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Abstract

We shall give an explicit expression of the dimension of the space of harmonic
functions on the Cartesian product of path (resp. cycle) graphs in terms of Cheby-
shev polynomials of the second (resp. first) kind. As an application, we obtain
several identities among the dimensions, some are new and some are known but
obtained previously by other methods. Our motivation for this study is the “Lights
Out” puzzle.
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1 Introduction

Let G = (V, E) be a finite undirected simple graph and K an arbitrary field. A func-
tion on V' with values in K is called a configuration. Let C x denote the set of all
configurations. It is regarded as a vector space over K. For a € K, we define the
endomorphism A¢ g, of Cq, i, which we call the a-Laplacian, by

A ka(f)) =afw)+ Y flu).

(u,v)EE
In the case where G is r-regular, the ordinary Laplacian is —A¢g g .. We are inter-
ested in the dimension of the space of “a-harmonic functions”

d(G, K, a) := dimg ker Ag i q4-

Let P,, denote the path graph with n vertices (n > 2) and C,, the cycle graph with
n vertices (n > 3). Let G x H denote the Cartesian product of graphs G and H. The
number d(P,, x P,,,Fa, 1) (resp. d(C,, x C,,,Fa, 1)) has attracted special attention in



connection with the “Lights Out” puzzle (resp. the torus version of this puzzle); see the
references [1],[2], [3], [4], [8], [9], [10], [11], [12], [13]. The behavior of these numbers
is rather mysterious; see [3, Table 1] for the values of d(C,, x C,,,Fs,1),n < 300.

In this paper we shall give an explicit expression of d(P,, x P,,, K, a) and d(C,,, X
C,., K, a) in terms of Chebyshev polynomials of the second and first kind, respectively.
A configuration for C,, x C,, is naturally identified with a function on Z? which is
(m, n)-periodic, hence the title of this paper. The normalized Chebyshev polynomials
of the first and the second kind are defined by
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respectively. We put Cp(z) := Cy(z) — 2. Let ord,(n) denote the p-adic additive
valuation of n. The main result is the following.

Theorem 1.1. (i) d(P,, x P, K, a) = degged x (Sp (), Sn(—2 — a)).
(ii) d(Cp x Cp, K, a) = 2deg ged g (Crn (2), Cp(—z — a)) — &, where
o ¢ =2jfchar K =p > 3,a = 0,ord,(m) = ord,(n), and both m,n are
even,

o ¢ =1 ifeither
— char K = 2,a = 0, and both m,n are odd,
- char K =p > 3,a = —4, ord,(m) = ord,(n),
- char K =p > 3,a = 4,0rd,(m) = ord,(n), and both m,n are even,

or

- char K = p > 3,a = 0,0rd,(m) = ord,(n), and either m or n is

even,

o ¢ = 0 otherwise.

Theorem 1.1 (i) was essentially known in the case char K = 2, a = 0 (cf. Remark
4.2). In the case a = 1, (i) was proved in [10] (see also [4]). The equality (ii) fora = 1
was conjectured in [3] in the case char K’ = 2 and in [11] in the case char K = p > 0.

The organization of this paper is as follows. Basic properties of Chebyshev polyno-
mials are gathered in Section 2. It should be pointed out that Chebyshev polynomials
of the (somewhat minor) third and fourth kind will be proved to be useful for our pur-
poses. In Section 3 we prove Theorem 1.1. Using Theorem 1.1, we obtain various
identities concerning d(P,, x P,,, K, a) and d(C,,, x C,,, K, a) in Section 4. Some of
them are already known but proved by different methods. We can give a unified proof
using Theorem 1.1 and basic properties of Chebyshev polynomials.

We use the following notation. F; denotes the finite field with ¢ elements, I,, the
identity matrix of degree n, char K the characteristic of a field K, and A ® B the
Kronecker product of matrices A and B.



