UR1, neitheru1

2 nor u2
2 in-

creases during all the period of the calculation, although
time evolution ofu3

2 almost agrees with the result of DNS
Therefore, the increase of bothu1

2 andu2
2, which should be

associated with the occurrence of horizontal eddies, res
from the effects of the nonlinear term, whereas the incre
of u3

2 relates mainly to the linear term. Figure 14 shows t
time evolution of the r.m.s. value of the strain rate]u3 /]x3 .
The difference is clearly observed between RDT and D
for Case UR1 after the timet becomes 1.7. We also find tha

FIG. 10. The time evolution of the cross-correlation between vertical ve
ity and temperature fluctuations in Cases UR7–12.
FIG. 11. The vertical structures of temperature fluctuations and velocity vectors in the (x1 ,x3) plane at the instance when the vertical vorticityv3 begins to
increase;~a! Case UR7,Vt/2p53.98, black to white:u522.5 to 2;~b! Case UR10,Vt/2p58.75, black to white:u525 to 4.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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FIG. 12. The iso-surfaces of vorticityv3 at the instance when the vertical vorticityv3 begins to increase. Black iso-surfaces representv3 /v3rms

522.5 while white iso-surfaces arev3 /v3rms52.5; ~a! Case UR7,Vt/2p53.98; ~b! Case UR10,Vt/2p58.75.
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the time evolution of bothu1
2 and u2

2 is closely associated
with that of (]u3 /]x3)2, i.e., the increase of these quantiti
begins almost at the same time. These results shown in F
13 and 14 support our supposition that the elongated vo
columns are generated by the vortex stretching term ass
ated with the externally imposed rotation and the strain r
]u3 /]x3 .

Figures 15~a! and ~b! show the energy spectra of th
vertical velocity and vorticity, respectively. It is useful t
divide the energy spectrum into two parts: one in the reg
where the wave numbers satisfy the following formula:

f 25
N2~k1

21k2
2!14V2k3

2

k1
21k2

21k3
2 ,0,

FIG. 13. The time evolution of Reynolds stresses in Cases U and UR
loaded 06 Sep 2010 to 133.68.192.96. Redistribution subject to AIP licens
s.
ex
ci-
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n

the other in the region where the wave numbers satisfyf 2

.0. The importance of this criterion for the sign off 2 can be
found by analytically solving the equations of RDT as sho
in the following:

• f 2.0,

û3~k,t !5û3~k,0!cosf t1
2Vk3

f k2 $k2û1~k,0!

2k1û2~k,0!%sin f t,

û~k,t !52Su

û3~k,0!

f
sin f t1

2Vk3

f 2k2 Su$k2û1~k,0!

2k1û2~k,0!%~cosf t21!; ~18!

.
FIG. 14. The time evolution of the r.m.s. value of strain rate]u3 /]x3 in
Cases U and UR1.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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• f 2,0,

û3~k,t !5û3~k,0!coshf t1
2Vk3

f k2 $k2û1~k,0!

2k1û2~k,0!%sinhf t,

û~k,t !52Su

û3~k,0!

f
sinhf t1

2Vk3

f 2k2 Su$k2û1~k,0!

2k1û2~k,0!%~coshf t21!; ~19!

k350,

û3~k,t !5û3~k,0!coshNt,

û~k,t !52Su

û3~k,0!

N
sinhNt. ~20!

As is evident in the above formulas, without nonlinear term
both the temperature and vertical velocity spectra increas
the region wheref 2 takes a negative value, while they fail t
develop in the positivef 2 region. One should also note th
in the region ofk350, the time evolution of both the vertica
velocity and the temperature field is only dependent on
Brunt–Väisälä frequency, and thus determined only b
buoyancy.

In Fig. 15~a!, almost all vertical energy is contained
the regionf 2,0, suggesting that it is possible to predict t

FIG. 15. The energy spectra in Case UR7 at the instanceVt/2p53.98. The
superscripts 0 and2 represent energy in the regionk350 and f 2,0, re-
spectively;~a! the energy spectra of vertical velocity;~b! the energy spectra
of vertical vorticity.
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increase ofu3
2 without the nonlinear term@see Eq.~19!#. It is

also found that the energy satisfyingf 2,0 is, at the same
time, located in the regionk350. However, aroundk58,
E33 increases in the positivef 2 region wherek3 takes a
nonzero value, and thus contributes to the increase
]u3 /]x3 .

On the other hand, the energy spectrum ofv3 shown in
Fig. 15~b! is almost in the regionf 2.0, and concentrated
aroundk58 where the energy ofu3

2 in the region f 2.0
increases, indicating that the vertical velocity fluctuatio
satisfying f 2.0 contribute to the generation of the vorte
columns through the linear vortex stretching. Thus, the r
of the nonlinear term is to increaseu3 at the nonzero value o
k3 due to the cascade-type energy transfer from the lowe
higher wave numbers, which should interrupt oscillation
vertical velocity fluctuations in the regionf 2.0 and enhance
their magnitude. This energy cascade should be enhance
buoyancy force as suggested recently by Komori a
Nagata.22

When f 2 takes a positive value, the following relation
obtained between horizontal and vertical wave numbers
sociated with vortex columns:

2p

Ak1
21k2

2
.

2p

k3
S.

The right-hand side of the equation, i.e., 2pS/k3 , represents
the internal Rossby radius of deformation. Thus, in the g
erated vortex columns their horizontal length scale must
larger than the Rossby radius of deformation. This indica
that the Coriolis force directly affects the horizontal stru
tures of vortex and geostrophic balance is pertained,
though their vertical structure should be determined only
a buoyancy force.

IV. CONCLUSIONS

By using both direct numerical simulation and rapid d
tortion theory, the following conclusions are established p
taining to the geostrophic flow under density stratification.
the neutrally stratified case with rotation, the heat trans
occurs in the direction of a rotational axis. Thus, the is
surfaces of the temperature fluctuations are aligned in
direction parallel to the axis of rotation, and become ve
close to two-dimensional. In the stably stratified case w
rotation, the velocity and temperature fluctuations oscill
with the Brunt–Väisälä frequency. In the unstably stratifie
case with rotation, the elongated vortex columns are ge
ated in the direction parallel to the axis of rotation. The
vortex columns are generated by the effect of linear vor
stretching associated with the externally imposed rotationV
and strain rate]u3 /]x3 . The linear vortex stretching is
closely associated with the process of energy convers
from baroclinic vorticity to barotropic vorticity. RDT canno
generate the vortex columns, because the nonlinear ter
required to suppress the oscillation and enhance the ma
tude of the strain rate]u3 /]x3 .

It is also found that the time evolution of vortex column
is determined by the parameter representing the ratio of
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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Brunt–Väisälä frequency to the angular frequency of rot
tion. The vortex columns begin to emerge when both
velocity and temperature fluctuations become tw
dimensional, and their cross-correlation becomes alm
unity. The horizontal length scale of the vertical vortex b
comes larger than the Rossby radius of deformation. Th
the Coriolis force directly affects the horizontal structures
the vortex, although their vertical structure should be de
mined by the buoyancy force.
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