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This article presents a model of electron field emission from quantum states arising from the tight
confinement of quasi-free electrons on a nanotube hemispherical cap. The model outlines the
possibility of inhomogeneous electron field emission for very thin carbon nanotubes at high
emission levels and the appearance of peculiar ring-shaped field emission images. The conclusions
qualitatively agree with existing experimental evidence, therefore supporting the hypothesis that
part of the electrons on the cap of the emitter may behave as quasi-free in a high emission
level/high-temperature regime. ©2004 American Vacuum Society.@DOI: 10.1116/1.1752902#
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I. INTRODUCTION

Due to their interesting field emission properties, carb
nanotubes~CNTs! are currently under active investigatio
While significant progress has been achieved in this field,
details of the electron emission properties of such catho
are still not clearly understood. Both experimental1–8 and
theoretical simulation efforts9,10 have disclosed many pecu
liarities of CNT field electron emission that cannot be e
plained by the corresponding field enhancement only.9 One
of the main conclusions drawn from these works is that
electronic states localized near or at the apex of the C
greatly influence the current emission profile. At low or mo
erate extraction fields, the electron emission from CN
seems to proceed mainly through such localized states on
tip,3 where the anode extraction voltage produces the lar
local field ~as long as the axis of the CNT is perpendicular
the anode plane!. The field emission images usually sho
one central spot or small groups of spots that appear to
symmetrically arranged close to the center. When increa
the anode voltage, the thermal effect brought in by the la
emission currents tends to stimulate the emission from
sites closer to the CNT body. This frequently complicates
field emission images giving rise to emission rings or au
surrounding the central emission spots.1–8 It was found that
the ring-shaped emission images closely precede struc
changes of the CNT tip.1,2 On the other hand, analogou
rings were observed from conventional field emitters t
when operated at high fields/high emission currents.11,12One
may thus be led to link such phenomena to field emiss
from some nonlocal states that may arise under severe e
nal perturbations, which may induce a continuum behav
of the electronic system: The electron localization should
relaxed from the tight neighborhood of the atomic sites to
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n-dan@aist.go.jp
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entire CNT cap. A continuous model seems therefore to
more suitable for describing such situations. The main p
pose of this article is to give a possible explanation for
apparition of inhomogeneous field emission images in te
of a tunneling theory from nonlocalized electrons on t
CNT cap. Assuming that for high emission currents/high
cal temperatures, part of the electrons of the CNT cap beh
as quasi-free, this article proposes a model of spatial confi
ment quantization of their states and of tunneling field em
sion from these states into the vacuum. The~already tested!
simple two-dimensional free electron gas picture13 was used
for this purpose and was applied to a hemispherical confi
ration of a CNT cap. The states arising on the hemispher
sheet determine an axial probability distribution for the pr
ence of an electron on the cap of the CNT: On average,
probability of finding an electron in a small axial interv
increases when moving toward the cylindrical body. On
other hand, it is well known that, as long as the axis of
emitter is perpendicular to the anode plane, the extrac
field shows a variation with the polar angle of the emitti
site for any field emitter,14 with a maximum at the tip and a
decrease toward the body of the emitter. These two oppo
trends lead to an enhancement of the lateral field emis
for high extraction voltages. A field emission image pr
jected onto the flat plane of the anode may thus beco
inhomogeneous in intensity showing darker regions sepa
ing external circular auras from the brighter central spo
This result may explain, at least partially, the observed sh
ing from spotlike to ring-shaped emission images fro
single CNTs1–8 when the extraction voltages attain hig
enough values.

