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CHAPTERl

INTRODUCTION

-㌧

SystemstLSedintheproductionofgoodsand deliveryofservicesconstitute the

VaBtmajorityofmostindtlStIy,scapital.These$yStemSare8ubjecttodeteri0工a.tiorL

WithtlSagea･nda･ge.Systemdeteri0Iationi$Often工eAectedinhigherproductioncosts

andlowerprodtlCtionqtlality.Tbkeepproductioncostsdownwhilemaintaininggood

quality,preVentivemaintena.nceisoftenpe工formedon$yStemSSubjecttodeterioration.

ThegIOWlnglmPOrta･nCeOfmaintenancehaBgeneIatedaninc工eaBlnginterestintIle

developmentandimplementa.tionofpreventivemaintenancemodelsfordeterioratiorL

8yStemS.DuringtllelaBtdecade8,&grea.tdealof8tudie8havebeeIlmadeforpreventive

maintenancemodel･Attheiresenttime,theIeis8till&gTea.tneedforinvestiga.ting

SllChmodelsa･Sthegrowthinthecomplexityofmodernsystems.

ShockmodelswithadditivedamageareanimpoItantClas80fpreventivemainte-

nancemodelsfordeteri0Ia.tingsystems.Asystemis8tLbjecttoa8equerLCeOfrandomly

OCCtlrrlng8hocks,a･ndea･Ch8hockcatlSeSaIandomamourLtOfdamagewhichaccumtl-

1ates a･dditivelyovertime･The$yStem mighthilat times ofshockarrival.tJpon

鮎hre,thesystemht18tbeIePlacedbya･neWO.nehavingpropertie8that&re8ta･tisti-

Cal1yequivalenttotheoriginal,andacostisincurIed.Thesystemmaybemaintained

O=eplacedbefbref九ilureatasmal1ercost･TbgivearLOptimalmainterLanCe-Iepla･Ce-

mentpolicyforsuch$yStemS,8hockmodelswithadditiveda.magehavebeensttldied

inquiteanumberofIeCentarticle$･Intheseshockmodel8PIeSentedbyform?=e-

8earCher8,theinAuence80f"Ia･ndomlyvarylngenVi工Onment"on8yStem8ha.venotbeerL

con8idered.OnlyWaldふann【66],Weknow,haBgivenashockmodelwithadditive
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da･mageinwhicha･n乃enviIOnmentPrOCe$SカwaBintIOdtlCedIbuttha･tisforalattice

da.mageprocessanddiscIetetimeca8e.

Ⅰ皿many!CaBeSOfapp追cationIthebehavioI80fsystemsdependnotonlyon8丸ock

processes,btltalsoon"environments"wheresy8tem8a･re.TheerLVironmerLtSmaybe

externalhctoI80fan economicalor tecIlnicalnattlre aB We11a$inteInalhctors ofa.

8ta.tisticalnat11re.Forexample,

(a)Conside工払8yStemtha･tIeCeive$tWOtyPeSOf8hock8&tra･ndompointsoftime･

Theco工工eSpOndingda･magePrOCeS$eSareIelatedea･Chother,andeachtypeofshocks

m叩CatlSethe8y8temtOhn.OneoftIlemCanbeIegarded aBthe"enviIOnment"

pIOCe88･

(b)Considera･8yStemWitha･mOdulatorwhose8ta･teSCanbedescribedbyaMarkov

JumPPrOCeSS.Thesystemi8Subjecttoshocks,andtheprobabihtycha･raCteristic80f

8hocks(forin8tanCe,thedistributionsofinteIShocktime8andshockmagnittldes)are

dependent on the8ta.teOfthemodulatoI.Ⅱence,theMa工kovJumP PrOCeS80ftIle

modtlla.torcanbetake皿aSthe"enviIOnmentDproces8.

(c)Considerasy8tem8tlbjecttoindependent8hocks･ThedistribtltionsGm(･)and

Hm(･)ofthe8hockmagnitude8andtheintershocktimesareaB8tLmedtobeincom-

Pletelyknown,l.e.,m∈Mis&tlnknownpaIameter.Ju8taftereveIyShocka･rrival,

thepaIametermhaBtObeestimatedbyBa,yeSian8tati$ticalmethod.TIleeStimation

P工OCeSSOfpaIametermCa.nbereferIedaBtheカenvi工Onment"proces8.

TIlerefoIe,itis necessa,rytO COnSiderinAtlenCeS Ofra･ndomhcto工8in analyzing

OptimalpIeVentivemaintenanceproblem8for8yStem88ubjecttodeteIioration.

Imthisthesi5,WemainlyinvestigateoptimalpIeVentivemaintenance-repla･Cement

P工Oblem$Ofsystemsexi8tinglnrandomlyvarylngenVironmentswhichca･nbede$Cribed

byMarkovJumPPrOCeSSe8.Systemsa工e8ubjecttoa･8eqtlenCeOf工andomlyoccurrlng

Shock8andtohnuIe.ShockaIrival8and8hockma･gnitudesareinfhencedbycIla･ngeS

Ofenvironment8tate.The shock pIOCe$S and environment process are aBSume tO

be contint10tlS time processe8.We constmct&neW damage process by the8e tWO
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PrOCeSSeSWhichgeneraXze8thedamagepIOCe8$eSglVenbytheformeTIeSeaIChers･

tlnderna･tureCOndition8IWederiveoptimalm扇血tenance-IePlacementpolicie8forthe

long-mna･VerageCO8tpeItmittimea･ndthetotalexpecteddiscountedcostcriterions

IeSPeCtively･The8ePOlicie8aredi鮎Ient丘omtra･ditionaloptimalpo追cie8becausethe

8hockpIOCeS8isinAtlenCedbythe8eCOndprocess-theenvironmentpIOCeSS.
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1.1Thedescriptionoftheproblem

FiI8tWedescribeindetailthe8hockmodelanalyzedinthisthesi$･

Considera8yStemeXi8tingln乱Iandomlyva･rylngenVironment･TheenviIOnment

changescanbedescIibedbyaMa･rkovJumpPrOCeS8Cal1edMhrkovenvLroTlmentPrO-

ces8(MEP).Thesystemis8ubjecttoasequerLCeOfrandomlyocctlrring8hock8,a･nd

eachshockca.tl$e8aTandoma.mountofdamagewhichaccumulates a･dditively･The

shockarIivalsa･ndshockmagnittLdesaIeinfhencedbychangesoftheenvironment

state.'ThedamagepIOCeS8isaBSumedtobeapLecewisesemi･Markovprocess(PSMP)

whichi8COnStruCtedbytheshockproces8andtheenvironmentproce88･Anyofthe

shockso工thecha.ngesoftheenviIOnmentStatemightcatlSethesystemtofan･The

8uIVivalproba･bilityatashocktimepointora･Changetimepointoftheenvironment

sta.teisdeterminedby&known811rVivalfunctionoftheacctlmulateddama･gelevelIthe

environment8ta.tea.ndtherealized8hockma.gnitude.tTponfaihre,the$yStemmuSt

be工ePlacedbyidenticaloneandacostisincurIed･Thesystemcanbemainta･inedor

IePla･CedbeforehiluIea･ta8mal1ercost･Thereplacementtimea･ndmaintena･rtCetime

aIeaSStlmedtobenegugibleIa･ndtheIePla･CementCyClesarerepeatedinde允nitely･

Themathematicaldescriptionsoftheaboveshockmodeland deRnition$about

SOmeCOnCeptStObeusedareglVenaSfollow8.
●

(Ⅰ)TheenviIOmentpIOCeSSOfthesystem

Fet(e(i))t>Obe&StOChaBticprocessspeci&ingthee皿Vir?nmentChaJLgeSOfthe

SyStem･'Theproce$S(f(i))t≧OisaBSumedtobe乱計はtionaryIegularMarkovjump

PrOCeSSWiththestatespacerandtheinitialstatef(0).Let況beaq-£eldofrstlCh

thatonepoint$et(fl∈況,and(unln≧0(uo=0)thejumppointsoI(f(i))t≧0･The

Q(f,A)is&Malkovkernelon(r,況)withQ(e,(e))=0,i.e･,Q(E,･)isaprobabihty

meastLrefoIeVeryf∈r,andQ(･,A)isa択一meaBurablefunctionforeveryA∈9t.Fbr

乱ny･A∈取乱ndl∈R+,1et■
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鞘(恥+1)∈Aル両1-Un≦帰(g),β≦un)=q(モ(un),A)(1-e~り(代un))り(1.1.1)

WheTeq:r→R+isaRnitefunction･Wbcal1(i(i))t≧OMhrkovenvfronmenLproce88

(MEP).

(ⅠⅠ)Thedamageprocessofthe8yStem

Let元+=【0,∞)and守Borel-fieldofR+･FoIany(ど,Zo)∈rXR+,1et(Z(亡;z｡)(i))f≧O

beasemi-Markovprocesswiththestate8PaCeR+andtheinitialstateZ(E,Z｡)(0)=Zo･

Thesemi-Markovkerneloftheproces8(Z(t,Z｡)(i))t≧OisdeRnedasfo11dw8･

fb一礼ny∬,Z∈丘+,乱ndt∈且十,

ア(ろf,Z｡)(広1卜ろf,ヱ｡)(づ)≦∬,も1-づ≦岬(f,句)(d)=Z)(1.1.2)

=ぷG…(坤)現(叫

wheIe(づ)n≧0(づ=0)aIethejumppoint80ftheprocess(Z(亡,Z｡)(i)1t≧0,Hf(･)isthe

conditionalpIObabintydistributionoftheinteIShocktime悠.1-7i,andG皇(･Ii)isthe

conditionalprobabuitydistributionofZ((,Z｡)(7Ll)-Z((,Z｡)(づ)givenZ((,Z｡)(7i)=Z

弧d亮+1一元〒1･W再叩pOSe血t(ろ(,句)(肋≧Ob…Ⅰ帥t-COntin…=eg血

P工OCeSSWithleft-ha.ndhmits.

Now,byappealingtheprpcess(Z((,Z)lt≧0,WedeRnethestochasticprocess(Z(i))t≧O

Whichspeci且e8thecumtLlativedamageofthesy8teminoneIePlacementcyclesuch

tbatg(0)=08ndg(り=ろ(,Z(uh-))(ト一山)on(u"≦1<叫汗1;糾un)=､けTh孔ti8,

g(0)=0 (1.1.3)

g(り=ろ代0),0)(t)loくfく叫)+∑詰1ろ代〟れ),Z(〟n-))(l-Un)1〟n≦仙叫1)･

ThepIOCeS8(Z(i))t≧Oisalsoaright-COntinuou8IegularpIOCe8SWithleft-harLd弘mit8.

Atthepointsun,n≧1,Z(un)=Z(un-),&rLdontheinterval【wn,Un+l),theproce8S
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(Z(i)lt≧Ois礼Semi-Mふ止ovproces8dependentontheenviIOnmentStatee(wn)･Wb

c迅(g(砧≧0〆∝eWiβeβemf･肋血相prO脚β(PSMP)･

(ⅠⅠⅠ)ThestlIVivalfunctio皿Ofthesystem

Inou工mOdels;ahnureofthe8yStemCanOCCurOnlya･t･thetimepointsofshocks

orchangesoftheMEP8tate.LetTbesuchatimepoint,SuPPOSe((T-)=どand

Z(T-)=Z･At･timeT,ifashockofmagnitudexoccurs,thenthesy8temhn8

withkn0wnPIObabilityl-7(z,E,∬),andifacha･ngeOftheMEPsta･teintothesもate

(occu工$,thenthe$yStemfailswithknownpIObabnityl-7(z,(,0)･Thefunction

γ:R+×rXR+→【0,1]isIeferredtoaBthesurvLvat函ctionqfthe8yStem･Let△be

the血且urestateofthesystemand6the五rst鮎1uretimeofthesystem･Throughout

weaBStLmetha.tE[6】<∞･

(IV)Themaintena･nCeandreplacementcostsofthe8yStem

m(ど,Z)andc(f,Z)Iepre$entIe$PeCtivelythemaintenancecostandIePlacemerLt

co8tOfthesystem･atthestate(ど,Z),andc(f,△)IePreSentStherepla･CementCOStat

h肋Ie.hChapte工1乱nd2,C(ぞ,g)=C>Oandc(ど,△)=C+q>0･

(Ⅴ)Thestoppingtime,COntrOl-1imitandstate-agedependentpoⅡcie8

De瓜nitionl.1.Fori≧0,let9tbetheq一允eldgeneIa･tedbythetwo-dimensional

p工OCeSS(拍),g(り)叩tOt血eい･e･,

勘=J((ぞ(β),g(β)),β∈【0,瑚.

Fora,ra,ndomvaliableT,if

(r≦り∈守I 飯山1≧0,

(1.1.4)

(1.1･5)

thenTiscal1ed9f-StOPPir19Lime.

De且nltionl.2.A replacement policylS Cal1ed the coTltrOt-tLmitpoticyifthe

SyStemi8IePla,CedtlpOnfai1ureorwhenthedamageprocessexceedsacriticalcontIOl

pIOCe88,WhicheveIOCCtlr8鮎st.

De允nitionl.3.A工ePlacementpo追cylSCal1ed Lhestate-a9edependeTltPOticyif
●
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the8yStemi8IePlacedupon血ihIeOrthesojourntimeinastate(f,Z)工ea･CLes a.

thresholdlevelA(f,Z)whichisapo8itivereal-Valuedfunction.

(ⅤⅠ)･ThecostLcriterions

l.Thelong-run&VerageCOStPertLnittime.

2.ThetotalexpecteddiscotLntedcost.

Rema∫k.

(1)Itca･nbe8eentha.tiftheenvironmentofthe8yStemisIe$trictedtoonlyone

State(i･e･thecasethattheinAtlenCeSOftheenvironmentisnotconsidered),the

PrO?e8S.(Z(i))t≧Ode餌edin(1･2)becomesthesemi-MaIkovdamageprocessgiven

byPosrLeIandZtlCkeIman[51】･MoIeOVer,if(Z((,Z｡)(i))t≧OistakerLaBaCOmpOtlnd

Poissonprocesswiththeintensityp(e),thentheprocess(Z(i))t≧Oisaconditionaユ

COmPOundPoissonproces8Withthera･ndominten8ityp(f(i)).

(2)WhenthesystemisIePlaced,iftheenvironmentsta.tedoes:nOtreStOretOthe

initial8tatef(0),thesuccessivereplacementperiodsofidenticalsystemsnolongform

a.renewalp工OCeS$.Thisisdi鮎rent丘omthetraditionalshockmode18inwhichthe

StlCCeSSivereplacementtimepointsisarenewalpIOCeS$.

