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Effective Design of Transmit Weights for Nonregenerative
Multiuser MIMO Relay Downlink System

Cong LI†a), Yasunori IWANAMI†b), Ryota YAMADA††, and Naoki OKAMOTO††, Members

SUMMARY In this paper, we focus on the cancellation of interfer-
ence among Destination Users (DU’s) and the improvement of achievable
sum rate of the nonregenerative multiuser Multiple-Input Multiple-Output
(MIMO) relay downlink system. A novel design method of transmit weight
is proposed to successively eliminate the interference among DU’s, each
of which is equipped with multiple receive antennas. We firstly investi-
gate the transmit weight design for the Amplify-and-Forward (AF) relay
scheme where the Relay Station (RS) just retransmits the received signals
from Base Station (BS), then extend it to the joint design scheme of trans-
mit weights at the both BS and RS. In the proposed joint design scheme,
through the comparison of lower bound of achievable rate, an effective DU
selection algorithm is proposed to generate the transmit weight at the RS
and obtain the multiuser diversity. Dirty Paper Coding (DPC) technique is
employed to remove the interference among DU’s and ensures the achiev-
able rate of downlink. Theoretical derivation and simulation results demon-
strate the effectiveness of the proposed scheme in obtaining the achievable
rate performance and BER characteristics.
key words: multiuser MIMO, dirty paper coding, relay communication,
achievable rate

1. Introduction

Wireless relay communication has attracted considerable in-
terests due to its improvement of the coverage and the en-
hancement of the spectral efficiency [1]–[3]. In general,
wireless relay techniques are categorized into regenerative
and nonregenerative schemes. A regenerative relay requires
the decoding of information bits from BS with re-encoding,
i.e., Decode and Forward (DF), which results in high cost
and latency. A nonregenerative relay like AF just performs
the linear processing for the received signals from BS, which
does not need any digital signal processing at RS, but only
forwards the received signals to the DU’s.

Relaying techniques over Single-Input Single-Output
(SISO) channels have been well studied in [4], [5] and ex-
tended to the case of MIMO relay channels in [6]–[9]. Mul-
tiuser MIMO downlink relay system, where multiple DU’s
communicate with the BS through the RS using the same
frequency, time and space, has the advantage of high data
rate and large system coverage with supporting multiple
DU’s [10]–[16]. Either the SISO or MIMO single user re-

Manuscript received January 17, 2012.
Manuscript revised June 2, 2012.
†The authors are with the Department of Computer Science

and Engineering, Graduate School of Engineering, Nagoya Insti-
tute of Technology, Nagoya-shi, 466-8555 Japan.
††The authors are with Communication Technology Laborato-

ries, SHARP Corporation, Chiba-shi, 261-8520 Japan.
a) E-mail: chx17515@stn.nitech.ac.jp
b) E-mail: iwanami@nitech.ac.jp

DOI: 10.1587/transfun.E95.A.1894

lay scheme is not adequate for the multiuser MIMO relay
downlink. In single user MIMO relay schemes, the trans-
mit weight is designed just to remove the spatial multi-
plex interference [6], [7], however, in multiuser MIMO re-
lay schemes, it is designed not only to cancel the spatial
multiplex interference but also to exclude the interference
among DU’s to maintain the high capacity between BS and
RS. On the other hand, for the link between RS and DU’s,
preventing the loss of system rate caused by the interfer-
ences among DU’s is crucial [10]–[13]. In [10] and [11],
the transmit weights are designed to decompose the mul-
tiuser MIMO relay system into SISO sub-channels, where
the DPC technique based on QR Decomposition (QRD) is
employed to remove the interference among DU’s and at
each sub-channel Water Filling (WF) scheme is used to dis-
tribute the transmit power on effective channels. However,
these schemes are limited to the case of single receive an-
tenna for each DU. A Generalized WF theorem is proposed
in [12] to optimize the system rate by using the theory of
convex optimization problem. The case in which each DU
is equipped with multiple receive antennas is introduced
in [12], but each receive antenna at DU independently de-
tects the received signal, since the DPC technique is em-
ployed over the strictly lower triangular matrix obtained by
the QRD. In addition in [12] the multiuser diversity is not
considered. Actually, for the cellular system, the effective
DU’s should be optimally selected and the communication
resources such as time, frequency, etc. are to be assigned
ideally. In this situation, the schemes in [10], [11] and [12]
consume the great computational load, since all possible DU
combinations need to be calculated. Therefore, it is very
difficult for those schemes in previous works to get the mul-
tiuser diversity.

In this paper, we propose a novel transmit weight de-
sign for the nonregenerative multiuser MIMO relay down-
link system, where each DU is equipped with multiple an-
tennas. We carefully design the transmit weights for the
AF relay and non-AF relay cases, where the DPC tech-
nique is employed at the BS for ensuring the achievable rate
under the fixed transmit power constraint. Moreover, the
user selection scheduling with low complexity is proposed
to obtain the multiuser diversity, where the lower bound of
achievable rate of each DU is estimated in order to deter-
mine the effective DU’s.