2 Chebyshev polynomials

The Chebyshev polynomials T, U,,, V,,, and W,, of the first, second, third, and fourth
kind, respectively, are characterized by

sin(n + 1)0
T, = s, n s0) = ———,
(cos ) = cosn U, (cos @) e~
_cos(n+1/2)0 _sin(n +1/2)0
Vi (cos ) = cosf/2 W (cos ) = sndz

where n is an integer (cf.[5],[6]). Note that C,,(x) = 2T;,(x/2), Sn(z) = Un(z/2).
We adopt Schur’s notation .7, (x) := S,,_1(x). For odd n we define

V(@) = Vin_1)2(2/2),  Wu(x) = Win_1)2(2/2),

which we propose to call the normalized Chebyshev polynomials of the third and fourth
kind, respectively. We always assume odd indices for ¥ and #'. The polynomi-
als Cp(z), (), Yn(x), #, () have integral coefficients and are monic except for
Co(z) = 2 and S(z) = 0. The following properties of Chebyshev polynomials are
well known and easily verified. Some of them will not be used in the following, but are
here for the sake of completeness.

Lemma 2.1. (i) We have

Cpo(z+2H=2"427",

—n

%L(Z + Z_l) = ZZ __szl = Zn_l =+ Zn_3 —+ -4 Z—(n—3) -+ Z_(n_l)’
n/2 —n/2
AT 2 )2 —(=8)/2  —(n—1)/2
Yoz 4+277) 21/2+271/2—z z + z +z ,
-1 22—/ (n—1)/2 (n—3)/2 —(n—3)/2 —(n—1)/2
Wn(a+27) = g = 2" 24T T TRy T DR,
z —Z

(ii) Ca(2) =2, Zu(2) =n, %u(2) = 1, #u(2) =n.
(iii) Cp(—2) = (—1)"Cp(z), Sp(—z) = (=1)"S,(x), ¥n(—2) = (71)("*1)/27/”(:17).

(iv) C_p(z) = Cp(z), S—n(x) = —Fn(x), Von(x) = Vn(), #_p(x) = —#, ().

(v) We have
Cn(2)?= Cpy1(2)Cr_1 () =4 — 22,
(@) =S i1 (2).S 1 (2)=1,
V2= Frgala) Y a(x) =2 — 1,
Wn(@)* = Wso (@) Wa(2) =2 + 2.



(vi) We have

Cn(2)Cr(2) =Crgn(x)  +Cmn(z),
(2% = 4) S0 () Fn(2)=Crin(z)  —Crnp(2),
(@ +2) Vi (2) V0 (2) =Clmin)/2(x) +Clm—ny/2(z),
(@ = 2)W (@)W (2) =Clinin) 12(2) =Clim—n) 2(2),
Cn(2) S (1) =S man () —Fmn(2),
Crn(2)¥0(2) =Vomin()  +Y2m—n(2),
Con )W) Hsmin(t) W),
(2 + 2. (2 Va(2) Hamin(@) o (),
(& = 2. (VW) =V in(®)  —Vom (@),

V(@)W () =S (man) 12(®) =S (m—n) j2(T).
(vii) We have

Cyy2(x)? (n : even),
(x+2)¥(2)? (n:odd),
(2% —4).S2(x)?  (n: even),
(x=2)#,(2)>  (n:odd),

Fn(x) :{y"ﬂ(w)cnm(ﬂ?) (n : even),

(D
2
Vn(2)Wn(x) (n : odd),

ffﬂ(n+1)/2($)0(n,1)/2($) (n : Odd)7
Vo1 () Wi () (n : even),

AN

n—l)/Q(x)C(n+1)/2(-75) (n : Odd)7
V1 (X)W1 () (n : even).

(viii) We have

Crn(2) = Cpn (C ()

Fmn () = L (Cn(2))-S ()
Vinn (@) = Vin(Cn(2)) V()
Wnn (@) = W (Cn(2)) W ()

(ix) Let p be a prime number and e > 0. We have the following polynomial congru-



ences modulo p:

Cpe(z) = 2,

Fpe () = (22 — 4)P"~D/2,
Py () = (a+ 2@ D2
Wy (2) = (x — 2) @ ~V/2

Note that the second congruence makes sense even if p = 2, and we assume that

p is odd in the third and the fourth congruences.
(x) Cp(x) =255 (x) (mod 2).