The influence of CNT heating on the apparition of inh
mogeneous field emission images is also investiga
through the related increase of the surface density of
quasi-free electrons.
il:
12344Õ22„3…Õ1234Õ6Õ$19.00 ©2004 American Vacuum Society
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II. PHYSICAL MODEL

In the one electron approximation of our continuo
model, the Schro¨dinger equation should be solved for th
two-dimensional sheet of the hemispherical cap of the C
The azimuth anglew and the axial coordinatez ~with the
origin at the center of the hemisphere and the positive se
toward the vacuum! will be considered as position param
eters. Denoting the CNT radius byr 0 , one may also find it
useful to use the relative axial positionz5z/r 0 instead ofz.
The equation for the wave functionC~z,w! of the quasi-free
electron on the hemisphere may be obtained in non-Carte
coordinates by using well known procedures:15,16

2
\

2m0r 0
2 F ]

]z S ~12z2!
]C

]z D1
1

12z2

]2C

]w2 G5~E1W0!C,

~1!

wherem0 is the free electron mass,E is the total energy of
the electron, and2W0 is its potential energy~assumed to be
position independent!. The origin for the energy scale will b
taken at the chemical potential of the electronic system.
one-electron wave functions also have to satisfy the follo
ing normalization condition:

E
0

1E
0

2p

uC l
m~z,w!u2dw dz51. ~2!

The normalized solutions of Eq.~1! that remain finite at the
CNT tip ~z51! and nonvanishing at the body–cap interfa
~z50! can be readily written as16

C l
m~z,w!5A2l 11

2p

~ l 2m!!

~ l 1m!!
Pl

m~z!eimw, ~3!

where l 50,1,2,...,m52 l ,2 l 11,...,l ,l 1m5even number,
and Pl

m is the corresponding associated Legendre funct
The corresponding eigenenergies are therefore given sim
by

El52W01
\2

2m0r 0
2

l ~ l 11!. ~4!

Each energy levelEl is thus (2l 11) times degenerate with
respect to the quantum number of the axial angular mom
tum, m.

The normalization condition of Eq.~2! suggests that a
probability density for the electron axial localization can
defined, which will be used in our subsequent field emiss
analysis:

P l
m~z!5E

0

2p

uC l
m~z,w!u2dw5~2l 11!

~ l 2m!!

~ l 1m!!
~Pl

m~z!!2.

~5!

Thus, according to Eq.~5!, P l
m(z)dz gives the probability

of finding a (l ,m)-state electron in a circular strip area
extentdz5r 0dz, around the axial positionz5r 0z, as shown
in Fig. 1~a!.

The assumed quasi-free one-electron waves on the C
cap are supposed to mix so that the electronic states
scribed by Eq.~3! are to be occupied according to som
JVST B - Microelectronics and Nanometer Structures
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statistical distribution. For convenience, this will be appro
mated by a Fermi–Dirac function, corrected for the spin a
m degeneracy:

f ~El !52~2l 11!F11expS El

kBTD G21

. ~6!

As the origin of the energy scale is at the chemical pot
tial, the parameterW0 appearing in Eqs.~1! and ~4! is
strongly related to the quasi-free electron surface density
the CNT cap,ns

free, which is given by the following equa
tion:

ns
free5

1

2pr 0
2 (

l 50

`

f ~El !. ~7!

It may be found useful to express this electron density
relative values with respect to its maximum, which results
counting both p-electrons normally assigned to eac
graphene hexagon:17 ns

max54/a2A3, wherea is the lattice
constant of graphene (a52.46 Å).17

FIG. 1. ~a! Field emission configuration considered for the present theor
cal analysis. For each infinitesimal circular strip area on the CNT ca
specific amount of available electrons and a local extraction field is con
ered.~b! Detail of the configuration depicted in~a! showing the axial varia-
tion of the electron population on the cap of a CNT with the diameter 2r 0

51.6 nm.
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It is interesting to observe that, by combining the Fer
factor of Eq.~6! with the axial probability density defined b
Eq. ~5!, one may construct the actual electron density alo
the axis of the hemispherical cap of the CNT. The quan
@11exp(El /kBT)#21Pl

m(z)dz may be interpreted as the prob
ability of finding an electron, having the quantum sta
( l ,m), on the CNT cap in the strip defined byz and z
1dz. Therefore, the probability of finding any electron
that strip amounts to the sum taken over all the quan
states and the total axial electron density is written as

dns
free

dz
5

1

2pr 0
2 (

l 50

`

f ~El ! (
m52 l

~ l 1m5even!

l

P l
m~z!. ~8!