The contents of this paper are organized as follows.
Section 2 presents the proposed system model of multiuser
MIMO relay downlink system. In Sect. 3, we introduce the
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transmit weight design for the case of AF relay, and then ex-
tend it to the non-AF relay case, where some additional in-
telligences such as the signal processing at RS and the user
selective algorithm are proposed. We give the simulation
results in Sect. 4, where the proposed scheme shows the ex-
cellent performance compared with the conventional ones.
The conclusions are given in Sect. 5. Some of the notations
in this paper are illustrated as follows; vectors and matrixes
are expressed by bold letters, we use tr[·], [·]T and [·]H as
the trace, transpose and conjugate transpose of matrix, re-
spectively.

2. System Model

Figure 1 illustrates the multiuser MIMO relay downlink
model in this paper, where the BS is equipped with Ns trans-
mit antennas and communicates with the RS with Nr anten-
nas.

A MIMO channel between the BS and RS is denoted
as H1 ∈ CNr×Ns . The BS transmits the signals with the
transmit weight M ∈ CNs×Ns to the RS. The RS repro-
cesses the received signals with the transmit weight matrix
F ∈ CNr×Nr and then broadcasts to Nd DU’s, where the k-th
DU is equipped with nk

d (k = 1, 2, · · ·Nd) receive antennas.
The broadcast channel between the RS and DU’s is de-

noted as

H2 = [HT
2,1 · · ·HT

2,k · · ·HT
2,Nd

]T ∈ CNΣd×Nr (1)

where NΣd =
∑Nd

k=1 nk
d = Nr = Ns, and H2,k ∈ Cnk

d×Nr corre-
sponds to the channel of the k-th DU. In this paper, we as-
sume that the BS generates the transmit signals using the
Channel State Information (CSI) of H1 and H2 obtained
through the feedback from RS and H2 is also available at
RS. In addition, we also assume the half-duplex time divi-
sion transmissions using the 1st and 2nd time slots, those are
assigned to BS to RS and RS to DU’s respectively. Accord-
ingly, the direct links between BS and DU’s are not utilized
[11]–[13].

In the first time slot, the transmit signal vectors are pro-
cessed by the transmit weight M at the BS

M = [M1 · · ·Mk · · ·MNd ] (2)

Fig. 1 Multiuser MIMO relay downlink model.

where Mk ∈ CNs×nk
s is the transmit weight for the k-th DU

and nk
s denotes the number of transmit streams for the k-th

DU.
The Nr × 1 received signal vector at RS is expressed as

YR = H1MX +W1 (3)

where X = [xT
1 · · · xT

k · · · xT
Nd

]T ∈ CNs×1 with xk ∈ Cnk
s×1 is

the transmit signal vector from BS and W1 ∈ CNr×1 is the
Additive White Gaussian Noise (AWGN) with zero mean
and variance σ2

1I. The transmit power constraint at BS can
be denoted as

tr(MMH) = P1 (4)

where P1 is the total transmit power from BS.
In the second time slot, the RS reprocesses the re-

ceived signal vector YR with the transmit weight F and then
forwards the data streams to DU’s through the multiuser
MIMO broadcast channels. Thus nk

d × 1 receive signals at
k-th DU can be written as

yk = H2,kFH1MX +H2,kFW1 + w2,k (5)

The noise term w2,k ∈ W2 ∈ CNΣd×1 also follows Gaussian
distribution with zero mean and variance σ2

2I, and the trans-
mit power at RS is constrained by

tr(FH1MMHHH
1 FH) + tr(FFH)σ2

1 = P2 (6)

where P2 is the total transmit power from RS and we assume
that

E(XXH) = I; E(XWH
1 ) = E(W1XH) = 0

E(W1WH
1 ) = σ2

1I; E(W2WH
2 ) = σ2

2I
(7)

3. Design of Transmit Weights for Multiuser MIMO
Relay Downlink System

We propose the transmit weight designs for the AF relay
case in Sect. 3.1 and non-AF relay in Sect. 3.2 respectively
under the assumption of given DU’s. The effective user se-
lection algorithm is discussed in Sect. 3.3.

3.1 Transmit Weights Design for AF Relay System

Firstly, we consider the case of AF relay system, that is, the
received signals at RS is simply amplified and retransmit-
ted to DU’s. We define the whole channel matrix of relay
system in Fig. 1 as HG ∈ CN∑

d×Ns which is also expressed as

HG = H2FH1M = ĤM (8)

where Ĥ ∈ CNΣd×Ns is further denoted as

Ĥ = [ĤT
1 · · · ĤT

k · · · ĤT
Nd

]T (9)

and Ĥk corresponds to the k-th DU.
In the prior works [10]–[12], the DPC technique based

on QRD is used to cancel the interference among DU’s.
However, those strategies are equal to the cases with single
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receive antenna in each DU, and consume the great calcula-
tion load when they come to the selection of effective DU’s
which will be discussed in Sect. 3.3.