(xi) The solution of the linear recurrence equation x,, = QT,_1 — Tp_o is given by
Ty = Sp(a)ry — Fn-1(a)xo.

Since the normalized Chebyshev polynomials have integral coefficients, they can
be considered over any field. Recall that we put C,, () = Cy, (z) — 2.

Lemma 2.2. Let m,n be positive integers and g = gcd(m, n). Over an arbitrary field
K, we have the following. (We assume odd indices for V" and W'.)

ged(C(2), Cn(x)) = Cy(2), 3)
ged (S (2), Sn(2)) = Sy (), )
ged(Vn (x), Yu () = Y4 (), )
ged(Win (), Wn(x)) = Wy(x). (©)

Proof. In this proof we abbreviate C,, (z) as C,, etc.

First we prove (4), following [6, Section 5.3] (see also [7, Section 7]). It suffices
to show that (7, %) = () as ideals of K[z]. By Lemma 2.1 (viii) we have
(Sm»In) C (F). Let a, b be integers such that am + bn = g. By Lemma 2.1 (vi)

we have
yg = S (yamgyfbn) - (ym7yn)7

LSﬂam yfbn
yam—&-l y—bn-{-l

as desired.
Next we prove (5). We have (¥, ¥;,) C (¥,) similarly. Since n is odd, there exist
odd integers a and b such that 2am + bn = g. Then by Lemma 2.1 (vi) we have

A//g = C(am+bn)/27/am - %n S (%ma%n) C (A//maaf/n)a

as desired.

Changing the sign of z in (5) and using Lemma 2.1 (iii), we obtain (6).

Before proving (3), we show that (.%,,,, #;,) = (#}). Since () C (#;) by (2),
we have (S, #;,) C (#,). Since n is odd, there exist integers a and b such that b is
odd and 4am + bn = g. Then by Lemma 2.1 (vi) we have

Wg = (LL’ + 2)yam7/(bn+g)/2 - Wfbn S (yam; Wfbn) C (ymy Wn)y



as desired. Now we prove (3) using the factorization (1). If m, n are even, then

(Cin, Cn) = (&% = D)(Fj2s Fnp2)?) = (22 = 4).72) = (Cy).

If m, n are odd, then

(Cons Co) = (& = 2)(Won, Wa)?) = ((x = )W) = (Cy).
Finally if m is even and n is odd, then noting that %#;,(—2) # 0, we have

(Cons Cr) = (2 = 2)(Fmy2. #0)?) = ((x — 2)#2) = (Cy).

3 Proof of Theorem 1.1

The a-Laplacian Ag g, is represented by the matrix al,, + A(G), where n is the
number of vertices of G and A(G) denotes the adjacency matrix of G, so d(G, K, a) is
the dimension of the eigenspace of A(G) for the value —a. Since d(G, K, a) is stable
under scalar extension, we may and do assume that K is algebraically closed.

For a square matrix A of degree n, let x a(x) := det(zl,, — A) denote the charac-
teristic polynomial.

Lemma3.1. (i) We have x a(p,,)(z) = Sn(x). Every eigenspace of A(Py,) is one-
dimensional. The minimal polynomial of A(P,,) over K is S, (x).

(ii) We have x a(c,)(z) = én(a:) The eigenspace of A(C,,) for an eigenvalue A
is one-dimensional if char K { n and A € {£2}. It is two-dimensional in other
cases. The minimal polynomial of A(C,,) over K is

.5y 9(7) (n : even,char K = 2),
(x —2)(x 4 2)S,2(x) (n: even,char K # 2),
(x — 2)#p(2) (n: odd).

Proof. These may be well known. See for example [10, Lemma 4.1] for (i). Since
we have not been able to find an appropriate reference for (ii), we give a proof for
completeness.

(i) We introduce an order in the vertex set of P,, so that we have



Then (zg,21,...,2,_1) is an eigenvector for an eigenvalue X if and only if
t(xo, 5 PN ,xn,l) = t(So()\), Sl ()\), ey Snfl(/\))l'() and Sn()\).’lﬁo = 0. This
proves the assertions.