Throtlghoutthethesis,theterm,increaslng,willbeu8edtomean,non-decreaslng,
●

●

and)decIeaSlng)tomean)non-increaslng〉Iandthefonowingwillbestandardnotation:

恥菖)卜】=アトほ0=f,Zo=Z】
勒,ヱ)ト】=β卜梅=i,gO=Z】
鞘,Z)ト;呵A】=β【･M状0=i,gO=g,A】

WhereAa･ndBareevents,XBistheindicatefunctionofthe8etB.
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1.2 Review oftheliteratures

Nowwe･:IeViewtherelatedlitera.t11IeS.

Thereplace事nent8hockmodelswithadditiveda･magehavebeen8tudiedinqtlitea･

nllmberofrecentaIticle8･AnexcellentsurveyofthetheoryofoptimalIeplacementof

Sy8temS8tlbjecttoshock8,8PeCi郎ingresult8uPtO1989,CanbefoundinValdez-Flores

andFeldman【65]･TheshockmodelswithvariotlSadditivedamagesareinvestigated

andtheoptimdreplacementpohcie8areglVen･

T叩lor【61]8ttldiesthe8hockmodelthatshock80CCtlraCCOrdingtoaPoisson

PIOCe$8andthedama･gePrOCe$SCauSedbyshock8a･Ieindependentandidenticauy

exponentialva･riable･TheIePlacementcostbefoIehiluIea･ndathilⅦ工e,C(z)=C>O

andc(△)=C+Cb;cb>0,IeSPeCtively,areCOnStantSindependentofthedamage
level&tthetimeofIePla･Cement･Taylorderivesthelong-runaVerageCOStPertmit

timeexpressionandpIOVeSthattheoptimalpohcylSCOntrOl一辻mitIule.

Feldma･n[26,28]geneIanZeSTaylor,8mOdelbyallowingthetime8between8hocks

tobeaIbitIaruydistributedanddependentontheacctlmulatedda･mage･Ⅱeassumes

tha･tthec血血IativedamageisaincIeaSlngSemi-Ma･rkovpIOCeS8and負ndstheoptimal

poucyamongthe$etOfcontIOl-1imitpohciesthatrepla.ceonlyat8hocktime8.Feldma.n

【27】sttldie8the8amePrOblemfoIthetotalexpecteddiscountedcostandwithoutthe

IeStrictiontocontrol-hmitpohcies･ⅡeprovesthattheoptimalpolicyIamOngthe

POliciesthatIePla･CeatShocktimesIl$aCOntrOl-1imitpolicyprovidedsomec'ondition$

aIeSatis丘edIbutnoalgorithmisglVentOfindtheoptimalpolicy.

Feldman)smodelsallow鮎1uresandreplacementsatshocktimesonly.Avenand

GaaIder[11】lookataverysimuarshockmodelwherethesystemcanhnatanytime

Withaprobabilitythatisconditionaluponthehistoryoftheproces8･Theyshowthat

iftheconditionalhiluIeIateOfthesystemisincIeaSlngIthepolicythatminimizes

thelong-IunaVerageCO8tpeItmittimei$乱COntrOl-hmitIule.Theydonotgivea

aJgorithmtosoIvethepIOblem.
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Siedersleben[60]considersa$yStemtha･tdeteri0IateSCOntin≠OtlSly,btLtWhose$tate

isobservedonlyat工andomtimes7L.ThepIOblemcanbe工egardedaBaShockmodel

Whe工亘thecumtLla･tivedeteriorationbetweentimes7L_1andれl-is zn_1,and the

ma如it血deoftheshockattime7Li8Zn-Zn_1.1IeaBSumeSthatthep工OCeSSforms

aMarkovIerteWalprocessa･ndthattheinspectioncostisnegugible.Thereplacement

COStC(z)isassumedtobea.incIeaSing血nctionofthecumulativedeterioratioRlevel.

tTndeI80memOnOtOnicityconditions,SiederslebenpIOVeSthatacontrol-limitpolicy

isoptimalforthetotalexpecteddiscountedcostcriterion.

ZllCkerma･n【72]generiuzesFeldm甲【26]byauowingreplacemeRt at anytime

beforehilureinsteadofbeing工eSt工ictedtoatshocktimesonly.Zuckerma.nuses

(Z,Y)processthatdescribesthecumulativedeteriorationlevelZa.ndtimeelapsed

time8incethelastshockYinordertoprove,urLdersomecondition$,tIlattheoptimal

replacement timethatminimize8thelong-Itln aVeIageCOSt perllnit timecal1sfor

工9PlacementtlPOnhilureorwhenthe(Z,Y)processislexicographical1ybiggerthan

Orequalto(z',y'),WhicheverocctlISfiISt.Tlms,hispolicyisacombina,tionnLleofa.

COnt工01-limitpolicyanda.state-agedependentpolicy.

Abdel-1IameedandShimi[7】gene工ahzeTaylor,$COStmOdelbyauowingthe工e-

PlacementcostbefoIehiluretobea･inc工eaSlngCOnVeXfunctionofthecumulative

dama･geIWherethedamagecausedby8hock8areindependent
andidenticauydis-

tributedIa･ndomvaria･bles･TheytlSemartingaletheorytoshowthattheoptimalre-

placementisa･COntIOl一limitrulewhenIePlacementcanbemadeonlyatshocktime8.

ZuckeIman【68]analyze8Abdel-1IameedandShimi,8mOdela.ndp工OVeStha.ttheopti-

malpolicyglVenintheirarticleisoptimalamongal1IePla･CementPO弘ciesthatconsider

IePlacementatanystoppl皿gtimebefoIe鮎1ureIl･e･Itheoptimalpolicyreplacesa･t

8hocktimes$Otha･ttheIeStrictiontoreplaceonlyatshocktime8Ca･nbedropped丘om

T吋lor〉sa･ndAbdel-ⅡameedandShimi〉smodels･ZtlCkeIman〉8pIOOfisbaBedonthe

hctthatthetimebetweenshocksisexponentianydistribtlted.

Abdel-Ihmeed[3]considerstheoptimalIeplacementproblemwhentheda.mage
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PrOCeSSisチnOn-homogeneousL6vypIOCeSS･In[4】hestudiesa$yStemthatissubject

toshocksbytlSlnganincreaBlngptlreづump8trOng Ma･rkovproces$.The sy8temis

aBSume tOfailonceits cumulative da･mage PrOCeSSeXCeeds a tIlreSl101d.1Ie sI10WS

thatfortIlisgene工aljtlmPPrOCeSS,aCOntrOl-umitpoucylSOPtimalforthelong-rtlrL

averagecostpertmittime,P工OVidedsomecondition$Onthecostaresatis負ed.Abdel-

1Iameed【2】t工eatStheoptimalmaintenanceproblemwhenthedeteriorationprocessis

increasingpuIejtlmPMaIkovprocessthatismonitoiedperiodicauy.Ⅰ皿【6]heconsid･erS

theoptimalIePlacementandmaintenanceofsystem88ubjecttosemi-Markovdamage.

The8y8temi$aB8tlmetOhavearandomtIl工e8hold,andithi180nCethecllmt11ative

damage proce88eXCeedsit.1Ie determines theoptimal工ePlacement policy,Within

theclassofcont工01-1imitpolicies,aL:COIdingtotIletOtalexpecteddiscountedcostand

long-rtlna･VerageCOStPertmittimecriterion.

BeIgman[1S]present8&generalmodelforoptimalIePlacementwhenthepo正cy

isba5edonthemeaBtlrementOfanincreaslngStateVaria.ble,StLChaBthecumula,tive

damagecausedbyshocks･lIedoes=nOtaSStlmeanythingaboutthedamageprocess,

Otherthaniti$increa･Slng.Areplacementcantakeplaceatanytimebeforehilure.Ⅱe

Showstha･tthepolicyminimlZlngthelong-nlnaVe工ageCOStPerunittimeisacontrol-

hmitpolicy･BeIgmanglVeSa･COnVergentiteIativealgorithmto餌dtheoptimalpolicy･

Numme血【47]studiesthesamelge†eralmodelasBergman's,eXCePtthatthe

IePla･CementCOStSbeforefanu工eIanda･t鮎1uIea･reIandomva･riable8dependenton

thehistoryofthesystemuptotimeiIi･e･IthecostsaIenOn-negativestochastic

PrOCeSSeSada･ptedtothedamagelevelofthesystem･Ⅱeprovesthattheoptimal工ule

isacontIOl-1imitpolicyandgive8aniterativealgoritlm,VerySimilartoBe工gman,s,

to負ndtheoptimよreplacementtime.Aven[8]usesac｡untingpI｡C｡S$apPI｡aCht｡

pIe8entSettlP.foIalalgeClissofIeplacementmodels.SeveIaloftheshockmodels

discus$edbefoIe血11intothisgeneIalsettlp.

Xao[36]con$iderstheoptimalstate-agedependentIePlacementproblemandgives

adetana･nalysisbytLSlngSemi-MaIkovdecisiontheoIyOnthediscretetimepa･ra･meter
●
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SPa･Ce･Gottlieb[32】sttldiesasystem8tlbjectto8hocksoccurringacco工dingtoasemi-

Markovproce$SWiththetimebetweenshock8beingIandomvariablesdependenton

tLedeteriorationlevel･Ⅱismodelcanreplacethe8yStematanytimebefore鮎1ure.

GottliebrelaAXe8theaBSumPtionthatthehuuIerateisincreaslngWithrespecttothe

Ctlmulativedamage･Ⅱeprovestha･tWeakercondition$孔reSu爪cientfortheoptimal

replacementpo追cytobeofthecontIOl-hmitclaBStlSmgthelong-runaVerageCOStPer

tmittimecriterion･ⅡeglVeSanalgorithmto£ndtheoptimalpolicyforthecasein

Whichthe8ta･teSPaCei80rCanaPPrOXimatedbyalatticegrid･Ⅱispo辻cyisastate-age

dependent rulethat工ePlaces as800n aS thetimesincethelaBt Shockreaches80me

thre8holdlevelwhichisa･functionofthea･CCtLmulateddamage･

FeldmanandJoo[29]sttldyasimila.rproblem.Theyhavethetimebetweenshocks

beingindependenta･ndidentical1ydistributedrandomvariableswithanincIeaSlng

hilure>Iatedistributionfunction･TheyalsoRndtheoptimalstate-agedependent

POlicytha･tminimizesthelong-ItmaVeIageCOStPertmittime,andprovetlla･tthe

OPtimalstate-agedependentpolicylSa･decIeaBlngfunctionwithIeSPeCttOthestate
● ●

SPa･Ce･TheyglVeanefRcientalgorithmtoRndtheoptimalpoucyandcompareitwith

O仙e工dgo工i仏ms.

Mizuno[42】sttLdiesthesameproblemasGottheb[32】andtransfoIm8ittowhat

hecal18a･generalizedmathema･ticalprogra･mmlngprOblem,Whichca･nbe工educedto&

VeISionofalineaIprOgramifthestateandactionspa,CeSareRnite.themainre8tLltin

MizunoisthepIOOfoftheoptimalityofthecontrol-1imitpohcytlnderweaker$tl爪cient

co皿ditions.

PosnerandZuckerman[51]studythesameproblemasGottlieb[32]andpresent

thesameIeSult8unde工Weakersumcientconditionsforboththelong-rtLnaVerage

COStPerunittimeindthetotalexpecteddiscountedcost･TheyglVedi鮎rentsets

Ofconditionsforthecasesinwhichthesystemcanberepla･Cedatanytimebefore

血肋re･Theyalsoprovethattheoptimalpoucie8forbothcase8Iepla･CeatShock

time8,PrOVidedsomeconditionsa工eSa.tisfiedinthecumt11ativeIlaZardrateandthe
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distributionoftimes betweenshocks.

Some工eSult$havebeenp11bli5hedforthecase$inwhicl18yStemdeteriorationoccurs

COntinuo叫yaBWeaBinducedby'shocksatdiscIetePOintsoftime･Feldman【25]

geneIalizeslhi8PIeViouswoIk8byallowlng$hock$tOOCCurCOntinuouslydu血gatime

interval.Thismodelassumesthatthecumulativedamageisasemi-Markovprocess

foreverydeteri0工a.tionperiod.Ⅱeprovesthat,amOngthepohciesthat工ePla･CeWithin

the sets ofdeterioration times only,the one that minimizes thelong一工tln.aVe工a･ge

costpertlnittimei5aCOntrOl-1imitpolicy.Zucke工man[71]sttldies asystemtha･t

tIleaCCumtLlativedeteriorationth工Oughacontimou8"wea･工"p工OCeS8andevent

鮎1s;i.e.,themodel山lowsa.nin負nitenumberofshocksirLaRrtiteperiodoftime.The

SyStemCanbereplaced&tanyStOpPlrLgtimebeforehilure.Thepolicytlla･tminimizes

thelong-runa〝e工ageCOStPerunittimeisshowntobeoftIleCOntrOl-1imitclas8･

The8hockmode18pIeSentedabovehaveconsidered工eplacementornot工ePlacement

aBtheonlytwopossiblemaintenanceactionsthatcanbetakenateverydeteriora･tion

level.Seve工alIeSeaIChe工Shavedevelopedmo工egeneIalmodelsthatauowthedecision

makerchooseoneofseveralmaintenancedecisionsateveIydamageleveltIlataRect

thedeterioratio皿pIOCeS80fthesystem.ChikteよndDeshmukh[19]$tudyasystem

Stlbjectto工a･ndomlyocctL工1ngShockstIlatCanbecontrouedbycontinuotlSlypreventive

maintenanceexpenditu工eS.Thbyshowtha.ta.control-1imitpoucylSOPtimalandthat

themaintena,nCeeXpendituIerateShouldberedtlCedastIledeteriorationlevelirLCreaSeS

to thecontIOl-hmit.

Ⅴaldez-FloIeS[64】8ttldiesasy8temthatca･nbeIePairedtobetterda･magelevels

ata.costthatdependsonthedeteriorationofthesystemandtIleeXtentOftIlerePalr.

AteveIyShocka.decisionismadewhethertorepalrOrtOlea.vetIleSyStemaBis.He

tlSe$M?rkov.renewalprocesse$tOmOdeltheproblem,andgivessu爪cientconditions

forthepo正cytha･tminimize8thelong-mnaVerageCO8tPerunittimetobeap8eudo-

COnt工Ol一迫mitpolicy.

Yamada【67】describe8theshockmodelbytlSingagene工aljumpprocess.The
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工ePlacementco8tbeforehnureisafunctionoftheaECtlmulateddamagearLdthetime

OftIle工ePla.cement,Whnethereplacement cost a.t hilureisfixed.Ⅱeuses ma･rtin-

galetheorytoshowthattheoptimalreplacementtimeca･nbefourLdexpucitlytlnder

appropriateconditionsforthecumulativedete工iorationprocessandthecostfunction.

TIlemOdel$PreSentedthlSfarareanalyzedtlnderassⅦmPtionthatthesystemis

Onlysubjecttoshock,nOtinfhencedbyotherhcto工SSuCIlaSenVironment,temPer-

ature,etC.In some cases,thesehctors areimpo工tant meaSurementS that mtlSt be

COnSide工ed,inoIdertoglVe a･mO工eapprOpriatereplacement policyforthesystem.