To ensure each DU being able to accommodate multi-
ple receive antennas, we give the proposed solutions as fol-
lows. For the cancellation of interference among DU’s, we
design the transmit weight M at BS and F at RS as

M = M̂Γ1/2
1 , trace(Γ1) = P1

F = INr×NrΓ
1/2
2 , trace(Γ2) = P2

(10)

where Γ1 = diag(p1
1, · · ·pk

1, · · · , pNd

1 ), pk
1,i ∈ pk

1 ∈ R1×nk
d (i =

1, 2, · · · , nk
d) and Γ2 = diag(p1

2, · · ·pk
2, · · · , pNd

2 ), pk
2,i ∈ pk

2 ∈
R

1×nk
d (i = 1, 2, · · · , nk

d) are the power allocation matrix at
BS and the amplification matrix at RS, respectively. pk

1,i and
pk

2,i are the transmit powers for the i-th stream of k-th DU.

The matrix M̂ can be written as M̂ = [M̂1 · · · M̂k · · · M̂Nd ] ∈
C

Ns×Ns .
Next, for the k-th DU, let us define the aggregate chan-

nel matrix H̃k of previous k-1 DUs’ and its corresponding
singular value decomposition (SVD) as

H̃k =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ĥ1
...

Ĥk−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = UkΛk[V1
kV0

k]H (11)

where V0
k represents the Ns − ∑k−1

j=1 nj
d right singular vec-

tors and forms an orthogonal basis for the null space of
H̃k, thus its columns are the candidate weights of M̂k (k =
2, · · · ,Nd) corresponding to the k-th DU. For the first DU,
M̂1 is achieved by the eigenvectors which ensure the max-
imum transmit gain. In addition, in Eq. (11), we can also
use the QRD of I − H̃H

k H̃k to obtain the null space of matrix
H̃k to reduce the computational complexity [17]. Thus, the
whole system channel matrix in (8) is expressed as

HG =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ĥ1M1 Ĥ1M2 · · · Ĥ1MNd

0 Ĥ2M2 · · · Ĥ2MNd

...
...

. . .
...

0 0 · · · ĤNd MNd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(12)

It is noticed that the DPC technique cannot be directly em-
ployed on the block triangular matrices of (12), because the
elements (interferences) below the diagonal of ĤkMk cannot
be removed. So we carefully design the decoder matrix D at
DU’s side as

D = diag(G1h′H11, · · · ,Gkh′Hkk, · · · ,GNd h′HNd Nd
) (13)

where h′ pq = ĤpMq (p, q = 1, 2 · · ·Nd) and Gk =

diag−1(Bk)BH−1

k , and the triangular matrix Bk is obtained
by the Cholesky decomposition BH

k Bk = chol(h′kk
H

kkh′kk).
Consequ-ently, the effective system channel matrix HE ∈
C

NΣd×Ns can be expressed as follows

HE = DH2FH1M = DHG = D′B′
D′ = diag[G1BH

1 · · ·GkBH
k · · ·GNd BH

Nd
]

B′=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B1

(
BH

1

)−1
h′H11h′12 · · ·

(
BH

1

)−1
h′H11h′1Nd

0 B2 · · ·
(
BH

2

)−1
h′H22h′2Nd

0 0
. . .

...
0 0 0 BNd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Γ

1/2
1 Γ

1/2
2

(14)

where Cholesky decomposition of h′Hkkh′kk generates the tri-
angular matrix Bk, which is the necessary condition for
implementing the DPC in the multiuser MIMO scenario.
Therefore, the DPC technique can be used to subtract the
interferences in advance from DU’s. The transmit signal at
BS is generated based on B′ and denoted as

xi = mod [si + τi] , τi = − 1
b′i,i

∑
i< j

b′i, j x j; xi ∈ X, (15)

where b′i, j is the entry of B′, and we use the same modulo
operation as in [18].

Consequently, The effective SINR for the i-th data
stream at k-th DU is expressed as

SINRk
AF =

pk
1,i p

k
2,iω

k
1,i∥∥∥H2,kF

∥∥∥2
σ2

1/n
k
d + σ

2
2

(16)

where ωk
1,i =

∣∣∣bk
i,i

∣∣∣2, i = 1, · · · , nk
d and bk

i,i is the diagonal entry
of Bkin (14).

The achievable rate of the system can be expressed as

RAF =
1
2

max

⎡⎢⎢⎢⎢⎢⎣ Nd∑
k=1

nk
d∑

i=1
log2(1 + SINRk

AF)

⎤⎥⎥⎥⎥⎥⎦
=

1
2

max
pk

1,i,p
k
2,i

k=1,··· ,Nd

⎡⎢⎢⎢⎢⎢⎣ Nd∑
k=1

nk
d∑

i=1
log2

(
1 +

pk
1,i p

k
2,iω

k
1,i

‖H2,kF‖2σ2
1/n

k
d+σ

2
2

)⎤⎥⎥⎥⎥⎥⎦
subjected to

tr(FH1MMHHH
1 FH) + tr(FFH)σ2

1 ≤ P2,

Nd∑
k=1

nk
d∑

i=1

pk
1,i ≤ P1, p

k
1,i ≥ 0, pk

1,i ∈ pk
1 (17)

3.2 Joint Weight (JD) Design for Non-AF Relay System

The design method in the AF relay has the low complexity,
but the RS cannot obtain the multiuser diversity. To obtain
the multiuser diversity without leading to the great compu-
tation load, we carefully design the transmit weights at both
BS and RS where the receive signal is not only amplified but
also transformed in phase through the transmit weight F at
RS.