(i) Similarly, we have

1 1
1 1
A(C,) = 1
1
1 1
Then *(x,21,...,2,_1) is an eigenvector for an eigenvalue \ if and only if,

introducing two more variables,
Tj=Avj1 —xj2(2<j<n+1), ¥y =20, Tny1 = T1.

By Lemma 2.1 (xi), this is equivalent to

o Z0(A) F1(N)
X y1(>\) yo()\)
. = . 1 — . )
Tn—1 yn—l(A) yn—Q()‘)

and

where we put

_ [T+ =N
B()\) o ( _yn(/\) fjﬂn—H()‘) - 1) .

Thus we see that x 4(c,,)(#) = det B(z) and the dimension of the eigenspace of
A(C,,) for \is equal to 2 — rankx B(A). By Lemma 2.1 (vii) we have

Cn/271<)\) - n/2<)‘)
—Crs2(A) Crya1(N)
Vn—2(A)  —7n(N)

W (A n : odd),
W —Vn(A) Pog2(A) ( :

Fy2(N) (n : even),

B(\) =

so that x 4(c,,)(z) = 5’n(x) by Lemma 2.1 (v) and (1). Moreover, we can give a
complete description of the value of rank; B(\) by using Lemma 2.1 (ii), (iii),
and (1).



Put A := A(C,,) and let ¢(x) denote the claimed minimal polynomial of A over
K. We note that A = X + X1, where

1

Using Lemma 2.1 (i), we show that ¢(A) = O as follows.
If n is even and char K = 2, then
g(A) = (X + X1 (X%_l LXB 3. X B3 +X—g+1)
=(X"+L)X 2 4+2(X2 24X X X))
If n is even and char K # 2, then
@A) = (X + X2 —-2L,) (X2 '+ X2 3 4. 4 X2 4 xat
= (X" L) (X 2t - X727,
If n is odd, then

Q(A) = (X+X71_2In) (X% —|—XHT_3 +—|—X7HT_3 +X7n;1)

= (X" I, <X‘"51 - X—"éi) .

In any case we have ¢(A) = O since X" = I,,.
Finally, we show that f(A) # O for any monic polynomial f € K{z] with
d := deg f < deggq. The following idea coming from the theory of cellular
automata is borrowed from [10, Lemma 4.1]. Let M (4, j) denote the (7, j)-entry
of a matrix M. Note that

AL E+1)=AFA,n+1-k) =1,

AP E4+2)=---=A"1,n—k)=0
holds for 0 < k < n/2. If d < n/2, then it follows that f(A)(1,d+ 1) =1, so

that f(A) # O. In the remaining case, i.e., n is even, d = n/2, and char K # 2,
we have A™"/2(1,n/2+1) = 2, hence f(A)(1,n/2+1) = 2, so that f(A) # O.

This completes the proof.

Let J,, () denote the Jordan block of eigenvalue A and of size n:
A1
A1
In(A) ==



For matrices A and B, let

A O
AD B :=

Lemma 3.2. (i) The Jordan canonical form of A(P,,) is of the form @;:1 Tm; (Ag)

where \;’s are distinct from each other.

denote the block sum.

(ii) The Jordan canonical form of A(C,,) is of the form

J1(2) ® @)y I, j2(X;)? (n : odd, char K { n),
Ji(2) ® J1(=2) ® D)y Im,;2(A;)®*  (n:even,char K { n),
Je(2) ® Je11(2) © D_y T, 2(M)F? (02 0dd, char K | n),
Je(2) & Jp341(2) @ Ji(—2) ® Ji11(—2)

S D)y I, 2(N)F? (n: even,2 # char K | n),
J(0)%2 D1 Tm, 2(N)*? (2 =char K | n)

where k = |p°/2],p = char K,e = ord,(n),r > 0,\; & {£2}, and \;’s are

distinct from each other.