Waldma･nn･【66]inchldesan"enviIOnmentPrOCeSSカtotheIegularshockmodel.In

PaIticular,heconsidersthateacIIShockcauses&discreteorlatticerandomamount

Ofdamagedependingontherealiza,tionofastochasticprocessdescribingtheenvi-

ronment.Furthe工mOre,heasstlmeS alimiteddependencybetweerLtheerLVironmerLt

proces$andtheshockmagnitudes.Ⅱep工OVeSthatthepolicythatminimizesthetotal

expecteddiscountedcostisamlethatreplacestIleSyStemWlleneVerthea,CCumula.ted

damageexceedsacriticaln11mberthatdependsonthesta.teoftIleenViroment,and

doesnot工ePlaceotherwise.
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1.3 0ut追ne ofthe tbesis

Inthefouowingwesummarizethethesis.ThisthesisconsistsofInstroduction,

Cha.pter2-4,Conclusio且andRe良工enCe8.

Chapter2consideI8a･nOPtimalIePla･Cement pIOblem.ofthesystemexistingln

anra･ndomlyvarylngenVi=OnmentthatcanbedescribedbyaPoissonprocess･The

SyStemIeCeivesasequenceofrandomlyoccurrlng8hocks,andea,ChshockcatlSeS a.

ra･ndom magnitude ofda･mage･Shock arrivals and8hockmagnitudes are a鮎cted

bystatechange80fthePoissonerLVironmentprocess･Forthelong一IurLaVerageCOSt

peItmittime a8Wellasthetotalexpecteddiscollntedcost,Wederivetheoptimal

StOpping time80n thetwo class8etS OfIePlacement po追cies:(1)thereplacement

Ca･nbemadeonlyatshocktime80りumPtime80fthePoissonenvirorLmentprOCeSS;

(2)theIePla･CementCanbemadea･tanyStOpPingtimesbeforefantlre.BydeRning

a･ninteger-ValtledIandomva･riable〉WePrOVethattheoptimalIePlacementpolicie8

aIeCOntIOl一正mitnlesdependentonthePoissonenvironmentprocesslandgivethe

COntrOl-hmitprocessesa･ndthecorrespondingboundedprocesses･Furthemore,the

IeStLlt80btairLedtheIeCanbeextertdedtothecasethattheenviIOnmentPrOCeSSisa･

increaslngMarkovprocesswithaconstantjumprate.Atthelast,aPPlicationsofthe

modela･IeglVen.

Cha･Pter3investigatesanstate-agedependentoptimalreplacementproblemfora

netwoIksystemconsistedofamain-SyStemarLda･Sub-SyStemWithNcomponent8.The

COmpOnent)8functio皿1ngtimesareexponential1ydistributedrandomvariableswith

thesamepa･rameterSIandeveryhnedcomponentisrepa･iredbyoneIePaJImanby

ta･kinganexponentianydistIibtltedtime･Thema･in-SyStemissubjecttoa.sequence

OfIandomlypccuIIlngShocksandeachshockcatlSeSa工andomamムuntofdamage.

Shocka･rrivalsa･ndmagnitudesdependorLtheaccllmulatedda･magelevelofthemain-

SyStemitselfandthenumberofthefunctionlngCOmpOnentSOfthesub-SySterT･Any

Ofthe8hocksorcomponentIshuuresmightcausethemain-SyStentOfai1･ByuslrLg
●
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the MaIkovdecisiontheory,Wederiveanoptimalsta,te-agedependentIePla･Cement

POlicywhichminimizesthelong-rtma･VerageCOStPerunittime･Theresultscanbe

appliedtothecasetha.ttheenvironmentprocessisagene工alMarkovJtlmPP工OCeS8.

Atthelater,Weinvestiga･tetWO-SPeCialcases.

Chapter4a･nalyzesagenerdlyoptimalmaintena･nCe-Ieplacementproblemofthe

$yStem.The工andomlyvarylngenViromentisdescribed bya･generaljtlmp Markov

P工OCeSS.ThesystemisstlbjecttoshocksinfhencedbychangesoftheerLVironment

$tate.Thesystemcanbema.intainedor工epla.ceda.tanytimebefo工eねⅡure,atCOStS

dependent on theenvi工Onment Stateand the acc11mulateddamagelevel.Weallow

thatthedamagedsystembecometo"better"aftereverymaintenance,l.e.,theda,m-

agelevelofthesystemhaBanrandomlydecreaslngma･gnitudewhichisaBSumedtobe
●

8tOChasticdlydecreaslngWitIl工eSPeCttOtIlea･CCumtllateddamagelevel.Fu工thermore,

WeaSSumethatthestateoftheenviIOnmentprOCeSSdoesnotchangewIlentIleSyStem

isIePlaced･InthiscaseIanalysisisdi爪cultbythegeneral■IeneWaltheorybeca･tlSethe

8tlCCeS$ive工ePla.cementperiodsofide且tical8yStem8nOlongerformaTeneWalpIOCeSS.

FoIthe totalexpectedIandomlydiscotlnted cost,We derive,by the Dynamicp工C>

grammlngmethod,anOPtimalmaintena･nCe-rePlacementcontTOl-1imitpolicywIlichis

a.functiondependentontheenviIOnmentPrOCeSS.

ConclⅦSion8tlmmarize8theIeSultsofthethesis,andsta.testheoptimalmantenance-

repla.cementproblemstobeexaminedirLthefut11re.

Reference8a.rePrOVidedintIleendofthethesis.
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CHAPTER2

OPTIMAL REPLACEMENT UNDER ADDITIVE DAMAGE

IN A POISSON RANDOM ENVIRONMENT

2.1IntrodllCtion

Irtthi$Chapterweconsidera$yStemeXi8tinglサaIandomenviIOrLment･The
●

IandomlyvaIylngenVirorLmentisdescribedby aPoissonproces8Cal1ed Poi880n en-

VLronmentprocess(PEP).ThesystemIeCeivesshocksa.trandompoirLt80ftimeand

i88ubjectto鮎1ure･EachshockcausesararLdomamountofdamagewhichaccumu-

1ate8additivelyovertimea･nddependsontheenvironmerLtState･Thedamageprocess

i8aSSumedtobeapiecewisesemt･Markovprocess(PSMP)ふhichisconstructedby

theshockpIOCeSSa瓜dtheenviIOnmentPrOCeS8･Anyoftheshocksorthecha･ngeSOf

theenvironment8tatemightca･tlSethesystemto姐.ThestlrVivalprobabiLtya.ta

Shocktimeo工a.JtLmptimeisdeterminedbyaknown8tl工Vivalfunctionofthesta,te

OfthePEPItheacctlmulateddamagelevelandtherealizedshockmagnitude･tlpon

鮎ItlreIthe8yStemmu$tber9Placedata･COStC>0alongwithanadditionalpenalty

CO8tCo>0･Thesystemm叩bereplacedbeforehilureat&COStOfonlyC.The

Iepla･CementCyClesaIe工ePea.tedindefinitely.

Weinvestiga･teOPtimalstopplngtimeproblem8forsuchthesystembythesa･m-

Ple〉sanalyzingmethodthathaBbeenusedtoderiveoptimalstopplngtimesofthe

$yStemSSubjectto8hocksbymanyIeSea･rChers･FoIeXa･mple,Taylor【61]studiesthe

8hockmodelwheIethectlmulativedamageprocessisacompoundPoissonprocess.

Feldman【26,28]geneIalizesTaylor,smodelbyallowingthetimesbetweenshocksto

bearbitIa･Inydistribtltionanddependentonthea･CCtlmtllateddamagelevel･Abdel-
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lIameed[3]consideIStLeoptimalreplacementpIOblemwhenthedamagep工OCeSSisa.

non-LomogeneousL6vyprocess.In【4】hestudie8aSyStemthatissubjectt｡Sh｡Cks

bytLSinga･nincrea$ingptlIe-jumpstIOngMarkovprocess･Zuckerman[72】a･nd[68】

･gene=alizesIeSpeCtively托1dma皿【26】andAbdel-1IameedandShimi[7】byauowing

工eplacementatanytimebeforehilureinsteadofbeirLgreStrictedtoa.tshocktimes

Only･PosnerandZtlCkermandealwithoptimal$tOPplngtimepIOblemsthatthedam一

agepIOCeS$isa･Semi-MarkovpIOCeSS･Yama･da[67】analyzestlleShockmodelbyusing

ageneIaljumppIOCeSS,etC.Thesample,sanalyzingmethodforshockmodelscanbe

de8C工ibed aβ払nows.

LetⅡbea･StOPpingtimesetofadamageproce88(Z(i))t≧0,andOTtheexpected

co占tincuIIedtlPtOIandomtimeT∈II.IfthereexistsaincIeaSingfunction9(･)such

Or=鞘わ(Z(f)糊, (2.1.1)

then i且f琵ⅡOr=imfr印βげタ(g(t))叫. (2.1.2)

Ingeneral,Z(i)isanincIeaSingprocess,theoptimalstoppingtimecanbegetbythe

克心owl皿g.

r■=m叫笹坤;タ(g(り)≧0),∂)

Where6isthe丑rsthntlreti皿e.

(2.1.3)

I)ependingondamageprocessesofsystems,thevariousmethod8havebeenusedin

derivirLgformula･(2.1.1).Forinsta,nCe,theinfinitesimalopeIatOrmethodforMaIkov

damageprocesses(seeやyloI【61],Zuckerman【68,72]),themaJtingalemethodforgen-

eraljtlmpPIOCeSSeS(seeYamada[67】)･Ⅰ皿thisChapter,WePIeSentSumrePreSenting

form8difEbrent血omtheintegralrepresentingform(2.1.1)bydefininganinteger-Valued

Iandomva･riable･Inthischa･PterIWedonotre8trictoura･ttentiontothesestopplng

timesforwhichreplacement8aremadeonlyatshocktimesoりumptime80ftheen-

VironmentpIOCeS8Il･e･thegeneralstopplngruleswinbeexamined･Furthermore,We

COnSiderthelong-run･aVerageCOStPerunittimecaseaBWenaBthetotalexpected

discountedtaBe･ThedistribtLtion$Oftheintershocktime8andtheshockmagmittlde8

17



inpresentmodeldependontheenviIOnmentStatea･ndtheaccumulateddamagelevel･

W占provethatthecontrol-1imitpo追ciesaIeOPtimaloverthestopplngtimesvalt&ed

OnlyatshocktimesoりtlmPtimesofPEP･Fbrthegeneralstopplngtimecase,We

derivethecombinationpoliciesoftheda･ma･gelevel)scontrol-1imitandthestate-age

dependentpo追cie8LkethatgiveninZuckeIma･n[72】.

Althoughoptimalreplacementproblemofthesystemisdiscussedonlyundera

PoissonIa･ndomenviIOnmentIinhctltheconclusion8Canbeeasnyextendedtoac乱Se

Wheretheenvironmentproces8isairLCreaSlngMarkovpIOCeS8Withaconstantjump

工ate.

ThisCha･PterisorganizedaBfouowslinSection2･2,thePSMPshockmodelis

formt11ated,&ndinSection2･3a瓜d2･4IOPtimalreplacementpohciesforthelong-rtln

aveIageCO$tandtheexpecteddiscounted-COStareCOnSideredrespectively.Ⅰ皿Section

2･SItWOaPP正cationexamplesaIeglVen･
●
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2.2 The modeland Pre追minaries

InthisCIlaPter,theenvironmentofthesystemisdescribedbya･Poissonprocess,

i･e･,f(i)=N(i)wheIe(N(i))t>Oisa･Poissonproces$Withtheintensity71･The8tate

SPa･CeN+=(0,1,2,…)andtheinitialstateisN(0)=0･Let(un)n≧ObethejtLmp

POintsof(N(i))t>0,Uo=0･ThenP(un+1-Un≦i)=1-e.車forn≧0･Wecan

(〝(t))f≧0ア0扇onenv血nmenfproceβベPEP)･

Forany(L,Zo)∈恥×R+,1et(Z(;,Z｡)(i))f≧Obea･Semi-Markovprocesswiththe

StateSpaCeR+andtheinitialstateZ(;,Z｡)(0)=Zo･Thesemi-Markovkernelofthe

PIOCeSS(Z(;,Z｡)(i))t≧Oisde餌edasfo1lows･Forany∬,i∈R+,andi≧0,1et

ア(g恒｡)(亮+1)-Z(;,Z｡)(豆)≦エ,豆+1一元≦咽胸)(亮)=Z)(2･2･1)

=ぷq皇(∬lβ)夷(由)

Where(TL)n≧0(T6=0)arejumppointsof(Z(L,Z｡)(i))t≧0,H!(･)istheconditional

distributionoftheintershocktime㍍+1一元givenZ(i,Z｡)(豆)=ZandG皇(･ls)is

theconditionaldistributionofZ(;,Z｡)(亮.1)-Z(;,Z｡)(亮)givenZ(;,Z｡)(た)=Zand

亮.1一元=S･We$uPPOSet叫(Z(;,Z｡)(i))t≧Obetheright-COntinuousregularproces8

withlefL-ha.nd追mits.

ThestochaBticpIOCeSS(Z(i))t≧OSpeCi&ingtheaccumt11ativedamageofsuch

SyStemisdefinedbythefo1lowing.

Z(0)=O

Z(t)=恥0)(t)lo<f<叫)+∑註1ろ〃(〟"),Z(〟n-))(トun)J(〟n≦f<恥.1)･

(2.2.2)

Accordingtothedefinitionsof(Z(;,Z｡)(i))t≧0,(i,Zo)∈N+×R+,Weknowthatthe

proc占s8(Z(i)),≧｡isalsoaccumulativelyadditiveandright-COntinuou8PrOCeSSWith

left-handlimit8.Atthepointsun,n≧1,Z(un)=Z(un-),andontheinte工Val

【wn,Un+1),thepIOCeSS(Z(i))t≧Oisasemi-Ma･rkovprocesswhichdependsonthe

19



enviIOnmerLtStateN(un).Wecall(Z(i))t≧OPLecewtsesemi･Mbrkovprocess(PSMP)･

Thesuccessivejumppointsofthetwo-dimensionalprocess(N(i),Z(i))t≧Oisde-

£ned a8血心ows.

了も=0

孔+1=山中>孔;∬(り≠Ⅳ(㍍)0IZ(1)≠g(孔))血Ⅰ花≧0･

1et

〈
gれ=g(孔)
J㍍+1=孔+1-‰ J8r花≧0

札=∬(孔)･

(2.2.3)

FortheembeddedpIOCeSS(軋,Zn,7L)n≧0,Wehavethefo1lowingProposition･

Proposition2.2.1Theproces8(凡,Zn,7L)n≧OisaMarkovrenewalprocessand

(α)◎皇(叩)≡ア(凡.1=凡l‰=Z,凡=り=吊㌻夷(8)e叩dβ･

(けア(耳症1≦∬,孔+1一孔≦岬れ=Z,札=り

=ぷぷG皇(函)夷(血)甲~り一dβ+ぷG皇(函)夷(血)e~車

+甜十イ叩)g三(叫+(1-e~りり厨拍)

wもeIe盈拍)=1一方拍).