Firstly, we apply the SVD to the matrix H1 correspond-
ding to the first link.

H1 = U1Λ
1/2
1 VH

1 (18)

where U1 ∈ CNr×Nr and V1 ∈ CNs×Ns are unitary matrixes,
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and Λ1 = diag(λ1
1, · · · , λk

1, · · · , λNd

1 ) with λk
1,i ∈ λk

1 ∈ R1×nk
d is

the diagonal matrix composed of the eigenvalues of H1HH
1 .

We design the transmit weights M at BS and F at RS as
follows

M = V1Γ
1/2
1 , trace(Γ1) = P1

F = F2F1, trace(Γ2) = P2
(19)

where F1 = UH
1 Γ

1/2
2 operates on the first link H1 and F2 =

[F2,1, · · ·F2,k, · · · ,F2,Nd ] ∈ CNs×Ns does on the second link
H2. Γ1 and Γ2 have the same expressions as in (10). Sim-
ilarly, we construct the previous k-1 DUs’ aggregate matrix
of k-th DU as

H̃2,k =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
H2,1
...

H2,k−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = U2,kΛ2,k[V1
2,kV0

2,k]H (20)

The columns of V0
2,k constitute the transmit weight F2,k ∈

C
Ns×nk

s of k-th (k = 2, · · · ,Nd) DU and F2,1 is composed of
the eigenvectors of H2,1. Thus, the system whole channel
matrix is expressed as

HG =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
H2,1F2,1 H2,1F2,2 · · · H2,1F2,Nd

0 H2,2F2,2 · · · H2,2F2,Nd

...
...

. . .
...

0 0 · · · H2,Nd F2,Nd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦Γ
1/2
2 Λ

1/2
1 Γ

1/2
1 (21)

Similarly, to make the DPC technique applicable, the de-
coder matrix D at DU’s is designed as

D = diag[G1h′H11 · · ·Gkh′Hkk · · ·GNd h′HNd Nd
] (22)

where h′ pq = H2,pF2,q, Gk = diag−1(Bk)Λ−1/2
1 BH−1

k and
Bk is obtained by the Cholesky decomposition BH

k Bk =

chol(h′Hkkh′kk).
The effective system channel matrix HE is denoted as

follows

HE = DH2FH1M = DHG = D′B′
D′ = diag[G1BH

1 · · ·GkBH
k · · ·GNd BH

Nd
]

B′=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B1Λ
1/2
1,1

(
BH

1

)−1
h′H11h′12 · · ·

(
BH

1

)−1
h′H11h′1Nd

0 B2Λ
1/2
2,2 · · ·

(
BH

2

)−1
h′H22h′2Nd

0 0
. . .

...

0 0 0 BNdΛ
1/2
Nd ,Nd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Γ

1/2
1 Γ

1/2
2

(23)

where Λ1/2
1,k = diag1/2(λk

1). From the triangular matrix B′ in
(23), BS generates the transmit signal with the same expres-
sion in (15), where the DPC technique is used to subtract the
interference in advance among DU’s.

Consequently, we give the effective SINR of i-th data
stream at k-th DU as

SINRk
JD =

pk
1,i p

k
2,iλ

k
1,iω

k
2,i

pk
2,iσ

2
1ω

k
2,i + σ

2
2

(24)

where ωk
2,i =

∣∣∣bk
i,i

∣∣∣2, i = 1, · · · , nk
d and bk

i,i is the diagonal entry

of Bk in (23).
The achievable rate of system can be expressed as

RJD =
1
2

max

⎡⎢⎢⎢⎢⎢⎣ Nd∑
k=1

nk
d∑

i=1
log2(1 + SINRk

JD)

⎤⎥⎥⎥⎥⎥⎦
=

1
2

max
pk

1,i p
k
2,i

k=1,··· ,Nd

⎡⎢⎢⎢⎢⎢⎣ Nd∑
k=1

nk
d∑

i=1
log2

(
1 +

pk
1,i p

k
2,iλ

k
1,iω

k
2,i

pk
2,iσ

2
1ω

k
2,i+σ

2
2

)⎤⎥⎥⎥⎥⎥⎦
subjected to

tr(FH1HH
1 FH) + tr(FFH)σ2

1 ≤ P2

Nd∑
k=1

nk
d∑

i=1
pk

1,i ≤ P1, pk
1,i ≥ 0, pk

1,i ∈ pk
1

(25)

The optimization in (17) and (25) can be transformed into a
conventional geometric program [11], [24].

3.3 Effective User Selection and Analysis of Complexity

In the previous works, the DPC technique based QRD is em-
ployed to remove the interferences among DU’s, where each
receive antenna independently detects the signal at each DU.
This situation is equivalent to the case of single receive an-
tenna for each DU. However, in this case, the achievement
of multiuser diversity consumes the great calculation load,
because we have to consider all the possible DU combina-
tions for the effective user selection. Even for each com-
bination, the power distribution with WF scheme and the
optimal covariance structure for DPC lead to further compu-
tational burden due to the nonconvex optimization problem
[19]. However, in this paper, we know the successive can-
cellation scheme can easily obtain the optimal covariance
structures and has no need to consider of power distribution
for each case of DU combination.