In Fig. 1~b!, as an example, this quantity is plotted as
function of the axial position, for a tube having the diame
2r 051.6 nm.

The electronic states described by Eq.~3! carry no axial
current. Therefore, the tunneling of an electron between s
states and the states in the vacuum should be described i
framework of decay phenomena by using the semiclass
concept of attempt-to-escape rates:18,19

n l
m5

n l
m

2t
, ~9!

where t is the so-called localization parameter andn l
m is a

characteristic velocity of the state (l ,m).19 As localization
parameter, the radiusr 0 of the hemispherical cap seems to
the most convenient choice. In order to get a conven
value for the characteristic velocity, one has to address
way an electron enters the cap in the state (l ,m) coming
from the body of the tube. The energy of a quasi-free el
tron on the cylindrical sheet of the body of the CNT can
obtained in a similar way to Eq.~4!:13

Em~k!52W01
\2k2

2m0
1

\2

2m0r 0
2

m2, ~10!

where k is the quasi-continuous axial wave vector of t
electron andm is again the quantum number of the ax
angular momentum. The electronic potential energy on
body of the tube will be considered to take the same valu
on the cap. The axial symmetry of both the cylinder and
cap allows us to assume that the transition of the elec
from the CNT body to the cap preserves its axial angu
momentum. By further assuming that the aforemention
transition is elastic@therefore by equating the energies
Eqs.~4! and~10!#, one may readily obtain a selective expre
sion for the wave vector of an electron that enters the ca
the CNT:

k5
1

r 0
Al ~ l 11!2m2, ~11!

where the quantum numberm has the same limitations as i
Eq. ~4!. Hence, the characteristic velocity may be defined
the axial group velocity of the incoming electron:
J. Vac. Sci. Technol. B, Vol. 22, No. 3, May ÕJun 2004
i

g
y

m

r

ch
the
al

nt
e

-

e
as
s
n
r
d

-
of

s

n l
m5

\k

m0
5

\

m0r 0
Al ~ l 11!2m2 ~12!

and the attempt-to-escape frequency becomes

n l
m5

\

2m0r 0
2
Al ~ l 11!2m2. ~13!

The tunneling probability from the states described by E
~3! into the vacuum states may be computed in the sa
semi-classical framework, according to well-known results20

Assuming a simple triangular potential energy barrier for
electron at the vacuum interface, the tunneling probabi
gets a simple form depending on the local extraction field
vacuum.13 The extraction field on a spherical cathode faci
a plane anode was found to depend on the particular site
the sphere where the emission takes place.14 As the assumed
perpendicularity of the axis of the cathode on the ano
plane allows the electric field to be azimuthally symmet
@Fig. 1~a!#, its strength on the CNT cap will depend on th
axial position only @F(z)# and is expected to increas
steadily whenz varies from 0 to 1. Accordingly, the tunne
ing probability will bear the samez dependence through th
local extraction field:

Dl~z!5expF2
4

3

A2m0

\

~x2El !
3/2

eF~z!
G , ~14!

wherex is the work function of the CNT cap. A typical valu
of 4.7 eV was used forx throughout this article.

Our main concern in the present study is to outline
inhomogeneity of the emission current emerging from
CNT cap due to both the extraction field variation and qu
tum localization of the available electrons. For this purpo
we were led to construct a suitable quantitative measure
this effect. First, one may assert that, according to the us
definitions,18,19 the producte f(El)n l

mDl(z) should represen
the tunneling current emerging from the electronic st
( l ,m) at the axial sitez. But this definition is incomplete
without the inclusion of a proper weight describing the pro
ability that the electron is actually around this site. The
fore, the aforementioned current should be properly
pressed by e f(El)Dl(z)n l

mP l
m(z)dz. Thus, the axial

distribution of the total emission current~i.e., the emission
current from the CNT cap circular strip between the norm
ized coordinatesz andz1dz) is given by

dI

dz
~z!5e(

l 50

`

f ~El !Dl~z! (
m52 l

~ l 1m5even!

l

n l
mP l

m~z!. ~15!