P工00f.LetSl,S2IePreSentIeSpeCtivelythe鮎stintervallength丘om7Ltothenext

shocka工rivalandthefiIStinterval1engthfrom7LtothenextjumpofPEP･Then

ア(gl≦岬れ=Z,凡=i)=∬拍),ア(範≦岬n=Z,軋=i)=1-e~り一礼nd

孔+l-7L=min(Sl,銭).W占have

(a)◎如)=ア(∫1≦量Ⅰ孔=g,凡=i)

=J㌻ア(ぶ1≦ぶ2一銭=β,gn=Z,凡=i)dP(ぶ2≦叶‰=g,軋=り･

(b)ア(ズ叫1≦∬,孔+1-孔≦岬れ=g,凡=り

=ア(片山1≦∬,孔+1一礼≦l;ぶ1≦∫21‰=g,｣㌦=り

+ア(ズ叫≦∬,孔+1一孔≦1;ぶ2≦∫1lZn=g,札〒り

=ぽ♪(耳叶1≦∬,㍍+1一孔≦1;51≦52tg2=β,gれ=Z,凡=i)

×dP(銭≦βlZれ=Z,爪=i)

+J㌻ア(㌫+1≦∬,孔+1十㍍≦t;52≦glIgl=β,gn=Z,札=り

×dP(ぶ1≦叶‰=Z,札=i).･
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ThecorLChlSions(a･)and(b)fo1low丘omintroducingtheconditiona.1distributionsof

Sl,S2intothea.boveeqtla.1ities. □

WehaNedefinedthedamageprocess(Z(i))t≧00fthesy$tem･Just afterthe

jtlmPPOintofthe(N(i))t>0,thisprocessevdlvei'aBaSemi-Ma･rkovp工OCeSSthatthe

distributionsoftheintershocktime8andtheshockmagnitudesaredependentonthe

StateinwhiQhthe‡N(i))t≧Oentered･Thestatespaceofthe(Z(i))t≧OisR+･Let

6betheRrstfailuIetimeofthesystem,andthroughoutweassumetha･tE【6]<∞.

Aね血urecanoccllrOnlyattheshocktimesoりtlmPtimesofPEP.Attime7L<6,

letZn=Z,凡=i･Thesystem鮎1sa･t了L+1Withprobabilityl-7(i,Z+∬)if7L+1

isa･Shockpointandthe8hockmagnitudeisx,andwithprobabiLtyl-7(i+1,Z)

if7L+1i$a･jumppointofPEP,WheIethefunction7(･,･):N+×R+→【0,1]isthe

SurVivalfunction.Inthisca･Se,ifTL｡=6forsomeno∈叫,thenwede餌e孔=6for

al1n≧noononeIeplacementcycle.Inordertousethegeneral工eneWala.rguments

forreplacementmodels,WeCOnSidertheoptimal工ePlacementproblemforthissystem

underthefo1lowlngaSSumption:

(A)TheenviIOnmentPrOCeSS(N(i))t≧OreStOIeStOtheinitialsta･teN(0)without

anylossoftimewhenthesystemisIePlaced,andthedamageprocessisrepeatedby

(2.2.2).

Let Ri(z,‡)=ふ.7(i,㌃+∬)q(叫),

Ri(z)=ふ.夷(z,りe~り域(飢)･

ThenRi(z,i)i$theprobabilitythatthesystemwillsurvive.atTL+1instate(i,Z),

conditionalon孔+1-7L=iand孔+1isa$hockpoint.Ri(z)istheprobabnitythat

the8yStemWul8tlIViveat7L+1instate(i,Z),COnditionalonthat7L+1isa8hock

point.Si皿na工1y,1et

夷(z)=γ(i+1,Z). (2.2.6)

ThenRS(z)isthepIObabilitythatthe8y8temWinsurviveat7L+1instate(i,Z),
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COnditiona.lorLtha.t7L+lisa.JumPPOintoftIlePEP.

LetⅡbetheclassofal1stoppingtimesTwithrespecttothepIOCeS$(N(i),Z(i))t≧0

SuCIltha.tT≦6,andlet=⊂ⅡbethesubclaBSOfthesestopplngtimesforwhich

areplacementcan betakenonly
attheshocktimesorPEP'sjtlmPtimes.Wbwiu

COnSideIOptimalstopplngP工Oblemsonclasses≡andII工eSPeCtively.
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2.3 Thelong-runaVerageCOStCaSe

A∝0IdingtoasstlmPtion(A)andtLSing8tandardresult8inIeneWaltheoIy,We

know,thelong-runaVerageCOSti8theexpectedcostovera･rePlacementcycledivided

bytheexpecteddurationbetweenreplacements.Thatis,theave工ageCOSt督TaSSOCi-

atedwithareplacementpolicyT≦6ca皿beexpressedaBfonows

暫r=
現C+q毎=∂)】
現r】

Let 智*(≡)=infr∈=恥; 督●=infr∈Ⅱ取

付(≡)=C+q㌔(r=∂)一督*(≡)判r】

押=C+q㌔(r=∂)一智*βF】.

Lemma2.丑.1.Fo工anyi∈恥,Z∈R+,℃l<∂,

(i)ア(孔+1=咋㍍<∂,‰=g,凡=り=トRi(z卜夷(z)(1一◎皇(可).

(叫｣印㍍+1一礼恥<∂,孔=g,れl=i)=入(1-◎狛))

wheIe入=写-1●

P工00f.(i)BytlSingSla･ndS2definedinP工OPOSition2.1,Wehave

ア(孔+1=∂恥<∂,‰=g,爪l=り

=ア(孔+1=∂;gl≦g2l7も<∂,孔=g,鶴=り

■+ア(孔+1=∂;β2≦∫11孔<∂,孔=Z,札=i)

=ぽ〟ぽ(1一丁(i,Z+去))G皇(ゐ車)夷(血)折り一ゐ

+ぽぷ(1-7(i+1,Z))甲~叩∬三(ゐ)

〒缶狛)一月i(z)+(1一毎(之))(ト缶狛))･

(ii)nomP工OpOSition2.1(b),Weget

ア(孔+1-孔≦11ろl=Z,凡=り

=甘夷(β)折り一dβ+∬三(りe-車+頂1-e-りり∬三(加)+(1-e-りり茸三(り.

現㍍+1一孔恥<∂,孔=g,凡=り=J㌻脚甥(叫+~J㌻恒叫現(1)封
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一書-ぽe~車∬三(t)鳳
ロ

Lemma2･3･軍･Anoptimalreplacementpolicyr(=)(r,IeSPeCtiveuy)minimies

智Tin=(iⅡⅡ)ifandonlyifitminimiespT(=)(pT).

ProoLBythedefinition(2･3･3),itfonow8thatinfTe=PT(=)=0･IfVT･(=)=暫*(≡),

thenpT･(≡)=OandVT･(=)≦(C+CbP(T=6))(EF])~1,WehaNePT(=)=

C+Co-督r･(三)現r】≧0=仲･(=)飯山lr∈≡･0且tbeotkeIもand,汀仲(≡)(≡)=

inf汽三押(≡),仲･(≡)(≡)≦押(≡)如dlr∈≡,and督*=(C+qげ(r*(≡)))(g【r*(≡)】)~1)･

Wehave督T･(=)≦暫T(=)LbranTe=･Theproofiscompleted･ 口

TheminimizationofpT(≡)canbeviewedaBaStOpPingproblemwithIeSPeCttOthe

two-dimensionalpIOCeSS(N(i),Z(i))t≧0･ForeveryT∈≡andu∈n,T(u)=‰(u)

forsomen∈N+,CO工IeSPOndingtothisn,defirLeaninteger-Valuedra･ndomvariable

エaβfbmows.

エ(u)=
花

h粥{
if孔(u)<∂(u) (2.3.5)
otbe工Wise

WheIe試=inf(n;7L(u)=6(u))･TheIefoIe,WehaveT(u)=花(u)(u)･forevery

U∈n,i.e.,r=花a.8.,and押(≡)=β乱(≡)･

Theorem2.8.ユ.加工r∈≡,

押(三)=仇(≡)

=現C+∑吾;去(q【トR㌣(Zn卜材持(gn)(ト咄(刷】

-㌢(三)坤一咄(哺)ア(孔<∂)】

=現C+∑た掴〃n(gn卜A〃"(gれ)げ(㍍<∂)】

Whe工ebIi∈∬+,g∈且ト

A;(ぞ)=㌢(≡)入(ト◎狛))

β;(z)=仇【トRi(ヱトR"z)(ト◎皇(わ)】.

PIOOf.BythedefinitionofL,Wehave･

仇(≡)=∑れ叫現C+Ql叱=∂)-▽*(≡)花lエ=畔(エ=沌) (2･3･8)

=∑n叫現C+ql㍍=∂)-㌢(三机】ア(エ=花)･
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Since

句中れ=∂)】=β【桓n=∂)巾n_l=∂)】+卯h=∂)勺れ_Hり)】

=現1㍍_1=∂)】+呵β【毎n=∂)鶴-1<∂,孔-1,軋-1】】ア(㍍-1<∂)

･二=卯h_1=小印一軒-1(Zn_1卜針1(g"-1)(1一呟二ご(祀=
×ア(孔一1<∂),

現先】=耶Uh_1=∂)】+β【㍍1㍍_1が)】

=現㍍-1J(㍍_1=∂)】+β軋-1∫(rル_誹)】+β【現㍍一孔-1粧-1<∂,Zn-1,凡-1】】

×ア(孔-1<∂)

=利㍍-1】+印(ト咄二ご(刷♪(孔-1<∂)】･
現C+和也=∂)-㌢(≡爪】

=現C+q巾n_1=∂)一甲(≡)㍍-1】

+現q【トR㌣-1(‰-1卜好n-1(孔-1)(ト咄こご(州

一督●(≡)入(ト祀こご(哺】ア(㍍-1<∂)】,
andp2b=C,Wegetbyrepeatingtheaboveprocedure,

仇(≡)=現C+∑㌶(ql一畔(ろトガ∫(ろ)(ト増(町川

-㌢(三)叫一昭(刷)ア(れ<∂)】･
Ⅰ皿t工Oducingthi$eqtliutyi皿tO(2.3.8),WeCOmPletethep工00L□

Eence,determl且1nga･StOPPlngtimein=isequivalenttodetermlnlngLforeveIy

u∈n.Next,We允rstconsideroptimalstopplngPIOblemon=.
●

AssⅦmption2.3.4.

(a)Ri(z)arLdRi(z)aredecreasirLginzandini.

(b)∬拍)ki皿CIea血gingandini.

Roughly8Peaking,aSSふmptions(a)imp追esthatsu主vivalfunctionT(i,Z)isdecIeaS-

inginzandini,and(b)meansthattheinte工Shocktime8Wnlbecomeshorterand

ShorteIandthedamagemagnitude8Cau$edbyshockswinbecomelargerandlarger

WithincreaslngOfthedamagelevelandthesta.teofPEP.Ⅰ皿thissense,Werefertha･t

the environmentstatebecomeworse and worse.
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ByassⅦmPtion2･3T4,Wehavethat¢i(q)isincreasinginzandini,At(z)i$

decI占asinginzandi皿i,andBL(z)i8increaBinginzandini.Therefbre,forany

Z∈R+

β1z卜A;(g)≦か+1(g卜A吊(z)i∈〝+. (2･3.9)

Fo工i∈Ⅳ+,1et

J(り=〈hf(z;Ai(z)≦βi(z))ifト･I≠¢
(2･3･10)

∞ Othe工Wi5e.

BythemonotdnepropertiesofAE(z)andB;(z)inzandini,WeCan$eethatif

(...);｡=O fbI80meio∈N+Where(.･･)i｡isthede允nitionsetoff(i),(‥･);=ei

forallL≦io.Thusbythedefinitionoff(L)and(2.3･9),WegettIlefo1lowingIeSult･

Lemm&2.3.5.f(i)i$decreaBingiRi･

Theorem2.3.6.tTnderAssumption3.3,thepo追cywitIlthecontrol-1imitproces8

f(N(i))isa･nOPtimal8tOPPingpolicyin=･

PIOOf.Let 9=∪畏0(z;A;(z)≦B;(z)),defin…StOPPingtime8tlChthat

r･(≡)=(㌻i榊≧0;g(り≧榊))},∂}慧監£監.(2･3･11)
W白亜rst considertheca.8etha.t9≠0.Since N(i)and Z(i)areincreasingjump

processe$ini,f(N(i))i8decreasingjumpproce88ini,Weha･Ver(=)∈≡･By

TIleO工em2.3.3,

什･(≡)(≡)=現C+∑吉宗1【β爪(gn卜A〃"(‰)】ア(㍍<∂)】･

Fromthede餌itionofr(=),foru∈n,Wehave

AⅣ坤)(u)(J(耽･(u)(u))≦β〃上欄(u)(′(耽･(u)(u))andみ･(〟)(u)≧Jl(耽･(u)(坤

Ⅱence β〃町)(ぴ)(ん･(u)(u)卜A〃上●(})(〟)(孔･(〟)(u))≧O

and β勅●(小1(u)(孔･(uト1(u)卜A〃ェ●(小1(〟)(ん･(王ト1(u))<0･

FⅦⅠ沌eTmOIe,

β瑚u)(孔(u))-A〃れ(u)(gn(u))≧茸叫ペー)(〟)(ん･(〟)(u)卜AⅣ叫)(u)(Z坤)(u))

汀几≧エ◆(u),and β爪(u)(gn(u)卜A爪(〟)(gn(u))
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≦β勅●(小1(u)(ん･(〟ト1(u)卜A〃叫)-1(ぴ)(孔･(u)_1(u))

ifn<L'(w).TllnS,forarLyT∈≡,Wehave

仲(≡卜仲･(三)(≡)

=現【∑吾;i･【β〃n(gれ卜A〃n(孔)】P(㍍<∂)】毎≧叫】

一利【∑乏諾【β爪(Zn卜A〃n(‰)】P(㍍<∂)】毎<叫】
≧0.

When9=¢,WegetthatA;(z)>B;(z)foral1i∈N+,Z∈R+.Tllisimpuesthat

POlicy6isoptimal8tOPPingtime.Thereforer(=)isoptimalin=andthiscompletes

tIlepIOOf. 口

Remark.Bythemonoto皿ePrOPertiesofA;(z)andB;(z)inzandinL,9=Oif

andonlyif止叫_∞A;(0)>hmi→00か(0).

Inthecasethatth占damageprocessofthesystemisPSMP,thecorLtrOl-1imitis

nolongeraconstant,butisthefurLCtionoftlleenVironmentproces8PEP.