Though the design method for the AF relay case can
easily achieves the optimal transmit weight (covariance
structures) because of the successive cancellation scheme,
the RS cannot obtain the multiuser diversity due to the in-
separability of HG. The joint weight design in the non-AF
relay case obtains the multiuser diversity at RS by generat-
ing the transmit weights at BS and RS. For the optimization
in (17) and (25), since the operation of exhaustive search
in geometric program is highly costly, without loss of gen-
erality, in this paper we assume the equal power allocation
strategy at BS.

We focus on the effective user selection for the joint
weight design in the non-AF relay case. Most of the user
selection algorithms are based on the estimation of capac-
ity rate for each DU through the capacity of channel matrix
of each DU or the Frobenius norm [20], [21]. However, the
estimation based on the capacity leads to the great computa-
tional load due to the operation of SVD. The selection based
on Frobenius norm cannot accurately estimate the system
rate because the achievable rate of each DU is not monoton-
ically increasing with respect to its Frobenius norm ‖Hk‖F =√

Tr(HH
k Hk). In this section, we propose a suboptimal but
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effective user selection algorithm.
Let U = {1, · · · , k, · · · ,K} denotes the congregation of

all DU’s and Nd is the number of effective DU’s.

Definition 1. For two vectors x, y ∈ Rl×1 with the de-
scending order components x1 ≥ x2 ≥ · · · ≥ xl ≥ 0 and
y1 ≥ y2 ≥ · · · ≥ yl ≥ 0, we adopt the following notation.

If
∑l

i=1 xi >
∑l

i=1 yi; i = 1, · · · , l − 1, we say that the
vector x weakly majorizes the vector y and denote x � y.

If
∑l

i=1 xi =
∑l

i=1 yi is added, we say that the vector x
majorizes the vector y and write x 	 y [22].

Proposition 1. For the k-th DU in (23), the vector λk
2 ∈Rnk

d×1

composed of eigenvalues of HH
2,kH2,k majorizes the vector

composed of diagonal entries of h′Hkkh′kk, i.e.,

λk
2 � [(h′Hkkh′kk)ii]

nk
d

i=1 (26)

where [(h′Hkkh′kk)ii]
nk

d

i=1 ∈ Rnk
d×1 is the vector composed of di-

agonal entries of h′Hkkh′kk. The proof of (26) is detailed in
Appendix A.

Assuming that the transmit data streams for each DU
are independently encoded and decoded, the sum achiev-
able rate of multiuser MIMO downlink relay system is sim-
ply the summation of rate for each DU. In the case of fixed
relay, since the capacity rate Ck

JD(λk
2) of k-th DU is Schur-

convex with respect to λk
2 under the given transmit power

at RS, Ck
JD(λk

2) is monotonically increasing with respect to
the majorization order. If λp

2 � λq
2 (p, q = 1, · · · ,Nd), then

Cp
JD(λp

2) ≥ Cq
JD(λq

2). In addition, at high SNR for each DU,
the achievable rate Rk

JD(ωk
2) of k-th DU can reaches the ca-

pacity Ck
JD(λk

2), where ωk
2 ∈ Rnk

d×1(ωk
2,i ∈ ωk

2) is the vector
composed of diagonal entries of Bk. Consequently, we have
the following relationship

Rk
JD(ωk

2) ≈ Ck
JD(λk

2) ≥ Rk
JD([(h′Hkkh′kk)ii]

nk
d

i=1) (27)

Expression (27) is proved in Appendix B. Therefore, we
can estimate the achievable rate Rk

JD(ωk
2) of k-th DU by the

lower bound Rk
JD([(h′Hkkh′kk)ii]

nk
d

i=1) of Ck
JD(λk

2). Returning to
Eq. (21), for the k-th DU, using the transmit weight obtained
from the operation of (20), we select the k-th DU by compar-

ing the majorization order of [(h′Hkkh′kk)ii]
nk

d

i=1, k = 1, · · · ,Nd.
Compared with the conven-tional user selection methods,
obviously we can not only avoid the great calculation load
due to SVD operation but also obtain more accurate esti-
mate of the rate for each DU. The user selection algorithm
is shown in Table 1.

Compared with the conventional user selection meth-
ods, obviously we can avoid not only the great calculation
load due to SVD operation but also obtain more accurate
estimate of the rate for each DU.

We compared the computational complexities of pro-
posed joint design method, conventional DPC method based
on QRD [11], proposed design method for AF relay,
block diagonalization method in [14], and channel inversion
method. Since the cancellation of interferences between

Table 1 User selection algorithm.

Table 2 Computation complexity.

DU’s and the user selection are implemented at BS, and the
computational load at DU’s of the above schemes do not
vary largely, we only focus on the total computational load
at BS for calculating each transmit vector X ∈ CNs×1 (Gen-
erally, we assume the generation of transmit weights and
user selection at RS are implemented at BS [6], [7], [13]).
The computational complexity is counted by the number of
flops. A flop is defined to be a real floating point operation,
e.g., a real addition, multiplication, or division is counted as
one flop [26].

The total computational complexities for calculating
each transmit vector X ∈ CNT×1 are derived as on Table 2.

