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Abstract

We develop a theory of fluctuating hydrodynamics based on extended thermodynamics through studying the 13-variable theory f
a monatomic rarefied gas as a representative case. After analyzing the relationship between the present theory and the Lanc
Lifshitz theory, we discuss the hierarchy structure of the hydrodynamic fluctuations.
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1. Introduction Boltzmann equation within the Grad’s 13-moment approxima-
tion [27].

More than fifty years ago, Landau and Lifshitz [1, 2, 3] devel- The purpose of this paper is to develop a theory of fluctuating
oped the theory of fluctuating hydrodynamics for viscous, heatbydrodynamics based on ET through studying the 13-variable
conducting fluids with constitutive equations of Navier-Stokestheory as a representative case. After establishing the relation-
and Fourier type basing on thermodynamics of irreversible proship between the present theory and the LL theory, the hierarchy
cesses (TIP) [4, 5]. In order to incorporate thermal fluctuationtructure of the hydrodynamic fluctuations will be discussed.
into hydrodynamics, they introduced additional stochastic flux
terms into the constitutive equations of the viscous stress angl Theory of fluctuating hydrodynamics based on ET
the heat flux by applying the fluctuation-dissipation theorem
[6, 7, 8]. See also reviews [9, 10, 11]. The basic equations in the present study are the linearized

Nowadays the Landau-Lifshitz (LL) theory attracts muchequations of ET-13 for a monatomic rarefied gas [26] around
attention, especially, as the basic theory for microflows andn equilibrium state. The independent variables are the mass
nanoflows, which may play an important role, for example, indensityp, velocity vi, temperaturd’, shear strest;;, (angular
the fields of nano-technology [12, 13] and molecular bio|ogybrackets stand for the symmetric traceless part with respect to
[14, 15]. Numerical analyses of the fluctuations by using thehe suffixes inside), and heat flax wherei = 1,2,3. Note that
theory have been made extensively [16, 17, 18, 19, 20, 21, 22ihe dynamic pressure vanishes identically in this case.

The fluctuating-hydrodynamic approach can also contribute to ap v,
the study of fluctuations in nonequilibrium states [11, 23, 24]. 2t Jr;)oa—xi =0,

It is well known that TIP rests on the local equilibrium as- ovi aldp AT 1 0ty
sumption [4, 5]. Strictly speaking, it is highly probable that this ot + ET)Q ax %W =0,
assumption may no longer be valid, in particular, in the cases 0T 2 _ov 2 dg '
where nanoflows are involved, or in the cases where rarefied aﬁ +§a OTXK + 37p007xk =4, (1)
gases play arole. Actually, in small systems for example, phys- oty 404, v
ical quantities undergo evident changes in a spatio-temporal ot 5ax. ZaPoTOW = —S(ij)»
scale which is even smaller than the scale necessary for the lo- a4 ot !? 5 ¢J?>T S
cal equilibrium assumption to be valid. As for the discussion on a—t' — aTO% + éaz T I = $7

] |

the validity criterion of the assumption, see, for example, Ref.

[25]. E'xtended. thermodynamics (ET) [26] is a geperalized theyherea = ks/m with kg being the Boltzmann constant and

ory being ap_pllcable_ to _such cases. ET for rarefied gases hasige mass of a molecule, ansgj) andspp; are the source terms.

counterpart in the kinetic theory of gases. For example, ET Ofpe guantities with and without the suffix 0 are, respectively,

13 variables (ET-13) coincides with the moment theory of thene quantities at the equilibrium state and the deviations from

the equilibrium state. The first three equations represent, re-

" - spectively, the mass, momentum and energy conservation laws,
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part, rapidly changing (deterministic) modes, which have beefThe correlations (10) are rewritten by
neglected in the traditional hydrodynamic analysis, can be taken

2
into account. The specific entropy productibiis obtained as (xgijy (X 1)t mny X,t)) = kBM
follows: 2 a
Z = Aij)Siij) + AppiSqai = 0, ) X (&m0jn + Gindjm —ngjfmnw()(—xl)(s(t—t/)a
whereA j;, andApp; are so-called the Lagrange multipliers. (51 (X,1)sj(X, 1)) = szoa PoTg 5;5(x—X)(t—t'),

Within the linear constitutive equations, we have ,
<t<ij><x7t)5m(xl7t )> =0.