Using the explicit forms ofP l
m(z) and n l

m given by the
Eqs.~5! and ~13!, respectively, and the properties of the a
sociated Legendre functions,21 the axial distribution of the
total current~or, with a shorter name, the differential emi
sion current! from the CNT hemispherical cap becomes
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dI

dz
~z!5

e\

2m0r 0
2 (

l 50

`

~2l 11! f ~El !Dl~z!

3(
j 50

l

Al 14 j l 24 j 2
~ l 2u2 j 2 l u!!
~ l 1u2 j 2 l u!! ~Pl

u2 j 2 l u~z!!2.

~16!

While still complicated, Eq.~16! can be used for furthe
analysis through numerical computation.

III. RESULTS AND DISCUSSIONS

The inhomogeneity of the electron field emission ove
CNT cap may have two distinct sources: The spread in
quantum/statistical localization of the electrons on the sh
of the cap and the site variation of the local extraction fie
We examine in Fig. 2 the first source of emission inhomo
neity. In Fig. 2~a!, the electron localization probability den
sity P l

m(z) computed through Eq.~5! is represented for sev
eral states. As one can see, the electrons carrying high
angular momentum~high absolute values of the quantu
numberm! tend to concentrate toward the CNT body. In F
2~b! @also plotted in the inset of Fig. 1~b!#, account is taken
of the statistical occupation probabilities by computing t
axial electron density@Eq. ~8!#. The expected relatively high
values at the tip region are separated by a certain gap f
the more consistent densities found toward the body/cap
terface.

The second main source of emission inhomogeneity is
site variation of the local extraction field. When the tube
perpendicular to the anode plane, we expect a maxim
value of the electric field at the tip and a monotonic decre
toward the CNT body. This trend is quite opposite to that
the electron density, which was shown to increase toward
‘‘lateral’’ area, i.e., toward the cap/body junction. The re
nonhomogeneous distribution of the local emission curr
should thus be the result of the competition of these t
factors. The stronger the lateral extraction field, the m

FIG. 2. ~a! Axial distribution of the electron localization probability on
CNT hemispherical cap for several possible electronic states.~b! Axial dis-
tribution of the total electron density on the CNT hemispherical cap. T
relative axial positionz5z/r 0 is used for both diagrams.
JVST B - Microelectronics and Nanometer Structures
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highlighted the axial quantum/statistical distribution of ele
trons. Unfortunately, it is a quite difficult task to construct
specific form of the local extraction field intensityF(z). De-
spite existing elaborate related results,22,23no simple analyti-
cal dependence of the extraction field on the position o
particular site of a conductive field emission tip is availab
In the simple floating sphere model,23 it is known that the
extraction field in the tip area is proportional to the cosine
the local polar angle.14 For the analysis below, we specula
tively extend this dependence over all of the hemisphere
the CNT cap:

F~z!5F0 cosu5F0

z

r 0
5F0z, ~17!

whereu is the polar angle as shown in Fig. 1~a!. It is clear
that the real extraction field is not vanishing at the cap/bo
interface, as appears in Eq.~17!. Also, this choice is less
likely to highlight the emission inhomogeneity effect. Ne
ertheless, obtaining inhomogeneous electron field emis
even in such an unfavorable situation would be a signific
confidence enhancement that the effect will appear m
clearly in real cases. As for the field strength on the tip,F0 ,
it is known to be fairly independent on the distance to t
anode. In a simplified model, it can be estimated by13,24

F05
Va

sr0
, ~18!