Table 2 shows the computational complexities of
the proposed joint design for non-AF relay ΦJoint Design,
conven-tional DPC scheme [11] ΦDPC with QRD, design for
AF relay case ΦDesign for AF, block diagonolization scheme
in [14] ΦBlock Diagonalization, and channel inversion scheme
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ΦChannel Inversion. For example, when nk
d = 1, Nd = 4 and

K = 4 (No effective user selection), the computational com-
plexities of those schemes are 1773, 1850, 1733, 1874 and
1682 flops, respectively. It is noticed that though the channel
inversion scheme consumes the least computa-tional com-
plexity compared with the other four schemes, overall, com-
putational loads of these schemes doo not change largely.
However, when the effective user selection is employed, i.e.,
nk

d = 1, Nd = 4 and K = 6(KCNd means Nd effective DU’s
are selected from K DU’s), the computational loads of those
schemes are 4604, 12988, 4564, 10476 and 8508 flops, re-
spectively. Obviously, the proposed schemes with succes-
sive elimination method can greatly reduce the computa-
tional load compared with the other schemes. In addition,
in the case of multiple receive antennas at each DU, it is
also noticed that the proposed schemes in this paper does
not consume large computa-tional load compared with the
block diagonolization scheme in [14].

4. Computer Simulation

In this section, computer simulation results are presented
to evaluate the performance of proposed transmit schemes.
The channel model is assumed to be a flat Rayleigh (i.i.d.)
fading and the coefficient γ (= d1/d2) is the ratio of the dis-
tance d1 (between the BS and RS) to the distance d2 (be-
tween the RS and the DU’s). The total transmit power at BS
and RS are assumed to be equal, i.e., P1 = P2 = P. Firstly,
we consider the case of 4 × 4 × [1, 1, 1, 1] (Ns = 4; Nr = 4;
nk

d = 1) in multiuser MIMO relay downlink system, where
the average achievable rate is determined over 1000 real-
izations of H1 and H2. To evaluate the performance of the
proposed scheme, we also give the theoretical upper bound
of rate C(H1)/2 which is derived in Appendix C and similar
to the one in [10].

In Fig. 2, we compared the achievable sum rate of
the system among the proposed joint design method, DPC
method based on QRD at RS in [11], proposed design for AF
relay case, block diagonalization method in [14], and chan-

Fig. 2 Achievable sum rate performance with the proposed transmit
weight design (K = 4; Nd = 4; nk

d = 1; γ = 1).

nel inversion method at RS. Computer simulations show
that, at high SNR’s, the joint weight design method obtains
almost the same sum rate as the DPC based on QRD in [11]
under the condition of given DU. Since the joint design ob-
tains the optimal DU order by employing the DU selection
algorithm, it obtains the slight advantage to the conventional
DPC method based on QRD in [11] with no concern to the
optimal covariance structure. This agrees with the conclu-
sion that the achievable rate is dependent on the order of
DU at low SNR [19]. As shown in Fig. 2, the joint design
for non-AF relay is closer to the upper bound compared with
the AF relay. This is because the weight design for AF relay
has no multiuser diversity at RS. In addition, by comparing
the proposed schemes with the linear weight design meth-
ods, i.e., the BD method at RS [14] and the channel inver-
sion method at RS, the simulation results also support the
conclusion that the nonlinear method, i.e., DPC technique,
outperforms the linear method, such as BD, etc.

Then we consider the case of 4×4×[2, 2] (Ns = 4; Nr =

4; n(k)
d = 2) multiuser MIMO downlink relay system. Under

the condition of effective DU selection, as shown in Fig. 3,
we can obtain the better rate performance, i.e., Nd = 2 is
selected from the users of K = 4. Both cases for AF relay
and joint design for non-AF relay improve the performance
by about 1 dB at the achievable rate of 8 bits/s/Hz. It is
also noticed that either the design for AF relay or the joint
design for non-AF relay can obtain the better rate preference
compared with the linear block diagonalization method.

Next we show the average BER performance of pro-
posed transmit scheme and compare it with the BD method
in Fig. 4. Here QPSK is used to modulate the transmit sig-
nal, the modulo operation is denoted as xk = [ mod (real(sk+

τk)+M/2,M)−M/2]+ j× [ mod (imag(sk+τk)+M/2,M)−
M/2] where M = 4 in the case of QPSK. It is noticed that the
similar observations to the achievable rate are also reflected
on the average BER. As shown in Fig. 4, with the equal
power allocation at BS and RS, the proposed schemes obtain
the better BER performance than the conventional linear BD
method, since the effective channel gain bk

i,i can be obtained

Fig. 3 Achievable sum rate performance with effective DU selection (K
= 2,4; Nd = 2; nk

d = 2; γ = 1).
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Fig. 4 BER performance with effective DU selection (K = 2, 4; Nd = 2;
γ = 1).

Fig. 5 Achievable sum rate performance in the presence of antenna cor-
relation at RS and DU’s (K = 2; Nd = 2; γ = 1).

as large as possible during the design of transmit weight. It
is also noticed that the joint design for non-AF relay is su-
perior to the design for AF relay by 2.5 dB at BER=1.E-02.
This is because of multiuser diversity at RS. In addition, the
system rate performance can be even improved when the ef-
fective DU’s selection algorithm is employed. That is, when
Nd = 2 is selected from K = 4, the BER performance can
be improved by about 1 dB at BER=1.E-02.