Corollary2.3.7.Fbreveryenvironmentsta.tei,let

α(り=inf(z;甲(≡)入≦q(ト夷(g))).
Then J(り≦α(り ね一班i∈∬+.

(2.3.12)

Proof･Sincef(i)canbe工eWrittenasfo1lows

′(り=inf(z;q(◎皇(叩卜Ri(z))+【q(ト夷(z)卜暫*(三)入】(ト◎皇(扇)≧0),

arLd◎!(q)-Ri(z)≧0.Thereforef(L)≦α(i).
ロ

FromthisCorollary,Weknowthatf(N(i))≦α(N(i))a.s..Ⅱencewecal1α(N(i))

theboundedprocessofthecontIOl-hmitprocessf(N(i)).

Next,WeCOnSiderthewiderclassⅡofaustopplngtime8.

ForanyT∈Ⅱ,thereexistsnsuchthat7L(u)≦T(w)≦Th+l(u)foru∈n.

DefineL(u)aBin(2･3･5),andSn(u)=T(u)-7L(u).Wbhave花≦T≦7L+1and

r=7t+∫ム.

TIleOrem2.ユ.8.Forany71∈Ⅱ,
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仲=仇+現Cげ(花+先=∂陀<∂,孔,耽卜甲判乱世<∂,ん,耽肝(花<∂)

where pTLisobtained血omTheoIem2･3･3byreplacing甲(=)by督*in(2･3･6)･

Proof.FbrT∈rI,WeWriteT=TL+先,therL

印ir=∂)】･=β【毎=∂)毎エ=∂)】+現桓=∂)J血≠∂)】

=卯h=∂)】ナ刷上V勘+∫ェ=∂)鶴<∂,Zェ,耽】】ア(花<∂)

現r】=現rJ勘=∂)】+現Ⅳ勘≠∂)】

=胡乱J血=∂)】+現先J(牝珂】+利明先阻<∂,み,耽】】P(先<∂)･

ByirLtIOducirLgtheseequalitiesintothede允nition(2･3･4)ofpT,WeObtairLtheconclu-

Inthefouowing,aS$umethatH皇(s)hasthecontinuousdensityfunctionht(s)･Let

r皇(s)=据bethehazaIdrateassociatedwiththedistributionfunctionHi(s),and
Y(i)thetimesincethelastshockorthejufnpOfPEP,i･e･,

y(1)=トmaxれ≧0(孔;孔≦り 如1>0･ (2･3･13)

Now,WeintroducealexicogIaPhicIuleinthestatespaceR+×R+･V=(z,S)is

cal1edlexicogIaPhical1ypositive,Writtenvト0,ifv≠OandtheRrstnon-Vanishing

coordinateofvispositive･Wecanorderallstatescontainedinthestatespaceofthe

bivariateproces8((Z(i),Y(i))‡`≧Obyusingthelexicographic工ule,

(zl,β1)ト(z2,β2)if(zl一之2,β1-β2)ト0･

Assumption2.3.9.

(a)Ri(z,S)isdecIeaSingwithrespecttothelexicographicorderforeveryiand

decreasingini.夷(z)isdecIeaBinginzandinL.

(b)r…(s)isincIeaSingwithIeSPeCttOthelexicographicorderforeveIyiand

inc工ea51nglni.

AlthoughAssumption2.3.9isIeStrictive,SOmeinterestingcases$atisな･Forex-

ample:thecaseinwhichtheinteIShocktimeatstate(z,i)ischaracterizedbythe

exponentialdistributionwithparameter入(z,i)thatisa･increasingfunctioninzarLd
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inirespectively,etC.SeeZuckermarL[72]andPosnerandZuckerman【51]fbrdetai1s･

Theorem2.3.10.Under AssumptiorL2.3.9,the policy with tIle tWO-dimensional

COntrOl-limitprocess9(N(i))de負nedinthefo1lowingisanoptimalstoppingpolicy･

加工i∈〝+,

タ(り=
inf((z,β);∬(i,Z,β)≧0)if(…)≠¢ (2･3･14)

(∞,∞) otheIWise

WhereirLfistakenaccoIdingtothelexicographicorderarLd

∬(i,Z,β)=q(トRi(g,β))r皇(β)+q(ト夷(z))り一督*.(2.3.15)

PIOOf.I)efinea.stopplngtimerasfollows.

r*=min(i皿叫≧0;(g(り,y(り)トダ(∬(t))),∂),

FromTheo工em2.3.8,Wehave

(2.3.16)

押･=仇.+句中㍉(花･+∫ェ･=畔托･<∂,孔･,∬上･卜暫*且【先･一花･<∂,Zム･,〝ェ･】】

×ア(7t･<∂).

Itissu爪cienttoshowthatT王isoptimal.Fbranys≧0,1etT(s)=min(s,7L.1-Tl),

then血omProposition2.2.1,Wehave

現丁(β)恥<∂,孔=Z,〝n=i】

=現r(β);孔+1一礼≦βl㍍<∂,孔=Z,〝n=i】

+月【r(β);孔+1-㍍≧βl㍍<∂,Z"=Z,丼l=f】

=ぶ1e叫∬三(叫+〟軒相拍)dけβ厨狛)e叩

=〝皇-〝皇(β)厨三(β)e¶一

wheIeP皇(s)=[厨三(s)e,qJ】~1【J?(トs)e.りtHi(di)+J?(トS)qe-り域(i)di],artd

〝皇=入(ト夷(刷.MoIeOVeI,

ア(孔+r(β)=坪㍍<∂,孔=Z,〝れ=り

=ア(㍍+丁(β)=∂;∫1≦∫2;∫1≦叶㍍<∂,Zれ=Z,凡=り

+ア(孔+丁(β)=∂;銭≦∫1;量≦βⅠ㍍<∂,gn=g,凡=り

=甘頂卜頑(z,髄))∬三(血)甲~り旭+(ト夷(z))【ぷ(トe~車)現(朗)+(1-e~りり厨三(β)】･

TheexpectedmaIginalcost虹omwaitinganT(8)tLnitsoftimeis
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gl(i,g,β)=qげ(孔+巾)=叶㍍<∂,Zn=g,爪1=り

一督*現r(β)恥<∂,Zn=Z,凡=i】

=q(ぷ招トRi(z,%))夷(血)折り旭

+(1一項(z))【ぶ(1-e~りりg三(叫+(1-e叩)厨三(βm

-甲涙-〝皇(β)厨三(β)e叩】･

Di鮎工entiatingKl(L,Z,S)withrespecttos,Weget

孟gl(i,Z,β)=Co【(1一点i(g,珊両(β)e叩+(1一夷(z))げ叩現(β)卜督峨(β)e叩

=匪(β)e叩】~1g(i,g,β)･

Fo工eVeryi,WehaveK(i,Z,S)isincIeaSirLgWithre$PeCttOlexicographicoIder血om

As$umPtion2.3.9.Therefore,thereexists(z+(i),S*(i))suchthat K(L,Z,S)≦Oif

(z*(i),S+(i))>(z,S)andK(i,Z,S)≧00therwise･NoteKl(i,Z,0)=0,thusKl(i,Z,S)≦

Oif(z+(i),S*(i))>(z,S)andKl(i,Z,S)≧00theIWise･Bythelexicographicmle,We

haveβや)=∞ifz<押),0<叫)<∞ifg=Z*(り,andβ竹)=Oifg>坤)･

TI111S

∬1(i,g,∞)=月t(z)-At(z)

gl(i,㌔(り,β)

(≡3慧:;;;:‡…;,

企げβ≦β書(り
otheIWise.

孔nd

FuItheImOre,K(i,Z,S)isincIeaSinginL,SOthatif(z,S)ト(z+(i),S'(i)),K(j,Z,S)≧0

鮎Ⅰ迅ノ≧i･Wegetthat 押毎<叫≦枠毎<〃)≦0,押毎>叫>枠毎>叫,

and 打毎=エ･動≦∫ヱ.)≦押･J(エ=エリェ≦∫;.)≦0,

押毎=叩エ>∫;.)>押･毎=〃げェ>∫;訂

FoT山l了1∈Ⅱ,

=(押･一打)毎<叫+(押･一打)J(ム>叫

+(正･一打)毎=エ･;∫ェ≦∫;.)+(押･一打)毎=エ兢>∫;.)≦0･

ThereforerisoptimalstoppirLgtimeinⅡandthi8COmPletestheproof･ 口
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2.4 The discounted_COSt CaSe

By
ass甘mPtion(A),for anyIeplacementpolicyT≦6,the totalexpecteddis-

COuntedcostcanbeexp工eSSedaBfouows

Or=
現(C+q巾=∂))e叩(-βr)】

1一利e叩(-βr)】

WIlereβisa.discountedhctor.Let

O*(≡)=infr∈≡Or;0*=infr∈ⅡOr

打(三)=現(C+払桓=∂)+0*(≡))e~βr】

打=現(C+払恒=∂)+0りe~βr】･

(2.4.1)

WeRIStCOnSidertheoptimalpolicyin=･AnoptimalIeplacementpohcyT;(=)

in=minimizesOTifa･ndonlyifitminimizescT(=).BythefoImerargumerLtS,for

arLyT∈≡,T=了twhereLisde且nedby(2･3･5)andcT(=)=CTL(=).

Tbeorem2.4.1.FoIr∈≡,

βr(三)=れ(≡)

=現C+0*(≡)+已霊(【(C+0■(三))◎監(β,可+q危e~(帥顆一月㍗"(‰,1))∬ご(朗)】

巾【C+0*(三)+q(ト好n(Zれ))】(ト◎毀(β,刷-(C+0*(≡)))

×坤〃叫h<∂)】】

=現C+0*(≡)+∑吾;泄〃持(みト(C+伊(≡))聞e~β叫hく∂)】】

WheIe が(z)=【(C+0*(≡))◎如,可+qhe~(β+り)f(トRi(g,1))武(叫】

巾【C+0*(≡)+q(1一項(z))】(1-◎皇(β,州 (2.4.5)

and ㊤如,叩)=(β再)ん∬三(りe~(β+り)fdf;甲=耗･

PIOOL Simila･rlytothep工00fofTheorem2.3.3,Vehave

払(≡)=現(C+旬h=∂)+01≡))e~肌】

=β【(C+杭毎.=∂)+0*(≡))e~β叫h_1=∂)】
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+現(C+q小爪=∂)+0*(≡))e~β叫h_1く∂)】

=現(C+Co巾n_1珂+0*(≡))e~肌-1桓n_1=∂)】+鞘C+0*(≡))e~肌一1桓n_l<∂)】

+β【鞘C+和也司+0*(≡))eづ汀"-1e~β(rね~㍍-1)恥-1<∂,Zれ項札-1】】

×P(㍍-1<∂卜現(C+0*(≡))e~肪-リ(rn_1<∂)】

=払_1(=)+利鞘C+q汗‡㍍珂+0*(=))e-β(r"-rn-1)恥-1<∂,Z扁,凡-1】

-(C+0*(三))岬【e~純一1桓n_1<∂)】,

and 鞘C+q巾n珂+0*(三))e~β(r"~㍍-1)鶴-1<∂,孔-1,軋-1】

=(C+0*(=))咄こご(β,可+q危e一(β輔里一軒~1(‰-1,駆芸ヒ(叫

巾【C+0･(≡)+q(1一好n-1(Zれ_1))】(ト咄二ご(β,州,

andcTh(=)=C+0♯(≡).Repeatingtheaboveprocedureandusing(2･3･8),WeCOm-

PletetIleprOOf. □

lIere,theargument8aboutthediscountedcostaIeSimilartothataboutthelorLg-

IunaVeIageCOSt･WbwillpIOVetha･taCOntrOl-1imitpolicylnこOrⅡi$anOPtimal

stoppingpolicyandthecontIOl-hmitisafunctionofthepIOCeSSN(i)･Wemakethe

followingassumption.

Assumption2.4.2.

(al)Ri(z,i)andR;(z)aredecreasinginzandinL,andRi(z,i)isalsodecreasing

inl.

Lemma2.4.3.tlnderAssumptiorL2.4.2and2.3.4(b),Wehave

(i)D;(z)definedin(2.4.5)isincreasinginzandini･

(ii)h(i)i8decIeaSingini,WheIefoIi∈N+

わ(り=
inf(z;C+0*(≡)≦か(z))ifト･)≠¢ (2･4･7)
∞ OtIleIWise.

P工00f.(i).Notetha･tDt(z)canbeIeWritterLby

p【C+0･(三)+瑚1一項(z))】+島(C+一0*(三))◎皇(銅)

+q(he瑚+呵島+(p夷(z)-Ri(z,l))岬三(町

BytheAssumptions2.3.3(b),Wehave◎皇(β,町)isincreasingirLZandini,andby
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Assumption2.4.2,forzl≦z2,

危e~(β…【戸島+(や夷(z2卜Ri(z2,り)岬;2(叫

･≧he~(β+竹島+(pR皇(gl卜Ri(zl,り)岬;2(叫

≧he~(β+砂【声焉+(p月毛(之1)一月主(zl,り)】叱(離)･
Similarly,Wehavefori∈N+,

he~(β+呵島+(?吋1(z卜Ri+1(z,り)鴎+1(叫

≧he~(β抽【島+(pR皇(z)一月i(z,り)】現(朗)･

WecanseethatCohe~(β+q)t[戸告+(pRi(z)-Ri(z,i))]Hi(di)isincreasingin

zandini.ⅡenceDL(z)isincreasinginzandini.

(ii).Ftomtheconclusionof(i),if(..･);｡=¢,then(…);=0fori≦iowheIe(･･･);

isthedefinitionsetofh(i)･Henceh(i)isdecreasingini･ ロ

Theorem2.4.4.tTnderAssumption82.4.2and2.3.4(b),thepolicywiththecontrol-

1imitpIOCeSSh(N(i))isanoptimalstoppingpolicyiR=･

Proof.IJet9=∪笹｡(z;C+0*(≡)≦D;(z)),de且neastoppingtimeT;(=)suchthat

耶)=(㌻in{叫≧0;g(-)≧抑))},∂}ま孟£監.(2･3･8)
WeRrst

considerthecasetha.t9≠Qi.Since N(i)and Z(i)areincreasingjump

PrOCeSSeSini,Jb(N(i))isdecreasingjumpprocessini,Weha･Ver∈≡･ByTheorem

4.1,

堕(三)(≡)=叛･(≡)(≡)

=現C+0*(≡)+∑吾誌1【がn(gn)-(C+0*(=))】坤~β町(㍍<∂)=･

F工Omthede允nitionofr(=),foIu∈n,Wehave

C+0*(=)≦DNL.(u)(w)(Jb(耽･(｡)(u))andん･(｡)(u)≧h(NL･(w)(u))･Hence

β叫叫)(u)(ん･(ぴ)(u)ト(C+0*(≡))≧O

and が叫ト1(u)(み･(uト1(u)卜(C+0*(≡))<0･

FnItbe工mOIe,

β凡(u)(gn(u)卜(C+0*(≡))≧か叱隼)(〟)(み･(り)(u)卜(C+0*(≡)if花≧〃(u),
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and がn(u)(孔(u))-(C+0*(≡))≦が帰(小1(ぴ)(み･(uト1(u)卜(C+0*(三))

ifn<L■(u).Tlms,fora.rLyT∈≡,Wehave

打~βぢ(=)

=β【(∑吾…ム【がn(u)(gn(u)卜(C+伊(≡)】坤-β呵(㍍<d)毎≧叫】

-β【(∑吾諾【がn(u)(gn(u)卜(C+0*(三)聞e~町h<∂)】)J(エ<巧】
≧0.