Proof. The claim (i) and (ii) in the case char K 1 n is immediate from Lemma 3.1.
Suppose 7 is odd, p = char K | n and put e = ord,(n),m = n/p°. By Lemma 2.1
(viii) and (ix) we have

W(x) = (x = 2)P D2, (2),
Ch(z) = (z — 2) Wpn (z)?

in K[z]. Since #;,(2) # 0 in K, the multiplicity of the eigenvalue 2 in x A(C y(z) =
Cy(z) is p¢ and that in the minimal polynomial (z — 2)#,(z) is (p® + 1)/2. This
proves the claim in this case. The remaining cases can be treated similarly. [

Lemma 3.3. The eigenspace of J,(a) @ I, + I,, ® J,(0) for the eigenvalue o + 3
has dimension min{m, n}.

Proof. We may suppose m < n. Let {e;} and {f;} be the standard bases of K™ and
K™, respectively. Then ), ; ¢;j(e;® f;) is an eigenvector of Jy, () ® Iy, + I, @ Jn (3)
for the eigenvalue o+ 3 if and only if ¢; j11 +¢iy1,; = Oholds foralli = 1,2,...,m
and j = 1,2,...n where we make the convention ¢,,+1,; = ¢;n+1 = 0. Since any

choice of ¢11, ¢o1, . . . , ¢;p1 Uniquely determines an eigenvector, the claim follows. [

Lemma 3.4. Let A and B be square matrices of degree m and n, respectively, and let
d be the dimension over K of the eigenspace of A® I, + I, ® B for A € K.

(i) If both A and B have the property that every eigenspace has dimension 1, then

d = degged g (xalx), xs(A — x)).



(it) If the Jordan canonical forms of A and B are of the forms

é} ICHE @ (ij (1) ® T (uj))

and .
P30 & @ (n ) ® Ty ()
k=1 =1
respectively, where vy, ..., ey 415 - - - 5 s (YeSp. B1, .., Be, V1, - - -, ) are dis-
tinct from each other and m; < m;- <mi+1(1<j<s),m<n; <m+1(1<
I <), then
d=2degged k(xa(z),xp(A—1x)) — Z 1-— Z 1,
ai+Br=A njtyvp=X
(4,)es
where
S={@G0)|m; =m; +1,n =n +1,mj =mn}.
Proof.

() Let xa(z) = [Ti=;(z — pi)™, xp(x) = [I;=,(x — ;)" be the factorization
over K where 1, o, ..., iy (resp. vi,va,...,Vs) are distinct roots. Then the

Jordan canonical forms are @;_; Jo, (w;) and @j:1 Jn; (i), respectively, so

i

by Lemma 3.3 we have
d= Z min{m;,n;},
pitri=A

which is easily seen to be equal to deg ged k(x4 (x), x5 (A — x)).

(ii)) By Lemma 3.3 we have
TSI VRTED METED
;i +Br=X ajtr=A i +Br=A

+ Z (min{m;,n;} +min{m;,n;} + min{mj, n;} + min{m/, nj}) .
Hjtri=A

On the other hand, ged i (xa(z), x5(A — 2)) has degree

Z 1+ Z 1+ Z 1+ Z min{m; +mj,n; +m;}.

i +Br=A aitv=A i +Br=A IO RRZEDN

The claim follows since

min{my;,n;} + min{m;,n;} + min{m’,n;} + min{mj, n;}

— 2min{m; +mj,n; +ny}

is —=1if m; = m; + 1,n; = n; + 1,m; = ny, and 0 otherwise.

10
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Proof of Theorem 1.1. Recall that d(P,,, xP,,, K, a) is the dimension of the eigenspace
of the adjacency matrix A(P,, x P,,) for the value —a. In view of the fact

AGx H) = AG)® I, + I, ® A(H)

for graphs G, H with m,n vertices, respectively, we can apply Lemma 3.2 (i) and
Lemma 3.4 (i) to obtain

d(Pm X Py, K, Cl) = deg ng K(XA(P,,,L) ('T)a XA(P,L)(_Q: - CL))

Now by Lemma 3.1 (i) we complete the proof of Theorem 1.1 (i). The proof of (ii) is
similar, though tedious. O

4 Application

Applying Theorem 1.1, we obtain some corollaries. Let € be defined as in Theorem
1.1.