Next we consider the case of antenna correlation,
where ρr and ρd denote the correlation coefficients between
antennas at RS and DU’s respectively. Simulation results in
Fig. 5 show that the correlations at RS or DU’s degrade the
rate performance. For the same condition of correlation co-
efficients, the performance with joint weight design having
the diversity at RS gets the advantage over the AF relay. It
is also noticed that the correlation at RS has more adverse
effects on the system performance than DU’s. At the rate
of 8 bits/s/Hz, ρr = 0.6 degrades the performance by about
2 dB compared with the case of no correlation, while the
case of correlation at DU degrades the performance by only
about 1 dB. This is because the correlation at RS degrades

Fig. 6 Achievable sum rate performance with different relay locations
for free space propagation at average SNR=20 dB per receive antenna in
each DU (K = 2; Nd = 2).

the performance for both the first link H1 and the second
link H2, while the correlation at DU only degrades the per-
formance for the second link H2.

We briefly study the effect of location of RS on the
whole system rate performance. We assume that the flat
Rayleigh fading H1 and H2 are subjected to the free space
propagation condition where the channel gain is inversely
proportional to the squared distance between the transmitter
and receiver. Let us define d0(d0 = d1 + d2) as the distance
between BS and the centre of DU’s, then H1 and H2 can
be modelled as H1 = (1 + γ)2H/4γ2 and H2 = (1 + γ)2H/4
respectively, where H = H1|γ=1 = H2|γ=1 is the reference
channel matrix of flat Rayleigh (i.i.d.) fading when γ = 1.
In Fig. 6, it is noticed that the system rate in case of γ = 0.5
is larger than those of γ = 0.25 and γ = 1, that is, the achiev-
able rate of relay system firstly increases and then decreases
when RS moves from BS to the centre of DU’s. The maxi-
mum system rate lies between 0.25 and 1. Since the maxi-
mum value of system rate depends on many factors includ-
ing power allocation at BS and RS, and to find the maximum
rate is beyond the scope of this paper, we will not study it
in detail. In addition, Fig. 6 shows that the substantial sys-
tem rate loss is experienced as the RS is located far from
the BS (i.e., from γ = 1 to γ = 8) This is because of the
amplification of noise from the first link.

5. Conclusion

In this paper, we studied the transmit weight design for the
downlink of multiuser MIMO relay system, where each DU
is equipped with multiple receive antennas. A novel trans-
mit weight design is implemented for the cancellation of in-
terferences among DU’s. Firstly, we focus on the weight
design for the AF relay scheme, but despite of its low com-
putational feature, it cannot obtain the multiuser diversity
at RS. Therefore we next proposed the joint weight design
method for non-AF relay with phase adjustment function,
where the user selection algorithm with low complexity is
employed at the RS to obtain the multiuser diversity. From
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computer simulation results we have verified that the joint
weight design method for non-AF relay, where DPC trans-
mit technique is also used to ensure the achievable rate, ob-
tains the better rate performance compared with the weight
design for the AF relay and the other conventional methods
such as DPC based on QRD, BD and inverse channel meth-
ods.
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Appendix A

A.1 Proof of expression in (26)

For the Definition 1, the necessary and sufficient condition
for weak majorization is

x 	 y if and only if y = Φx (A· 1)

whereΦ is the stochastic matrix [22, pp.36–38, Thm.2.C.1].
For the k-th DU, the eigenvalue decomposition of HH

2,kH2,k is

written as HH
2,kH2,k = Q2,kΛ2,kQH

2,k
where Λ2,k = diag(λk

2). It

is known that h′Hkkh′kk has the same eigenvalue as HH
2,kH2,k,

its eigenvalue decomposetion can be expressed as h′Hkkh′kk

= Q′2,kΛ2,kQ′H
2,k

. So the diagonal element (h′Hkkh′kk)ii is ex-
pressed as

(h′Hkkh′kk)ii =

nk
d∑

j=1

q′i jq
′H
i j (Λ2,k) j j =

nr
d∑

j=1

ϕi j(Λ2,k) j j (A· 2)

where (Λ2,k) j j is the j-th eigenvalue of HH
2,kH2,k or h′Hkkh′kk,

q′i j is the entry of Q′2,k and ϕi j = q′i jq
′H
i j is the entry of Φ.

Since Q′2,k is unitary matrix and ϕi j is doubly stochastic,
we have

[(h′Hkkh′kk)ii]
nk

d

i=1 = Φλ
k
2 (A· 3)
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Form (A· 1), we obtain λk
2 � [(h′Hkkh′kk)ii]

nk
d

i=1.