Siij) = PAgijy,  Sppi = CAppi, @) (12)

N ) o Equations (1) with (11) and (12) constitutee basic system of
whereb andc are positive phenomenological coefficients. Fur-equations for fluctuating hydrodynamics based on ET (ET-
thermore we can prove the following relations [26]: 13).

1 1 The relaxation timesa and 3 can be evaluated by ex-
Ajijy = W'ﬁmw Appi = _qu' (4)  periments or kinetic-theoretical analysis. For gases with
0 0 Maxwellian interatomic potential we have the relatian3 23
For later analysis, we summarize briefly the fluctuation-[26]. Other realistic monatomic gases satisfy this relation ap-
dissipation theorem. In the generic case [28] where the specifigroximately.
entropy production is given by

Z=—XaXa ®)
The basic system of equations obtained above may be de-

and where we assume the linear constitutive equation bet""e%mposed into two uncoupled subsystems, that is, the subsys-

Xa and X, with the phenomenological coefficieBh,, we can o composed of longitudinal modes (System-L) and the sub-
introduce the Gaussian white random fofg@to the constitu- system of transverse modes (System-T).

tive equation in such a way that System-L: The relevant quantities of the system are given by

Xa = —CapXp + fas (6) v 2t oG
p, T l,U( I> (= () [} ( q')
where the mean df, vanishes and its correlation is given by 0x; 0%0X; 0%
dzt(ij) 10s;
<fa(x,t)fb(x’,t’)> =kg(Cap+Cpa)d(X—X)o(t—t'). (7) 0 (E —m and 1 (E de:) )

Now we easily notice the following correspondence relation-
ship between the generic case above and the present case:

3. Two subsystems of the stochastic field equations

(13)

The spatial Fourier transform of the system is the system
of the rate-type differential equations in the space of the wave

%a— {Sij)s Sppits  Xa— {—Agijy, —Appi}- (8)  Nnumberk and timet (kt-representation) as follows:
And we can introduce the Gaussian white random forges dpl(;t(,t) + po(k,t) =0,
ands; into Eq. (3) as follows: 2
20l AT p k)~ akT(kt) — 1l t) =0,
S(ij) = PAGj) +¢ij)>  Sppi = CAppi+5i, 9 t Po Po
oTk ) + gaT (k,t) + i4)(k t)=0
where the means of;) ands; vanish, and their correlations are ot 3 ok 3007
given by drgi’t) + %kztp(kﬂ) + gapoTokqu(kJ) — —%T(kﬂ) +o(k.),
(eap) (6 Dxn (0€,1) = kel %Y _abor(k.t) - SapoTokT(kt) = ~ 5 B(kit) + (k)
X(améjn+&n6jm—édjémn)d(X—X,)d(t—t/), B (14)
(si(%,1)sj(X,t')) = 2kgcdyj O(x— X))o (t —t'), wherep(kt) is the spatial Fourier transform pf(x,t) defined

(xij) (X, Dsm(X, 1)) = 0. 10 as .
At last, taking the relations (4) into account and introducing plkt) = W /p(x,t) exp(—ik-x)dx (15)
the new phenomenological coefficients (relaxation tinmeahd  and so on.

B instead ofb andc, whose relationships are evident from the  From Eq. (12), the quantitiegk,t) andmw (k,t) are the Gaus-
equations below, we obtain the expressionssfgr andsppi in - sian white random forces with null means and correlations:
terms oft;;), ¢ and the random forces;), si: a,OoT02

(o(k,t)o(K,t")) = kg K*(k+K)d(t—t),

S 1t + 35320 T3

L

W @ (ekoe) =T RORS K51, 1O
Sopi = g G Fsi- (o(k,t)ro(K,t')) = 0.