Corollary 4.1. (i) d(Py,—1 x Pp,_1, K,0) = ged(m,n) — 1.
(ii)
2gced(m,n) —e (char K = 2 or mn:even),

d(Cm X Cn,K, 0) =
0 (char K # 2 and mn:odd).
Proof. (i) By Lemma 2.2.

(ii) By Lemma 2.1 (iii) we have C,,(—z) = C,(z) if char K = 2 or n is even. In
this case the claim follows from Lemma 2.2. Changing m and n, we also cover

the case where m is even. Suppose char K # 2 and mn is odd. By Lemma 2.1
(vii), noting that #;,(—2)%,,(2) # 0, we have

ged(Crn () = 2, Cp(z) + 2) = ged(#n (), V()2

We show that (#,, (), 5 (x)) = (1) as ideals of K[x]. Put! = mn. As in the
proof of Lemma 2.2, we have (#;,(x), ¥n(x)) D (#i(x), % (z)). By Lemma
2.1 (vi) we have

V() = Ly 2(z) — Fa-1)/2(2),
Wi(x) = Sg1y2(x) + -y )2(),

so that we have, noting that char K # 2,

(H1(x), %1(x)) = (L31)2(2), -1y /2(2)) = (F1(2)) = (1),

as desired. The claim follows from this.

11



Remark 4.2. In the case char K = 2, Corollary 4.1 (i) was proved in [1] and [8]. See
also [2].

Corollary 4.3. Suppose char K =p > 0.

(i)
pmin{m,n} -1 (a — O)7
d(Pym_1 X Ppn_1, K, a) = < (pmin{mnt —1)/2 (p > 3,0 = +4),
0 (otherwise).
(ii)
2pmin{m,n} (p =2.a= 0)’
opmin{m.n} >3,a=—4,m #n),
A(Cy x Cpe )= 4 2P (p > #n)
2p™ — 1 (p>3,a=—-4,m =n),
0 (otherwise).

(iii) d(Cpm X Cpp, K, a) + e =p(d(C,, x Cp, K, a) +¢).
(iv) For any power q of p with ¢ > 4 and for any a € K NTF,, we have

d(Cyi1 X Cyy1,K,a) = d(Cy_q x Cq_1, K, a) + 4.

Proof. (i) By Lemma 2.1 (ix).
(ii) By Lemma 2.1 (ix) we have épn () =2P" —2=(z—2)”" (mod p).

(i) By Lemma 2.1 (viii) and (ix) we have C,,, () = Cp(Cpn(z)) — 2 = Cp (2)? —

2 = Cyp(x)? (mod p).

(iv) By Lemma 2.1 (vi), (viii), and (ix) we obtain C,y1(2)Cy_1(x) = (Cy(z) —
7)? = (29 — 2)? (mod p). Since (29 — x)? is stable under z — —x — a, we
have

Co1(@)Cy1 (1)Cyr (~2 — a) = (29 — 2)°Cyr(~ — a),
Corr(—2 — a)Cyor(—2 — a)Cyor(2) = (@ — 2)2Cyon (2).

By taking “2 deg gcd” of both sides, we obtain the desired formula.
O

Remark 4.4. In the case p = 2,a = 1 (this implies ¢ = 0), Corollary 4.3 (iii) was
first observed in [3] and was proved there by an elementary method. In the same paper,
(iv) was also observed for the first time and was proved by using an elliptic curve.
Subsequently, in [11], the author applied the same method to prove (iv) in the case
where p is general and a = 1.

12



Corollary 4.5. Let pu(n, a) denote the multiplicity of x —a in the factorization of %, (x)

over K, and introduce the notation

2 (if p(m, a) > p(n,2)),
dmn(a) =
0 (otherwise).
(i) If char K = 2, then
A(Cry X C, K, a) = 2d(Pyn_1 X Po_1, K, a) + 6,

where

(ii) If char K # 2, then
d(Cgm X Czn, K, a) = 4d(Pm_1 X Pn—la K, a) + 5,
where

4—¢ (a =0),
0=192=¢+0mn(6)+ 0nm(6) (a = +4),
Immn(a+2)+0mn(a—2)+ 6y m(a+2)+0nm(a—2) (a#0,14).