Appendix B: Derivation of Achievable Rate Rk
J D

(ωk
2
)

For the k-th DU, we have the relationships as follows

Bk=chol(h′Hkkh′kk),
nk

d∏
i=1

λk
2,i=det(HH

2,kH2,k)=
nk

d∏
i

ωk
2,i (A· 4)

where λk
2,i ∈ λk

2 and the arithmetic means of 1/λk
1,iω

k
2,i and

1/λk
1,i
λk

2,i
are expressed as

Δa =
1

nk
d

nk
d∑

i=1

1

λk
1,iω

k
2,i

, Δ′a =
1

nk
d

nk
d∑

i=1

1
λk

1,i
λk

2,i

(A· 5)

with λk
1,i ∈ λk

1 and the geometric mean

Δg =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
nk

d∏
k=1

1/λk
1,iω

k
2,i

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
1/nk

d

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
nk

d∏
i=1

1/λk
1,i
λk

2,i

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
1/nk

d

(A· 6)

The achievable rate of k-DU with WF scheme can be de-
noted as

Rk
JD(ωk

2) ≈ 1
2

max

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
nk

d∑
i=1

log2(μpsλ
k
1,iω

k
2,i/σ

2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (A· 7)

where ps = P1/Ns and σ2 = P2σ
2
1/[λ

k
1,i ps + σ

2
2] and σ2 is

processed by the same method as in [11].
The factor μ solves

nk
d∑

i=1

[μ−σ2/psλ
k
1,iω

k
2,i]+ = pk

2,

Nd∑
k=1

pk
2=P2 (A· 8)

where pk
2 denotes the transmit power allocated for the k-th

DU at RS.
Then we find μ to satisfy (A· 8) with p′k2 < ∞. In (A· 8)

we assume μ > σ2/psλ
k
1,iω

k
2,i and it becomes

nk
d∑

i=1
μ −

nk
d∑

i=1
σ2/psλ

k
1,iω

k
2,i = p′k2

⇒
nk

d∑
i=1
μ = p′k2 +

nk
d∑

i=1
σ2/psλ

k
1,iω

k
2,i

(A· 9)

By letting μ0 = p′k2/n
k
d + Δa, we obtain

nk
d∑

i=1

μ0=

nk
d∑

i=1

⎛⎜⎜⎜⎜⎝ p′k2
nk

d

+Δa

⎞⎟⎟⎟⎟⎠= p′k2+
nk

d∑
i=1

Δa= p′k2+
nk

d∑
i=1

1/λk
1,iω

k
2,i

(A· 10)

The formula (A· 10) proves the existence of μ0. So for all
p′k2 < pk

2, (A· 7) can be expressed as

Rk
JD(ωk

2) ≈ 1
2

nk
d∑

i=1

{
log2 μpsλ

k
1,iω

k
2,i/σ

2
}
+

=
1
2

nk
d∑

i=1

{
log2

(
pk

2/n
k
d + Δa

)
psλ

k
1,iω

k
2,i/σ

2
}
+

=
1
2

⎧⎪⎪⎪⎨⎪⎪⎪⎩log2

(
pk

2/n
k
d + Δa

)nk
d p

nk
d

s

nk
d∏

k=1

λk
1,iω

k
2,i/σ

2nk
d

⎫⎪⎪⎪⎬⎪⎪⎪⎭
+

=
1
2

{
log2

[(
pk

2/n
k
d + Δa

)
ps/Δgσ

2
]nk

d

}
+

=
nk

d

2

{
log2

[(
pk

2/n
k
d + Δa

)
ps/Δgσ

2
]}
+

(A· 11)

In the high SINR condition, we have

Rk
JD(ωk

2)
(a)≈ 1

2
max

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
nk

d∑
i=1

log2(μpsλ
k
1,iω

k
2,i/σ

2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

nk
d

2

{
log2

[(
pk

2/n
k
d + Δa

)
ps/Δgσ

2
]}
+

≈ nk
d

2

{
log2

[(
pk

2/n
k
d

)
ps/Δgσ

2
]}
+

≈ nk
d

2

{
log2

[(
pk

2/n
k
d + Δ

′
a

)
ps/Δgσ

2
]}
+

(b)
=

1
2

max

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
nk

d∑
i=1

log2(μpsλ
k
1,iλ

k
2,i/σ

2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
≈ Ck

JD(λk
2) (A· 12)

It is noticed that Rk
JD(ωk

2) does not depend on the terms
Δa and Δ′a. Therefore, from (a) and (b) in (A· 12), we have

lim
pk

2→∞

[
Rk

JD(ωk
2) −Ck

JD(λk
2)
]

=
nk

d

2
lim

p2,k→∞
{
log2

[(
pk

2/n
k
d+Δa

)
ps/

(
pk

2/n
k
d+Δ

′
a

)
ps

]}
+

= 0 (A· 13)

Appendix C: Derivation of upper Bound Rate for the
Whole System

It is known that the receive signal vector Yd ∈ CNΣd×1 at
DU’s depends on Yr but is conditionally dependent on X.
We notice this relation as

X→ Yr → Yd (A· 14)

From the above Markov chain, we obtain the following in-
equality [23, pp.34–35]

I(X; Yd) ≤ I(X; Yr) (A· 15)

Accordingly the upper bound of achievable rate can be ex-
pressed as

Rupper−bound =
1
2

max [I(X; Yd)] ≤ 1
2

max [I(X; Yr)]

=
1
2

C(H1) (A· 16)
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where the coefficient of 1/2 means two time slots are con-
sumed and the relationship of I(X; Yr) = C(H1) is detailed
in [23, pp.263–299], [25].
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