System-T:The relevant quantities of the system are given bywith integration constants; andC, that are determined by the
initial condition att = 0, and

w (= (curlv)), o (E Eiik 02t<kn> > 15 (= (curlq);)

’ Yoxj0%, | ’

_ 0Py _1
(17)  wherefy(kt) andfz(k,t) are given by

The field equations in thkt-representation are as follows: f1(k,t) 1 1 —up] [du(kt)+au(kt)
[fz(kn)] { } | {dz(kvt)Jraz(k,t)} (24)

ot ,
/e*"l(t*”fl(k,t’)dt’
. 1J0

t , ) (23)
| e tkya
0

viko=|3 %]

Twm—w -1 u

da(kt) 1

(3It( a %Gi(k’t) =0, with di(k,t), d2(k,t) andas (k,t), a2(k,t) being the components
daoi(kt) 2, 2 1 of the vectorgl(k, t) anda(k,t), respectively.
—kerg(k,t Tok“w (k,t) = —=ai(k,t) +ri(k,t ’ " :
P d}( + 5 ik, )+api ok (k.t) aa'( O +uky), Let us now adopt the coarse graining approximation by elimi-
n(k.0) —aToai(k,t) = — = m(k,t) +ni(Kt). nating the rapidly changing modes in ET expressed by Egs. (14)
ot B and (18). In comparison with the conserved quatities (mass,

(18)
Note that, for given; andy;, the equations for the set of vari-
ables (u, gi, 15) with the same suffix can be solved separately
from those with the different suffix(+i). In view of Eq. (12),
ti andy; are the Gaussian white random forces with null mean
and correlations:

momentum and energy), the rapidly changing modes usually
have much smaller relaxation times, and decay quickly. There-
fore the elimination can be done by retaining one or a few terms
in the expansion of the general solution with respect to the char-
RActeristic times of the rapidly changing modas,* and A, *

[29, 30, 31]. More explicitly, we apply to (23) the following

apeT2 kikm kind of approximation obtained by successive integrations by
(xi(k,Drm(K' 1)) = ke 47_[38 k* (dm e parts and by neglecting transient terms:
x&(k+K)d(t—t), Ty 1 1df(t) 1 d?f(t)
I Y T T B A (L R (OB et
<U|(k7t)‘)m(k7t )>:kB k am_i /0
8mp k2 (25)
xd(k+K)d(t—t), If we retain only the leading term in the approximation (25)
(xi(k,t)pm(K,t")) = 0. and discard also the transient tefi(k, t), we obtain the follow-
ing contracted solution from Eq. (21):
4. Relationship to the Landau-Lifshitz theory y(kt) =Y (k)-d(kt) +b(k1), (26)
where
In the successive approximation explained below, it is nec- Uy U Uil Uplp
essary to express the shear stress and the heat flux in terms of 1 M A A Ao
the other quantities. We therefore solve the last two equations Y= Uy — Uy I j U N wo|- (27)
of (14) and (18) with respect ta{¢) and (i, 75), respectively, A Ao A A

ming, for the moment, that the other 3 variabl r 1 vari- . . .
assuming, for fne moment, that tne othe 3va Qb es (0 Mrhe quantityb(k,t) is the random force vector introduced by
able) are some given functions &,{). The solutions can be the relation:

expressed in a generic way because the last two equations O _
both systems can be written in the following matrix form: b(k.t) =Y (k)-a(k.t). (28)
Thenb is again Gaussian and white with null mean and corre-
lation:

(b(k,t)bT (K,)) = Y(K) - (a(k,t)aT (K,t')}-YT(K). (29)

wherey(k,t), M(k), d(k,t) anda(kt) are given explicitly in In what follows, we show explicitly the contracted solutions
Eg. (30) or (34) below.a(k,t) is a Gaussian white random for the System-L and System-T:

force vector with 2 components. As is well known, the gen- '
eral solution for the variablg can be easily obtained explicitly

dyg?t) +M(K)-y(kt) =d(kt)+akt),  (20)

System-L: The quantities in Eqg. (20) are given by

by using the eigenvaluek; and A, of the matrixM, and the 1 8p
corresponding eigenvectos, 1] and[up, 1]: yik,t) = {;((Il(étt))] MK =| @ 15|
) 7aTO —_
y(k,t) =y(kt) +y"(kt), (21) 4 ”»
——apoTok“(k,t

where aten= [ )y [y

Cie Mt ~a?poTok?T (k,t) :

gl = | 2|20 (22) 2



and then we obtain the eigenvalues and the components of theThe relationship between the present theory and the LL

corresponding eigenvectors of the matdxas follows:

a+BF \/(a —B)2 - $aTk2a2p?

12=

oa—B+

2ap ’

\/(a —B)2— BaTkea2p?