where Va is the anode potential. The value of the se
screening factors is usually taken as 5.24 More accurate val-
ues can be set by comparison with some numerical com
tations, which show lower figures.13 However, for
demonstrability reasons, we prefer to use the less favor
value of 5. The results obtained by choosing the extract
field in the form given by Eqs.~17! and~18! are illustrated in
Fig. 3. The axial distribution of the total emission current
computed using Eq.~16! for several values of the anod
potential. The total emission currents@obtainable through in-

e
FIG. 3. Axial emission current distributionsdI(z)/d(z) over the closure of
a capped CNT for several extraction voltages. The total emission curreI
for each case are also indicated.
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tegration of the current axial distribution of Eq.~16!# are also
indicated for each curve. It can be seen that the axial dis
bution of the emission is inhomogeneous even for relativ
low anode voltages. Higher voltages produce a still lar
effect: The two ‘‘brighter’’ areas become clearly separated
an emission gap.

Figure 4 contains essentially the same information as
3, but in a more ‘‘visual’’ form: The field emission level i
represented here by the brightness of various areas appe
on a profile of the cap of the CNTs. At high voltages, t
lateral areas with high electron emission levels become
ible as strips on the surface of the cap. In an imaging exp
ment, this would correspond to two brighter areas: a cen
one surrounded by a blurred ring of less emissivity~an aura!.
Such field emission images from individual capped CNTs
indeed reported in literature.1–3

At this point, it may be speculated that the ring formati
in real cases at high voltage/high emission currents fr
CNTs could also be due to the contribution of the electro
emitted from the body of the CNTs. Indeed, under high em
sion current regimes, the self-heating of the CNT may
hance the electron emission even from the body of the t
and the corresponding electron trajectories may be c
pressed into a ringlike structure. Not ruling out this possib
ity, we note however that the imperfect perpendicularity
the CNT on the anode plane~expected in real cases! would
produce much more deformed~elongated! rings, with much
more blurred external parts, than usually observed.1–3

For a given value of the parameterW0 , the diameter of
the tube controls the quasi-free electron confinement on
CNT cap. Inhomogeneous electron field emission is to
expected only from very sharp~few nanometers wide! cath-
odes. Larger cap diameters will allow states with highel
values to be occupied@see Eqs.~4! and~6!# and will increase
the number of significant terms in Eqs.~8! and ~16!. This
will tend to wash out the spatial dependence of the elec

FIG. 4. Axial emission current distributionsdI(z)/d(z) over the closure of
a capped CNT for several extraction voltage represented as grayscal
ages. The data used are the same as in Fig. 3, with ‘‘white’’ color attribu
to the maximum value of the current density. The images outline the n
uniform electron emission pattern from circular strips@as shown in Fig.
1~a!# on the CNT hemispherical cap as source of anode image ring for
tion.
J. Vac. Sci. Technol. B, Vol. 22, No. 3, May ÕJun 2004
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density or of the current axial distribution. Such a behavio
illustrated in Figs. 5~a! and 5~b!. It can be seen that even a
relatively low voltages@Fig. 5~a!#, very thin tube caps allow
for strongly inhomogeneous axial current distribution. As t
tube diameter increases, the distribution becomes flatter
contains no special feature. At very high voltages@Fig. 5~b!#,
the situation is quite similar, but the flattening of the curre
distribution for larger tubes is less effective. Strong fiel
may extract electrons even from very lateral sites and
still produce some ‘‘waving’’ of the axial current distributio
~multiple ring formation at high extraction voltages have a
been reported!.1 Larger tube caps may even accommodate
many electrons that, at high voltages, higher currents ma
pulled out from them as compared to the thinner ones,
spite the difference in local field enhancement@Fig. 5~b!#.
One should be however cautious in practically interpret
such a result since possible field enhancement at local

im-
d

n-

a-

FIG. 5. Axial emission current distributionsdI(z)/d(z) over the closure of
a capped CNT for several tube diametersd52r 0 in both low ~a! and high
~b! extraction voltage regimes. The total emission currentsI for each case
are also indicated.