Proof. (i) By Lemma 2.1 (x) we have
d(Cm X CnyKv (I) = 2degngK(xym(I)v (7I - a)yn(*x - a)) — &,
and the claim follows as follows. It is clear for a = 0. If a # 0, then we have

vo(Fn(—x — a)) > vo(Fm(x)) <= p(n,—a) > p(im,0),
V—a(Fm (1)) > v_a(Fn(=2 —a)) < p(m,—a) > p(n,0),

where v (f) denotes the order of a polynomial f € K[z] atxz = b € K. Also
note thate = 0 if a # 0.

(i) Use Cap(2) = (22 — 4).%, (x)? from Lemma 2.1 (vii) (1) instead.
O

Remark 4.6. (i) Consider the case a = 1. Corollary 4.5 (i) was conjectured in
[3], and under the restriction that mn is prime to char K, both (i) and (ii) were
obtained essentially in [11, Proposition 2.2].

(i) This result says that there is a relation between usual Lights Out puzzle and the
torus version of the puzzle. It would be interesting to find out a combinatorial

interpretation of this result.
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(iii) Let n > 1 and put e = ord,, (n) in the case char K = p > 0. Using Lemma 2.1,
we can easily verify

0 (char K = 0),
pw(n,2) = ¢2¢—1 (char K = 2),
(p¢—1)/2 (char K =p > 3).

Acknowledgments

This work was supported by JSPS KAKENHI Grant Number 23540014. The author
would like to thank the referee for the suggestions for a better presentation of this paper.

References

[1] Rana Barua and S. Ramakrishnan. o-game, o1 -game and two-dimensional addi-
tive cellular automata. Theoret. Comput. Sci. 154 (1996), no. 2, 349-366.

[2] John L. Goldwasser and William F. Klostermeyer. Odd and even dominating sets
with open neighborhoods. Ars Combin. 83 (2007), 229-247.

[3] Masato Goshima and Masakazu Yamagishi. On the dimension of the space of
harmonic functions on a discrete torus. Experiment. Math. 19 (2010), no. 4, 421—
429.

[4] Markus Hunziker, Anténio Machiavelo, and Jihun Park. Chebyshev polynomials
over finite fields and reversibility of o-automata on square grids. Theoret. Com-
put. Sci. 320 (2004), no. 2-3, 465-483.

[5] J. C. Mason and D. C. Handscomb, Chebyshev polynomials. Chapman &
Hall/CRC, Boca Raton, FL, 2003.

[6] Theodore J. Rivlin. The Chebyshev polynomials. Pure and Applied Mathematics.
Wiley-Interscience [John Wiley & Sons], New York-London-Sydney, 1974.

[7] 1. Schur. Arithmetisches tiber die Tschebyscheffschen Polynome. Gesammelte Ab-
handlungen, Band III, Springer-Verlag, 1973, 422-453.

[8] Klaus Sutner. On o-automata. Complex Systems 2 (1988), no. 1, 1-28.

[9] Klaus Sutner. The o-game and cellular automata. Amer. Math. Monthly 97
(1990), no. 1, 24-34.

[10] Klaus Sutner. o-automata and Chebyshev-polynomials. Theoret. Comput. Sci.
230 (2000), no. 1-2, 49-73.

14



[11] Masakazu Yamagishi. Elliptic curves over finite fields and reversibility of additive
cellular automata on square grids. Finite Fields Appl. 19 (2013), 105-119.

[12] Mikhail Zaidenberg. Periodic binary harmonic functions on lattices. Adv. in
Appl. Math. 40 (2008), no. 2, 225-265.

[13] Mikhail Zaidenberg. Convolution equations on lattices: periodic solutions with
values in a prime characteristic field. Geometry and dynamics of groups and
spaces, 721-742, Progr. Math., 265, Birkhduser, Basel, 2008.

15