U2 =

It is noticeable that the order of magnitudeXgf* andA,* is

2aTpa

the same as that of the relaxation tineeandf3.

Denotingb = [g, h]T, we have the following relation up to

the leading term with respect toandf3:

The random forceg andh have null means and correlations:
1
(a(kg(K 1)) = =keapo gk ad(k-+K)3(t ~t),

(kDK 1)) = skedl poTHBS(k+K)a(t 1), B3

<g(k,t)f)(k’,t/)> =

System-T: The quantities in Eq. (20) are given by

ai(k,t)

d(k,t) _ |:_ap0T0k20q (kvt)

Then we obtain

0.

0

4
—éapoTokzaw(k,t) +a(k,t)

SpoToBT (kD) +b(k )

LR

12,

_ aTO —_

B

|- seo=[i6ct]

_a+BF \/(Or — B)? - gaTok?a?p?

Ao = 2ap ;
a-B+ \/(a — B)2— BaTokeo2p?
2= 2aToa B '

Denotingb = [¢,]T , we obtain the following relations in a

similar way as above:

|:O-i(k7t):| _

mi(kt)

|

Note that there is no deterministic part im(k,t), therefore,
only the random force plays a role. The correlations betwee

—apoTok?aw (K,t) + & (K,t)

(k) } '

the zero-mean random forces are given by

(Bi(kt)Em(K 1)) = riskeapoTozk“a Sdm B lqkm)

(KK (K, ) = 5 5kadl TSR (ém -

(6 (K, 1) lm(K 1))

0.

a2
)o(t—t'),
kikm
K
xO(k+k)d(t—t),

xO(k+

theory: We can now confirm that the expressions in Egs. (32),
(33), (36) and (37) are exactly the same as those derived from
the LL theory where the shear viscosjtyand the heat conduc-
tivity k are identified by the relations [26]:

5
u=apoToa, K= éaZPOTOB- (38)

Thus we have proved that the LL theory can be derived from
the present theory by using the coarse graining approximation.

Two theories belong to the two different levels of description
of fluctuating hydrodynamics. The rapidly changing determin-
istic modes in ET have been consistently renormalized into the
random forces in the LL theory. Therefore, from a physical
point of view, the delta-functions appeared in the correlations
have their own validity range depending on the spatio-temporal
resolution of their description level.

5. Discussion and concluding remarks

In the present paper, we have made clear the link between the
two levels of description of fluctuating hydrodynamics, that is,
the theory based on ET-13 and the LL theory. Generally speak-
ing, there are many such levels. Boillat and Ruggeri [26, 32]
found the hierarchy structure of ET and the important concept
called the “main subsystem” of field equations. Each main sub-
system gives us one level of description with different resolu-
tion from each other. And, in a similar way as above, we can de-
velop the corresponding fluctuating hydrodynamics basing on
such a main subsystem. Details of the hierarchy structure in the
hydrodynamic fluctuations will be presented in the next paper.

Lastly we summarize the concluding remarks:

(i) In ET, Navier-Stokes and Fourier constitutive equations
are obtained as its limit case by using an iterative scheme called
the Maxwellian iteration [26]. If we apply this scheme formally
to the present basic system with random forces, we can also ob-
tain the results of the LL theory. The successive approximation
scheme adopted in this letter is, in our opinion, easier to un-
derstand the physical meaning of the approximation process. In
this respect, itis interesting, as a next study, to study the second-
order approximation in the successive scheme and to compare
it with that of the second-order Maxwellian iteration.

(i) In the present paper, we have studied a monatomic rar-
efied gas only. Fluctuating hydrodynamics can also be estab-
lished in a similar way by using recently-developed ET for a
polyatomic rarefied gas and for a real gas [33] where the dy-
namic pressure exists.

(iii) As the basic system of equations in ET is of hyper-
Bolic type, the propagation speed of information is finite. In
this respect, ET is in sharp contrast to the traditional theory of
Navier-Stokes and Fourier type that predicts infinite speeds for
the propagation of heat and shear stress. It is, therefore, quite
reasonable to adopt ET in order to develop the relativistic fluc-
tuating hydrodynamics. See the pioneering work by Calzetta
[34].

(iv) Numerical analyses based on the present theory in vari-
ous situations are highly expected. We can expect qualitatively



different effects between the LL theory and the present theory,
especially, in a small spatio-temporal scale.