Whert9=0,WegeteaSilyD;(z)<C+0+(=)forL∈N+,Z∈′R+.Thisimpliesthat

policy6isoptimal･Thereforer(三)isoptimalandthiscompletestheproof.
□

Remark.BythemonotonepropertyofD;(z)inzandini,9=OifandorLlyif

山叫_∞が(0)<C+0*(≡).

Corollary2.4.5.Fb工eVeryenVirorLmentStatei,1et

αβ(り=inf(z;C+0*(≡)≦甲【C+0*(≡)+q(1一項(z))】).(2.4.9)
TIlen, わ(り≦αβ(り 如班i∈〝+･

Proofissimila･rtOthatofCorouary2･3･6･WeobtaillthebourLdedprocessαβ(N(i))

OfthecorLtrOl-hmitpIOCeS8h(N(i))･

NextwecorLSideroptimalityinthewide工ClaBSII.SimilaIlytoTheorem2.3.8,We

haYe

Tbeorem2.4.6.FoI乱叩r∈Ⅱ,

打=仇+現判(C+q巾エ+∫ェ=∂)+0りe~β竹花<∂,ん,耽ト(C+0り】

×現e~β呵勘<∂)】

wheIeCTLis-obtainedbyIePlacingO･(=)byO･inTheorem2.4.1.

Theorem2･4.7･Under Assumption2.3.9,the policy witIlthe two-demensional

COrttIOl-1imitprocess9β(N(i))de且nedinthefouowingisarLOPtimalstoppingpol一

1Cy.払工i∈〝+,

郎(り=
主正((z,β);g叩,Z,β)≧0)iり…)≠¢ (2.4.10)
(∞,∞) otherwise
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Whereinfi8takenaccordingtothelexicographicoIdera･rtd

∬β(z,i,β)=q(トRi(z,β))r…(β)+q(1一項(z))叩-(C+0り(β巾).(2.4.11)

Proof･DeRneastopplngtime了茅a$fo1lows･

筍=min(i正(f≧0;(Z(り,y(f))ト郎(Ⅳ(り)),∂), (2･4･12)

Sim鱒artotheproofofTheorem2･3･10,letT(s)=min(s,7L+1-7L)fora･rLyS≧0,

weIla.Ve

現e-β項)鶴<∂,孔=Z,〝n=i】

=ぷぷe~伽∬三(血)りe叫dけぷe~伽∬皇(血)e-り一

+甘か匿(β+り)Ⅷ璃(叫+ぷ軒(β+り)≠血厨狛)+厨三(β)e-(β+り)一,

and 丘7【桓n+丁(.)=∂)e~舛一)恥<∂,札=i,Zn=Z)】

=ぷぷe~伽(トRi(z,髄))夷(血)甲●り亡dt+ぷe~伽(トRi(z,髄))現(血)e叩

+(1一項(z))【〟かe~(β+り)愉璃(飢)+ぶ耶~(β+り)Ⅷ餞(β)】.

Theexp?CteddiscountedmarginalcostfromwaitinganT(s)unitsoftimei$

坤恒,β)=鞘C+瑚h.r(.)司+0りe~β丁(一)鶴<∂,札=i,gn=Z)】

-(C+0り

=(C+0り【〟ぷe~伽g三(血)甲~りfdけぷe一郎∬三(血)e-り一

+ぷかe~(β+り)愉璃(叫+ぷ甲~(β+り)他職(β)+茸三(β)e-(β+頼】

+q【ぷぷe~卯(トRi(g,髄))夷(血)甲~りfd叶ぷe一郎(トRi(z,髄))現(血)e叩

+(ト夷(z))【〟ぷ甲~(β+り)Ⅷ璃(叫+ぶ甲~(β+り)Ⅷ域(β)】.

-(C+0書).

Di触entiatingKf(i,Z,S)withIeSPeCttOS,Wehave

品∬鈷,Z,β)=Co【(ト夷(g,β))ん皇(β)e-(β+り)一+(ト夷(z))軒(β+り)･茸三(β)】

-(C+0り(β+叩)e~(β+り)一点三(β)

=【e~(β+り)一首三(β)】-1∬叩,Z,β).

tlnderAssumption2.3.9,KP(i,Z,S)isincIeaSingwithrespectto`1exicographicoIder

foreveryi.BythesameargumentsaBintlleprOOfofTheorem2.3.10,WeObtainthe

COnClusionthat筍isanoptimalstoppingtime･
ロ
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2.5 Application

The車vironmentprocessmaybeexternalfactorsofaIleCOnOmicalortechrLical

natureaBWellasinternalhctorsofastatisticalnature.NextweglVetWOeXamPles

WhicIICanbewellexaminedbyourmodel.

Application2.5.1.Suppose a.system receive twotypes ofshocks at工andom

points oftime and thedamage processes be accumulatively additive.Assume one

damageprocessbeacompoundPoissonpIOCeSSSuChas

〟(1)=∑㍍
n=1

(2.5.1)

Where N(i)IePIeSentirLgtheshocknumberin[0,i]is a PoissorL PrOCeSS With the

Parameter叩,N(0)=0.㍍,n≧1aIei.i.d random varia.bles witlldistributiorL

P(n=k)=Ph,k∈N+,andindependentonN(i).

TlleOtherdamageprocessZ(i)i$aSSumedtobeapiecewisesemi-MaIkovprocess

definedby(2･2･2)･Inthiscase,thegeneIalassumption(A)issa.tis丑edautoma.ticauy,

and(2.2.6)becomesthefo1lowing

夷(z)=∑7(i+た,Z)鉦
ん=1

(2.5.2)

WecarLeXaminetheoptimalIeplacemerLtPrOblemofthesystembytakirLgthedamage

processM(i)aBtheenvironmentprocess.

Example2･5･2･Consider acomputer netwoIk system comprised ofamain-

$yStemandmsub-SyStemS.ThenetwoIksystemisnewa.ttimei=0.Thelifetimes

Ofthesub-SyStem$areindependent arLdexponential1ydistribtLtedrandomvariables

WiththesameparaheteI8:F(i)=1-e-りtfori≧0.Whensub-SyStemShu,the

minimalIePalristaken･TheminimalIePalrCOStOfonestlb-SyStemisKandthe

minimal工epairtimeisassumedtobenegligible.LetN(i)bethetotalminimalrepair

numbersofthesub-SyStemSin[0,i]･ThenN(i)isa.Poissonprocesswithparameter

mり･Themain-$yStemissubjecttoasequenceof工andomlyoccurIlngShocks.Each
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Shockcause$arandomamotlntOfdamagewhichaccumulatesadditivelyanddepends

OnthestateoftheN(i)･Anyofshocksorhiluresofthesub-SyStemSmightcausethe

maiIl-?yStemtOhilIanduponfai1ureofthemain-SyStem,thenetworksystemmust

bereplacedatcostC+CowhereCisIepla･CementCOStbefoIehilureofthemain-

SyStem･Z(i)definedby(2･2･2)IePreSentSthedamageprocessofthemain-SyStem.

TheoptimalreplacementforthiscomptlternetWOrksystemcanbewellexaminedby

OurmOdel･IrLthiscase〉forexampleIthelong-urnaVerageCOStis

督r=
β【C+∑芸1花甘木岬)=")+ Co巾=∂)】

∬【r】
(2.5.3)

and

仲=C+∑山狩(〝(r)=陀)+q㌔(r=∂ト暫*(三)β【r】.(2.5.4)

SimilarlytoTheorem3･5IWeCanprOVethatthepo五cywiththecont工01-1imitprocess

f(N(i))isanoptimalreplacementpoucy,WheIefori∈N+

揮)=inf(z;督*叫1-◎…(m州≦q【1一点i(z卜璃(z)(ト◎皇(m棚】

+g(1一喝(z))(1-◎…(m可))

37

and入=【m叶~1.

(2･3･5)



CHAPTER3

AN OPTIMAL STATE-AGE DEPENDENT REPLACEMENT

FOR A NETWORK SYSTEM

3.1Introduction

ThepresentCIla･Pterdealswithanoptimalstate-agedependentrepla.cementprob-

lemforartetworksystemcomposedofa,main-SyStemandasub-SyStemWithNcom-

POnentS.Thecomponent,8functiorLlngtimesofthesub-SyStemareindependentand

exponential1ydistribtltedrandomvariableswiththesamepara.meters.Everyfailed

COmPOnentisIePiiredbyorLerepalrmarLbytakinganexponential1ydistributedran-

dom time.Repaired components are asgood aB neW.The mairL-SyStemis s11bject

toasequerLCeOfIandomlyoccurrlngSI10CksarLdeachsl10Ckcausesa工andomamount

Ofdamage･ShockaIrival$andmagnitudesdependorLtlleaCCumula･teddamagelevel

OfthemainsystemitselfandtherLumberofthefunctiorumgCOmPOnentSOfthesub-

SyStem･ArLyOftheshocksorcomponent,shiluresofthesub-SyStemmightcausethe

main-Sy8temtOfan.Thesurvivalprobabihtyi$dete工mirLedbya.knownfunctiorLOf

thea･CCumulateddamagelevelIthenumberofthefunctionlngCOmPOrLentSandthe=e-

alizedshockmagnitude.tJponfailureofthemain-SyStem,thewholenetworksystem

8tOP8tOfunction.We工eplacethemain-SyStema,taCOStC+CoinwhichC>Oi8tIle

IePlacementcostbeforeit8failuIe･Atthesa･metimeIWetaketlleemergenCyrePalrS

fora刃f迅edcomponents･TheemeIgerLCyrePalrCOStOfeveryhiledcomponentisK.

Therepla･CementtimesarLdtheemergencyIepairtimesareassumedtobenegligible･

ThosepIOCeduIeSarerepeatedinde魚nitely.
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Wearemotivatedtostudytheoptimalreplacementproblemforsuchanetwork

SySteminpartbytheimpoItanCeinmodernpracticeofsuchsystem･Ⅰ皿aCOmputerOr

COmmⅦnicationnetworksystemIforexample〉thecentralcomputercanbeconsidered

asthemain-SyStem･ThefunctionlngbehavioISOfthecentIalcomputerarenotonly

dependentonstatesitsel"utalsoinAuencedbythestatechangesofsub-COmputerS

OrOthercomputer-aidequlPmentSinthewholecomputernetwork･Therefore,itis

necessarytoconsidera鮎ctofthosesub-COmPuteISWhenweexaminetheoptimalIe-

Placementproblemforthecentralcomputer･FuItheImOreIlnOurmOdel,WeCOnStruCt

thedamageprocessofthemain-SyStembyashockpIOCeSSandaMarkovprocesswhich

expressesthemmbeIOfthefunctionlngCOmPOnentSOfthesub-SyStem.AscarLbe

Seenbelow,OurmOdelmaybeappliedtooptimalreplacementpIOblemsofsystemsex-

istinglnaMaIkovrandomenvironment,SyStemSWithaMarkovmodulatororsystems

Subjecttotwotype80fdependentshocks.

InthisChapter,WeCOnSidertheoptimalstate-agedependentreplacementproblem

byuslngSemi-MaIkovdecisiontheoreticapproach･Thegeneraltheoryofthesemi-

MarkovdecisionpIOCeS8hasbeenstudiedbymanyreseachers･Fbrexample,Ross

【54,S6]･Lippman[40],I)eLeveandFedeIgruenandT紬s【22,23],etC.Theoptimal

$tate-agedependentreplacementproblemsinve$tigatedbyuslngSemi-Markovdecision

PrOCeS$havebeenconsideredbyEao[36],Gottheb【32]andEurano[39].Kao[36]gives

thedetai1sbyuslngSemi-MaIkovdecisiontheoryonthediscIetetimepaIameterSpaCe.

Gottheb[32】derivestheformandpropertiesofoptimalreplacementpohcythroughthe

MarkovdecisiontheoIeticmethod,andgivesconditionsforwhichacontrol竜mitpohcy

isoptimal･FeldmanandJoo【29]obtainsaclosedformexpressionfortheoptimal

State-agedependentpolicyanddevelopsapracticalalgorithmforRndingtheoptimal

pohcy･InthosemodelsIthebehaviorsofshockprocessesandothercharacteristicsare

Onlydependentonaccumulateddamagelevelofsystem$,nOtSubjecttoinAuencesof

ChangesofexternalorinternalenvironmentofsystemsIOrOthersystem,sstates.h

thissense,eVerySyStemisconsideredasanindependentsingle-unitsystem･Inpresent,
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COrLSideringthemtltualinAuencesofthemain-SyStemandsub-SyStem,Wbderivea

OPtimalstate-agedependerLtIePlacementpolicydependentorLthefurLCtionlngPrOCeSS

OfthestlbTSyStemfortheinfinitehorizonlortg-runaVerageCOStPerlmittime.Itshould

benoticed'thattheoptimalIePlacementpolicyofthenetworksysteminthisChapter

CanbenotobtairLedbythesample,sanalyzingmethodgiveninChapter2because

thefurLCtionlngprOCeSSOfthesub-SyStemisnotincreaslngMarkovprocess.

Chapter3isorgarLized
asfo1lows.In Section3.2weformulateourmodelas a

Semi-MarkovdecisionpIOCeSSandgivesorrlePre正minaIyIeSults.InSection3.3we

l

provethatanoptimalstate-agedependentrreplacementpolicyexists,andinSection

3･4,WeglVea･nOPtimalIePlacementpoucy･h3･5wediscusssomespecialcases.
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3.2 Modeland Preliminaries

ConsideranetwoIksystemcomposedofamain-SyStemanda$ub-SyStemWith

N components･TIle netWOIk systemis new at timei=0.Thelifetimes ofthe

COmPOnentSOfthesub-SyStemareaSSumedtobeindependentidenticalexponential

di8t;ibution旦(i)=トe叫fori≧0.Every鮎1edcomponentisIepairedandthe

IePai工timeisaIandomvariablehavingthedistributi?n為(t)=1-e~入tfori≧0.