FIG. 6. Dependence of the field emission currentI from a capped CNT,
generated by the quasi-free electrons, on the tube diameterd. The corre-
sponding dependence for opened CNTs is presented for comparison
inset shows the corresponding diameter dependence of the quasi-free
tron density on the CNT cap.
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1239 Filip et al. : Analytical model for electron emission 1239
states on the cap of the CNT9 may completely mask the
effect of emission current enhancement with increasing C
diameters.

The contribution of the quasi-free electron states locali
on the CNT cap to the field emission is also apparent fr
Fig. 6, where the emitted current is plotted against the t
diameter. For comparison, the same diagram for an ope
CNT, as obtained in Ref. 13, is presented. One may
remark the three orders of magnitude difference between
two sets of current values. No edge-induced field enhan
ment was considered for an uncapped CNT, so this la
difference between the emission currents is to be assoc
only with very different density of states/attempt-to-esca
rates values for the two considered configurations. These
sults agree with some field emission experiments,4 where
opened CNTs were found to be much more intense elec
sources as compared to closed ones. The features appe
in the low-diameter range of the capped CNT curve of Fig
can be explained by the corresponding variation of the e
tron surface density~see the inset of Fig. 6, where the rel
tive densityns

free/ns
max is plotted against the tube diameter!.

The variation of the quasi-free electron surface den
may also have an important influence on the axial distri
tion of the emission current. As can be seen in Fig. 7,
increase of the quasi-free electron population~resulting from
both high emission levels and local heating! leads to en-
hanced emission from the lateral parts of the cap. The
crease of quasi-free electron density associated with the l
temperature or emission currents increase~local temperatures
as high as 2000 K can be attained!25 may, therefore, rende
the special features of field emission images to beco
brighter, sharper, and more complicated~i.e., multiple rings!.
This behavior seems to be confirmed in experiments w
CNT emitters operated at high temperatures/high an
voltages.1

IV. CONCLUSIONS

By assuming that a certain part of the electrons of the
structure of a CNT behave as quasi-free, it is concluded

FIG. 7. Axial emission current distributionsdI(z)/d(z) over the closure of
a capped CNT for several quasi-free electron densities.
JVST B - Microelectronics and Nanometer Structures
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the tight confinement on the two-dimensional CNT cap
duces discrete energy levels from which electron field em
sion may proceed. The computed axial distribution of t
quasi-free electron contribution to the field emitted curre
reveals the possibility, for very high extraction voltages,
ring ~aura! formation around the usual field emission image
This conclusion qualitatively agrees with existing expe
mental evidence, possibly concurring with other cau
~which are not considered in the present approach!.
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Phys. A: Mater. Sci. Process.69, 245 ~1999!.

7K. A. Dean and B. R. Chalamala, Appl. Phys. Lett.76, 375 ~2000!.
8Y. Saito, K. Hamaguchi, K. Hata, K. Uchida, Y. Tasaka, F. Ikazaki,
Yumura, S. A. Kasuya, and Y. Nishina, Nature~London! 389, 553~1997!.

9S. Han and J. Ihm, Phys. Rev. B61, 9986~2000!.
10A. Mayer, N. M. Miskovsky, and P. H. Cutler, J. Phys.: Condens. Mat

15, R177~2003!.
11W. P. Dyke, J. K. Trolan, E. E. Martin, and J. P. Barbour, Phys. Rev.91,

1043 ~1953!.
12L. W. Swanson and A. E. Bell, inAdvances in Electronics and Electro

Physics, edited by L. Marton~Academic, New York, 1973!, Vol. 32, p.
193.

13V. Filip, D. Nicolaescu, and F. Okuyama, J. Vac. Sci. Technol. B19, 1016
~2001!.

14K. L. Jensen, inVacuum Microelectronics, edited by W. Zhu~Wiley, New
York, 2001!, Sec. 3, pp. 33–104.

15W. Yougrau and S. Mandelstam,Variational Principles in Dynamics and
Quantum Theory~Dover, New York, 1979!, Sec. 11.
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