Acknowledgments

This work was partially supported by: Japan Society of Pro-
motion of Science (JSPS) No. 08J08281 (S.T.), No. 20560054
(M.S.); National Natural Science Foundation of China (NSFC)
No. 20973119 (N.Z.).

References

[1] L. D. Landau, E. M. Lifshitz, Soviet Phys., JETP 5 (1957) 512.

[2] L.D. Landau, E. M. Lifshitz, Fluid Mechanics, Pergamon Press, London
(1958).

[3] E. M. Lifshitz, L. P. Pitaevskii, Statistical Physics, Part 2, Pergamon
Press, Oxford (1980).

[4] S.R.de Groot, P. Mazur, Non-Equilibirum Thermodynamics, Dover, New
York (1984).

[5] Y. Demirel, Nonequilibrium Thermodynamics, Elsevier, Amsterdam
(2002).

[6] H.B. Callen, T. A. Welton, Phys. Rev. 83 (1951) 34.

[7] M.S. Green, J. Chem. Phys. 19 (1951) 1036.

[8] R.Kubo, J. Phys. Soc. Japan 12 (1957) 570.

[9] R.F. Fox, Phys. Reports 48 (1978) 179.

[10] M. Kac, J. Logan, Fluctuation Phenomena, Studies in Statistical Mechan-
ics, Chap. 1, Vol. VII, edited by E. W. Montroll and J. L. Lebowitz, North-
Holland, Amsterdam (1979).

[11] J. M. Ortiz de Zarate, J. V. Sengers, Hydrodynamic Fluctuations, Elsevier,
Amsterdam (2006).

[12] G. Karniadakis, A. Beskok, N. Aluru, Microflows and Nanoflows: Fun-
damentals and Simulation, Springer, New York (2005).

[13] W. Kang, U. Landman, Phys. Rev. Lett. 98 (2007) 064504.

[14] R.D. Astumian, P. ldnggi, Phys. Today, 55(11) (2002) 33.

[15] G. Oster, Nature (London), 417 (2002) 25.

[16] A. L. Garcia, M. Malek-Mansour, G. C. Lie, E. Clementi, J. Stat. Phys.
47 (1987) 209.

[17] A.L. Garcia, C. Penland, J. Stat. Phys. 64 (1991) 1121.

[18] N. Sharma, N. A. Patankar, J. Comput. Phys. 201 (2004) 466.

[19] G. De Fabritiis, R. Delgado-Buscalioni, P. V. Coveney, Phys. Rev. Lett.
97 (2006) 134501.

[20] G. De Fabritiis, M. Serrano, R. Delgado-Buscalioni, P. V. Coveney, Phys.
Rev. E 75 (2007) 026307.

[21] J. B. Bell, A. L. Garcia, S. A. Williams, Phys. Rev. E 76 (2007) 016708.

[22] J.B.Bell, A. L. Garcia, S. A. Williams, ESAIM: M2AN, 44 (2010) 1085.

[23] R. Schmitz, Phys. Reports 171 (1988) 1.

[24] P. Espéaol, Physica A248 (1998) 77.

[25] N. Pottier, Nonequilibrium Statistical Physics, Chap.2, Oxford University
Press, Oxford (2010).

[26] I. Muller, T. Ruggeri, Rational Extended Thermodynamics, Second Edi-
tion, Springer, New York (1998).

[27] H. Grad, Commun. Pure Appl. Math. 2 (1949) 331.

[28] E. M. Lifshitz, L. P. Pitaevskii, Statistical Physics, 3rd Edition Part 1,
Pergamon Press, Oxford (1980).

[29] M. S. Miguel, J. M. Sancho, J. Stat. Phys. 22 (1980) 605.

[30] J. M. Sancho, M. S. Miguel, D. @, J. Stat. Phys. 28 (1982) 291.

[31] K. Sekimoto, J. Phys. Soc. Japan 68 (1999) 1448.

[32] G. Boillat, T. Ruggeri, Arch. Rational Mech. Anal. 137 (1997) 305.

[33] T. Arima, S. Taniguchi, T. Ruggeri, M. Sugiyama, in preparation.

[34] E. Calzetta, Class. Quantum Grav. 15 (1998) 653.