ThereisonlyonerepalImanandIePaiIedcomponentsareasgoodasnew.Theemer-

gencyIePairsforal1hiledcomponentsaretakenonlyattimeswherLthemain-SyStem

isIePlacedandtheemergencyIepalrCOStincuIredfbreverycomponenti$K.Letthe

PrOCeSS(I(i))t≧OeXpreSSthenumberofthefunctioningcomponentsofthesub-?yStem

attimei･Thestatespaceof(I(i))t≧Ois==(0,1,...,N),andtheinitialstateis

Z(0)=N･Let(un)n≧Obethetransitiontimesof(Z(i)),≧0,i.e.,Wnisatimeat

WhichacomponentfailsorafailedcomponentisrestoIedtofunctionlng･TheMarkov

transitionke工neloftheprocess(I(LJn),un)n≧Ois

ア(∫(叫叶1)=ム叫叶1一山n≦りJ(uれ)=i)

苔寺(1-e~(叶い)りi=1,2,∴,〝-1;ノ=ト1
読了(1-e~(小入)f)
1-e-〃車

1-e-M

O

i=1,2,…,〝-1;ブ=i+1(3.2.1)
i=〝;ノ=〝-1

i=0;ノ=l

OtIlefWise.

≡鞘(1-e~〝`り

WheIePL=巧+6iN入,arLd6;N=Oifi=Nandlotherwise.hthisChapterwetake

(砧≧OaStheenvironmentprocess,i･e･,f(i)=Z(i)･The(Z(i))t≧｡iscauedMbrkov

envLroT7mentPrOCe88(MEP)ofthemain-Sy8tem.

Themain-SyStemissubjecttoa･SequenCeOf工andomlyoccurrlngShocksandeach

Shockcause8aIaムdomamountofdamageonit･Shockarrivalsandmagnitude8

dependonthea･CCumulateddamagelevelofthemainsystem,andthenumberofthe

functionlllgCOmpOnentSOfthestlb-SyStem.
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Let(Z(L,Z｡)(i))t≧Obeasemi-MarkovprocesswiththestatespaceR+andtheini-

tialstateZ(L,2｡)(0)=Z9･Foranyx,Z∈R+,andi∈R+,thesemi-Markovkernelof

ろi,Z｡)(りi$

P(g(`,g｡)(亮ilトろi,ヱ｡)(豆)≦‡,㍍.1一元≦晒;,ヱ｡)(豆)=Z)(3.2.2)

=ぷG皇(坤)か(叫

WheIeHt(･)istheprobabi丘tydistributionoftheintershocktime亮+1一元andG皇(車)

istheconditionaldistributionofZ(;,Z｡)(豆.1)-･Z(;,Z｡)(豆)givenZ(;,Z｡)(豆)=Zand

亮+1一元=i･WbsupposethatZ(;,Z｡)(i)beaJight-COntinuousIegularprocesswith

left一九andlimits.

Now,byappeaungto(Z(;,Z｡)(i))t≧0,WedeRnetheprocess(Z(i))t≧OWhichde-

SCribesthecumulativedamagelevelofthemain-SyStemSuChthat Z(0)=Oand

g(り=g(;,Z(ぴn-))(トuれ)0皿(■un≦1<叫亘1;∫(un)=什Thatis,

g(0)=O

g(t)=Z(ん朗(叫0<亡くUl)+∑芸1Z(んn,Z(u亮一))(1一山n)勺u持≦f<叫l)･

(3･2.3)

Theprocess(Z(i))t≧Oi8alsoright-COntinuousIegularp工OCeSSWitl119ft-handlimits

･Atthepoint$un,n≧1,Z(wn)=Z(un-)andontheinterval[un,Wn+l),thepIOCeSS

(Z(i))t≧Oisasemi-MaIkovproces$dependentonthestateofん.･The(Z(i))t≧Ois

Ca11edpiecewisesemi一肌rkovprocess(PSMP).

Inthi8mOdel,afailureofthemain-SyStemCanOCCurOnlyatthetimepointsof

Shocksorhilure$Ofthecomponentsofthesub-SyStem･LetTbesuchatimepoint,

andsupposeみ-=i,Z(T-)=Z･AtT,ifashockwithmagnitudexoccur$,thenthe

main-8y$temfanswithprobabihtyl-T(i,i,Z+x),andifa血皿meofthecomponents

OCCur8(i･e･themmberofthefunctioningcomponentsbecomeト1),thenthemain-

SyStemfailswithprobabihtyl-7(i,i-1,Z)･Thefunction7:=×≡×R.→【0,1]
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is thesurvivalfunction.Let6be tIle£rst hihlre time and△the fa.iluIe State Ofthe

main-SyStem･WbassumeE【6]<∞throughout.

･･LetE=【0,∞】arLdA(≡×(R+∪△),寧)bethesetofallmapping血om=×(R+U△)

toEstLChthatA(i,△)=0foranyi∈=.EachfunctionA(･,･)ofA(≡×(R+∪△),E)

iscal1eda･decisionoranaction.ThedecisiorLA(i,Z)=a(a∈【0,∞))mea･n8that,

Whenthesta･teatadecisionpointTi$(i,Z),the工ePlacementforthemain-SyStemand

theemergencyIePair8foral1hiledcomporLentSOft王IeSub-SyStemOCCurattimeT+a

ifnodecisionpoint80CCurintheinterval(T,T+a],andA(i,Z)=∞meanSthatrLO

anyreplacementa.ndrepalrPlartaremade,i.e.,thenextdecisionpointiswaitedfor.

AnIePlacementpolicyisasequerLCe7r=(Ao,Al,･･･);4;∈A･IfA;=Aforau

i=0,1,…,We Cal17r aStationary policy.LetIIbe the set ofallpolicies.For

arLy7r∈Ⅱ,WeCarLObtainthedecisionprocesses(r(i),Z汀(i))t≧O Whichdescribe

respectively the number ofthefunctionlng COmPOnentS Ofthesub-8yStem and the

accumulateddamagelevelofthemain-SyStemattimeitlndertllePOlicy7r.Theset

(7L)n≧00fthedecisionpointscanbede£nedaBthe8uCCeSSivejumppointsofthe

two-dimensionalpIOCeSS(r(i),ZT(i))t≧OaSfo1lows

7も=0

孔+1=in坤>孔;J訂(‡)≠∫(㍍)org汀(f)≠Z汀(孔)),払工花≧0.

(孔=Z訂(孔)ん+1=J汀(㍍) ′or花≧0.
(3.2.5)

(3.2.4)

Let

SinceaIeplacementactionchangesthedamagelevelofthemain-SyStemtOO,We

CarLSeethat(TL)n≧OCOntain$thIee-tyPepOints(a)shockpoints,(b)jumppointsof

MEPand(c)replacementpoints･Fbrthesemi-Markovdecisionproces8(ん,Zn,7L,An)n≧0,

WeIla･Vethefo1lowlngPIOPOSition8.

Proposition3･2･1rAt7も,SuPPOSelb=L,Zo=ZandAo(L,Z)=a･Then

(a)軋(i,α)≡彗i,ヱ)(れisashockpointlAo(i,Z)=α)
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=∬か(廟e~〝`旭+か車)e~仰

(b)@2(i,a)≡彗;,Z)(nisajumppointofMEPIAo(i,Z)=a)

=∬(1-e~〝`f)朗判+か(α)(1-e~仰)

(c)4?i(i,a)≡彗;,Z)(nisareplacementpointlAo(i,Z)=a)=H;(a)e-JLia

w瓦e工eか(り=ト∬i(電).

Proof.LetSl,S2rePIeSentreSPeCtivelytheRrstinterval1ength丘omTb totheIleXt

8hockarrivalarLdthefirstinterval1ength血om了btothenextjumpofMEP･Wehav?

軋(i,g)=和之)(gl≦g2,∫1≦αlAo(i,Z)=α)=ぷgl眈e~〝廟+∬1α)e~押･

Similarly,WeCanObta･in(b).FbI(c),Wehave

翫(i,α)=彗;,Z)(min(51,∫2)≧αい0(i,Z)=α)=か(α)e~岬･□

Proposition3.2.2.FoI‡,J∈≡,Z∈R+and月∈9

(a)和之)(ム=ムZl∈月tAo(i,Z)=α)

=X匝)【∬ぷ石山び)7(い,Z十∬)G皇(叫)か(叫揮~押dβ

+∬石再び)7(い,Z+ヱ)G皇(叫)か(叫e~仰】+x†g∈β桝T(i,ブ,Z)◎2(f,α)

+x(J=凡0ぴ)恥(i,α)

(b)恥∬)(ム=ムZl=△lAo(i,Z)=α)

=X(J司【∬〟ん.(1-7(i,i,Z+‡))G皇(叫)動判揮~押dg

+ぷん.(ト7(い,之恒))G皇(叫)か(df)e~仰】上組(1-7(り,Z))◎2(i,α)･

Inthis-ChapterIWeCOnSidertheinfinitehorizonlong-runaVerageCOStPerunit

time･LetcarLdTIepIeSentthecostincuIreddurirLgOne-StePtranSitioninteIValarLd

thelengthofone-SteptIanSitioninteIValrespectively･e(i,Z,a)=E(;,Z)[cJAo(i,Z)=a]

arLdf(i,Z,a)=Ehz)[TIAo(i,Z)=a]aretheexpectedcostincuIredduringthetrarL-

SitiorLint占rvalandtheexpectedlengthofthetransitioninteIValwherLthestarting

StateSareIb=i,Zo=ZandtheactiorLAo(i,Z)=aischoiced.tJnderthepolicy7r,

thein允nitehorizonlong-runa･VerageCOStPerunittimeJ7risdeAnedaBfo1lows.
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J汀(i,Z)=蕊S叩
印,Z)【∑芸=1e(ん-1,g和一1,An-1)】
軍,Z)【∑芸=1テ(ん-1,孔-1,A"-1)】●

(3･2･6)

Let▲J*≡inf汀∈rIJ汀･Forsome汀∈ⅡIifJ汀=J+IWeCal1打Optimalandwriteas7r+.

Nowweimposethefbllowingcondition80nthenetworksystempa工ameterSWhich

en8uretheexistenceofanoptimal工ePlacementrule.

Condltionl･G皇伸)i8StOChaBticanyincIeaSinginzandiniforeveryi∈=.

Condition2･HL(･)haBthecontinuousdensityfunctionhE(･)foreveryL∈≡.

Condltion3･7(i,j,Z)isdecreasinginzforanyL,j∈=,and7(i,i+1,Z)=1

払Ii=0〉1I…)∬-1;Z∈R+･

TheconditionT(i,i+1,Z)=1assertstllatthemain-SyStemisnotsubjecttof迅

Whena姐edcomponentisrestoredtofunctionlrLg･FromP工OPOSition3.2.1,3.2.2

andCondition3,Wehavethefo1lowingexpectedcostincurredduringthetransition

inteIValandtheexpectedleilgthofthetransitioninteIVal,i.e.

e(i,Z,α)

=(C+q+(〝-り∬)【∬ぷ(トR(i,Z,り)か(朗)抑｢阿南

+∬(トR(i,Z,り)∬;(叫e~仰】

(3.2.7)

+(C+q+(〝一行1)∬)(ト7(い-1,Z))諾瑚,α)+(C+q+(Ⅳ-岬)瑚,α)

WbeIe坤,Z,り=危7(い,g+∬)G皇(叫)･

坤,Z,α)

=∬ぷば`(叫裡~押d頼∬ば`(叫e一仰+∬ぷ領一〝廟か(叫

+∬抽e~〝廟か(α)+α恥(i,α).

(3･2.8)

LetBbethesetofauboundedreal-ValuedfunctionsV(i,Z)on=×R+WhichaIe

S!-meaBuIablefori∈≡,B+≡(V∈B;V(i,Z)isincreasinginzforL∈≡)and

‖･IJthesup-nOImde允nedonB･ItiseasytoseethatBisaBanach8PaCe.
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3･3 Existenceofanoptimalpo追cy

Indiscusslngtheexistenceofanoptimal8tate-agedependentpolicy,Wefo1lowa

methodsimila;'tooneproposedbyRoss【54】.ThemainresultinthissectiorLi8the

fouowlngTheoIem3･3･1whichestablishe8theexistenceofoptimalpoucyarLdgive$

ana･PpIOa･Chtoobtaina.noptimalpolicy.

Theorem3･3･1･(i)ThereexistsaboundedfunctionV■∈B+andaconsta.ntO･

Satis&ingthefonowingavera9eCOStOPtimatityeqtLattOn

y*(i,Z)=霊(e(i,g･α卜針吋,Z,可+句わ)【y♯(んg川Ao(i,Z)=α】)･(3･3･1)

(ii)Thereexist8anOPtimalstationarypolicyがsuchtha.t

O●=J汀●=J■

andがi8anyStationarypoucywhich,i且去tate(i,Z),PIeSCribes8止LaCtionminimiing

theIight$ideof(3.3.1).

Since,1nOuImOdel,theactionspaceisnotfiniteIthetreatmentsaremorecomph-

Cated･BefoIeprOVlngtheTheorem3･3･1IWeglVeSeVeIallemmas･First,WeCOnSider

anoptimalsolutionoftheequation(3･3･1)ontheIeStrictedactionspaceR`=【E,∞】

forany且ⅩedE>0･hoIdertoprovetheexistenceofanoptimal801utiononthe

&,WeCOnSiderthetotalexpecteddiscountedcostwiththediscount工ateα>Oand

int工0血ce乱nOpeIatOI‰lく純血追加a叩y∈β

軋･抑,Z)=蕊(恥)【e~祈(c+y(んgl))tAo(i,Z)=α】)･(3･3･2)

ByProposition3･2･2,Wehave

軋,亡(i,g,α,y)≡勒ヱ)【e~Qγ(c+y(んgl川Ao(i,Z)=α】

=∬ぷe~¢`上土叩,Z)か仲)揮~押d∫+∬e一巧い竹,Z貯(離)e一仰

+議了Ⅳ(i,Z)【∬(トe~(…`)りか(叫+(1-e-(…`)り厨`(α)】

+(C+(∬-り∬+y(〝,0))e~"翫(i,α),
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wIle工e

ムγ(i,Z)=C+Co+(Ⅳ-り∬+Ⅴ(〝,0) (3.3.4)

-ふ.【C+q+(〝一岬+y岬,0ト叩,紳輔(い,頼∬)G皇(叫)

Ⅳ(i,Z)=∂`Ⅳ入y(り1,Z)+叫C+q+(Ⅳ-け1)∬+y(Ⅳβ) (予･3･5)

-【C+q+(〝-f+1)∬+y(〝,0)-y(トー1,g)】γ(い-1,Z)).

Lemma3･3･2･ForanyRxedE>0,Ui,`isamonotonecontraction■opera･tOr.

Proof･ThemonotonicityofUi,eisobvious･Foranyi,Zand竹,鴨∈B,Ui,<(i,Z,a,り)

(j=1,2)aretheboundedcontinuousfunctionsinaonRe,SOthereexistsa;=

α;(i,Z)snchthati兢∈R`‰,`(i,g,α,り)=‰,く(i,Z,α;,り)･Ifinf¢玖軋,`(i,Z,α,仇)≧

infα∈凡打叩(i,Z,α,鴨),Webave

いnf｡∈凡‰,∈(i,g,α,仇)-inf｡∈Rf軋,亡(i,Z,α,鴇)Ⅰ

≦‰,亡(f,g,α芸,仇)-‰,｡(i,g,α芸,鴨)

≦(軋(i,α;)+戟(i,α;)+e~呵翫(i,α;)川y-Ⅳtt

≡〆(α;)ⅠルーⅣlト

Since◎1(L,a芸)+缶2(i,a;)+◎3(i,a;)=1,andfora;≧f,maXiSuPz◎j(i,a;)≠0(j=

1,2),maXLSuPz*3(L,a;)≠1andma4X;SuPze~呵<1,Wehaveβ2≡maX;SuPzP;(i,a;)

<1･SimilaIly,ifinfaeR.Ui,<(i,Z,a,Vi)≦infaeR.UL,亡(i,Z,a,鴨),Wehaveβ!壷

P;(L,a;)<1･ThereforellUi,亡VMUi,eWH≦max(PI,β2)×lIV-W[l.口

Tlms,SinceUi,elSamOnOtOneCOntraCtionopeIatOr,ithaBaunlqtlefixedpoint

lて∈Whichistheminimaltotalexpecteddiscountedco$tOntherestrictedactionspace

&.

Lemma3･3.3.tTnderConditionl,Wehave

(i)Lt牒e(i,Z),L場e(i,Z)arebothincreasinginzforeveryi,and

〃芯(i,Z)≦C+q+(〝-i+1)g+場`(Ⅳ,0),

エ場亡(i,Z)≦耶(C+q+(〝-i+1)g+場`(〃,0))･
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(ii)γ㌫(L,Z)isincreasinginzforeveryi∈≡,and

場｡(i,Z)≦C+Co+岬-i+1)g+㍑,く(∬,0)･

PIOOf.Let Vh=0,tL+1=Ui.亡VLforn≧1･ByirLduction,WeRrstprovetha･t

theaBSeItions(i)arLd(ii)holdforthemappingsequence(tL)n≧0･Since鴨=0,

(i)and(H)holdceItainly･Supposethat(i)and(ii)aIetIueforanintege工n,then

C+Co+(N-i)K+tL(N,0)-tL(i,Z+x)isdecIeaSinginz,andbyConditiorLl,

h【C+Co+(N-i)K+tL(N,0)-㍑(i,Z)]7(i･i,Z+x)G皇(叫)isdecreasinginz･

SoL爪(i,Z)isincIeaSi且ginz･nOmトLi.7(i,i,Z+x)G皇(dxIi)≧0,Wehave

エf㍑(i,Z)≦C+q+(Ⅳ一行1)∬+㍑(Ⅳ,0トム.【C+Co+(〃一行1)∬+㍑(Ⅳ,0)

-㍑(i,Z)】仲,i,Z+∬)G皇(叫f)

≦C+q+(Ⅳ-i+1)∬+㍑(f,Z)(∬,0)･

Simuarly,WeObtainasseItion(i)holdsforLtL(i,Z)･Fromthede允rtition(3･3･3)and

assertion(i),WehaveUi,亡(i,Z,a,tL)isincreasinginz,and

軋tく(i,Z,α,㍑)≦(C+Co+(〃-i+り∬+㍑(Ⅳ,0))勘(i,α)+百獣◎2(i,α)

+e~αα◎3(i,α)】

≦C+q+(〝-i+1)g+㍑(Ⅳ,0)･

lIencetL+l(L,Z)isincIeaSirLginzandtL+l(i,Z)=infa∈R`Ui,e(i,Z,a,tL)≦C+Co+

(N-i+1)K+tL(N,0).Assertions(i)and(ii)holdforn+1･Final1y,theproof

丸山ow$血oml芯=追mn→∞軋･ 口

Lemma3.3.4.FbranyfixedE>0,letb=mirL;Ei(〔)e-(Np+入)e.Thenfori∈≡,Z∈

R+,anda∈Re,Wella･Ve

(i)テ(i,g,α)≧亡あ,e(f,Z,α)≦C+q+(〃-i+1)∬･

(呵侶芯lI≦
(C+Co+(〃+1)g)e-αl

PIOOエ】陀げα∈凡,恥～)(丁>申0(i,Z)=α)=厨;(〔)e~押≧あ･Wehaveテ(f,g,α)≧

〔h;(E)e~押≧〔b.From(3.2.6),Wegetthesecondinequalityof(i).Thepart(ii)fo1lows

that卜喋く(i,Z)I≦i兢的周;,ヱ)【e~α丁(c+場`(んZl))lAo(i,Z)=α】l≦e~αも(C+q+
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(NTi+1)K+暮J畷`lI)･ThiscompletesthepIOOf･ 口

上emma3.3.5.fb工any亡>0,

■(i)The工eeXistsaboundedfurLCtiont?anda.constantO:8atisbring

榊,g)=忠(e(f,Z,αト郎テ(i･Z,可+恥)貯(んgl)lAo(i,g)=可ト(3･3･6)

(n)Fbrsomesequenceαn→0,tT(i,Z)=limn→㈲【tT.,`(i,Z)-‰Iく(N,0)]･

(叫0:=追md→0αl笠`(∬,0)･

PIOO£馳ranyi∈≡,Z∈R+,andα>0,1etg;,亡(i,g)=場亡(i,Z卜場亡(〝,0)and

Oニ,`=α愕,e(Ⅳ,0)･S主皿Ce畷亡(i,g)=hf｡∈凡勒ヱ)【e~Qγ(叶lて`(んgl))lAo(i,Z)=α】,

ダニ,`(i,之)=bf｡ぴ`((e(i,Z,α)+恥z)【ダニ,く(んZl)lAo(i,Z)=α】)+α(e(i,Z,α)(3･3･7)

+恥z)【ダニ,`(んgl)1Ao(i,Z)=α】卜α場`(〝,0)坤,g,α)+¢(α))･

ダニ,亡(i,g)kcontinnonsinα,and=砿,｡Il≦C+q+(Ⅳ+1)g<∞･MoIeOVer,

l慨,C(l≦αIJ愕亡II5C+Co+(N+1)K<∞･Itfouowsthatthereexists(αn)n≦｡With

αnlOsuchtha･tthefo1lowingconvergenceshold:

山‰→㈲0ニn,亡≡0:,丘mn→00タ;n,亡(i,g)≡町(i,Z)･

町z,α,町)≡左(i,Z,α卜0:坤,Z,α)+恥z)【町(んg川Ao(i,Z)=α】･

SincethefunctionU(L,Z,a,t?)andthefunctionin()oftheequality(3.3.7)are

tmiformiy bounded contint10uSin a,there exists a a'=a'(i,Z)∈Re such
that

i兢払叩,Z,α,町)=叩,g,α*,町)･If♂ニ,`(i,Z)≧i兢銑叩,Z,α,町),Wehave

lダニ,`(i,Z卜inf｡的叩,g,α,町)暮

≦‡(e(i,g,αり+恥ヱ)【ダニn,`(んg川Ao(i,g)=呵)+‰(e(i,Z,αり

+恥才)【ダニ",く(んgl)IAo(i,Z)=呵トαn愕",`(〝,0)坤,Z,αり+¢ぃれ))

-(e(i,Z,αり-0:坤,Z,αり+和之)【町(んgl)IAo(i,Z)=叫)

≦αn(e(i,Z,αり+恥g)屁両(んg川Ao(i,之)=呵)

≦2αれ(C+q+(Ⅳ+1)g)+¢(αn)→0.

If9ニ,<(i,Z)≦infa∈R.U(i,Z,a,t?),Wehavethesameconclusion･Final1y,rePlacingα
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byαnin(3.3.7)a.ndtakinglimitasn→∞inbothsidesoftheIeSultingequality,We

seethatO:andlでsatisbrtheeqtLality(3･3･6)･Thiscompletestheproofofthepart

(i)･The･a甲ertion(u)fo1lows丘omtheabovepIOOf･

TbprOVetheassertion(iii),WenOtethatsinceα場e(N,0)isbounded,itfo1lows

thatforanysequenceαn→OtheIeisasubsequenceαnSuChtha･t

伽｡L→｡α塙-く岬,0)

exists.Bytheproofof(i)itfo1low8thatthislimitmustbeO:･Eence,

0:=血｡L_｡αニ管-く(Ⅳ,0)

andtheproofiscomplete.
口

F工OmtheaboveLemma3.3.3and3.3.5,WegeteaSnythefouowing･

Corollary3.3.6(i)l?(i,Z)i8increasinginzanddecreasinginE,a･nd

町(i,g)≦C+仇+(〝-i+1)∬+町(〝,0)･

､(町町扁ecIea血gin亡.

LetO*=limc_00:,andV■=Lm亡_Ot?･Now,WeShanpIOVethatO*andV*

sa.tis&thea.ve工a.geCOStOptimalityeqtlation(3･3･1)･

ProofofTheorem3.3.1.(i)SinceU(i,Z,a,t?)de蝕edin(3･3･9)istmifoImly

bourLdedcontintLOuSinaontheintervalR<,thereexistsa+=a+(i,Z)∈R`8uChthat

inf｡∈R`汀(i,Z,α,lで)

=叩,Z,㌦,町)･Ifinf吋0,∞】叩,Z,α,yり≧i正路軋坑(i,Z,α,吋),tben

暮inf吋0,∞】叩,Z,α,yり-y*(i,Z)l

≦いnf吋0,∞】叩,Z,α,yり一甘け11y*一打It

=linf8印,∞】叩,Z,α,yり-i皿f｡吼叩,g,α,吋)1+lけ*一打.ⅠⅠ

≦叩,Z,㌦,yり一叩,Z,α♯,町)+lly*一町tl

≦lIO●-0:ll坤,Z,αり+21ly*一号lト0(乱S`→0)･Ⅵbhave

y-(i,g)=惣郡,g)=冶㌔】町方,α,吋)･

Ifinfae[0,C｡]U(i,Z,a,V+)≦infaeR.Ui(i,Z,a,tT),Wehavethesameconclusion･This
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complete8thepIOOfoftheTheorem3.3.1(i).

(ii)Forrany且ⅩedE>0,1et7r`=(Ao,Al,…)whereAn∈R`forn≧0,and訂:be

anystationa.rypo正cywhich,instate(i,Z),preSCribesaJLa･Ctionminimizingtheright

sideof(3.3.6).Let9n=J(ふ,gO,Ao,…,ん,Zれ,A"),花≧0･FoIanypO正cy訂∈,

ぷ汀`(∑鎧1【l㌻(九g;)-β訂`【町(在g川3ト1】】)

=∑鞋1岬汀`【町(在g;)卜ぷ訂`【点灯`【町(んZ川守ト1】】)=0･

Bnt,

伊`【町(在Z剖守ト1】=和正ん.)【町(在Z川Aト1】

=e(ムー1,Zト1,Aト1)-0:テ(圭一1,4-1,Aト1)+旦∫`_1,Zト1)【吋(んろ)IAト1】

一己(釆_1,ろ_1,Aト1)+0:テ(圭一1,gト1,Aト1)

≧i皿f¢汎(e(圭一1,gト1,αト0:テ(ムー1,g;-1,α)+句∫ト11gト1)【町(んg川A;-1=可)

一己(圭一1,a-1,Aト1)+0:テ(ムー1,Zト1,Aト1)

=町(ム_1,gト1)一己(圭_1,gト1,Aト1)+0:テ(ムー1,gト1,Aト1),

Withequalityfor訂:since可isdefinedtotakethein£mumaction･Ⅱence

㌘`(∑【町(圭,g;ト吋(圭一1,gト1)+和一1,gト1,Aト1ト0:テ(圭一1,gト1,Aト1)】)≧0,
;=1

0工

0:≦
伊`【l?(ん,gれ)-1?岬,0)】+伊`【∑た1e(ムー1,gト1,Aト1)】

か【∑鎧1テ(圭一1,Zト1,Aト1)】

WitIlequalityfor7r:.Now,1etting n→∞anduslngtheboundedness ofV*and

thehctthatLemma3.3.4impliestha.tforAト1∈R"F∑n=1テ(ILl,Zト1,Aト1)≧

nEb→00.Wehavethat

ぷ訂【∑覧1e(圭一1,a-1,Aト1)】

,ぶ品か【∑た1テ(圭_1,Zト1,Aト1)】
0:≦メ担 =J汀`(ふ,gO)

Witheqtlalityfor7r:andforal1valuesof(Ib,Zo).Bythedefinition80fO'andV*,

andthatlime→07r`=7r,Wegetforany訂∈Ⅱ

0■=盟0:≦盟J汀`=J汀
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witheqtLahtyfor耳*=1im<_0訂;.ThiscompletesthepIOOfofthepart(ii)･
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3.4 Anoptimalpohcy

Fo工thestate(i,Z),1eta+(i,Z)theminimalsolutionsati埼血gthea･VerageCOSt

OPtimalityeqmtion(3･3･1),andA'=a'(L,Z)･Itfo1lows企omTheorem3･3･1(H)

thatが=(A*,A･,･･･)･FuIthermoIe,1etrL(i)=轟thethehazaIdrateassociated
withthedistIibutionfunctionH;(･),WeCOrLSideItheminimalsolutiona*(i,Z)inthis

SeCtion.First,WegetthefonowingLemma3.4･1fromLemma3･3･3･

Lemma3.4.1.tJnderConditionl,WehaNe

(i)Ⅴ*(i,g)誌inc工ea5hginzandy*(i,Z)≦C+仇+岬-i+1)∬+Ⅴ*(〝,0)･

(ii)LtV*(i,Z),LV'(L,Z)arebothincIeaSinginzforeveIyi,a･nd

エfy*(i,Z)≦C+q+(〝-i+1)g+y*(∬,0),

エⅤ■(i,Z)≦耶(C+q+(〝-i+1)g+y*(〝,0)).

Lemma3.4.2.Fo工L∈≡,Z∈R+,the工eeXistsami皿imalsolutiona+(i,Z)satisfying

the王bllowlnge甲はtion.

α*(i,Z)∈(0,∞)∪(α;r-(α)=
机(C+(〝-りg+y◆(∬,0))+0*-エy*(i,g)
んy●(i,Z)-(C+(〝-i)g+y*(〝,0))

P工00f.ByP工OPOSition3.2.2,Wehave

叩,Z,α,Ⅴり=∬ぷエfy*(i,g)∬1叫損e~仰dβ+∬エーy*(i,g)か(d電)e~仰

(3.4.1)

+かⅤ*(i,g)翫(i,可+(C+(∬-岬+y*(〝β))も(i,α卜0*坤,Z,α)･
Thus U(i,Z,a,V')iscontinuousanddi触entiablewit?IeSPeCttOa･BysoIving

孟U(i,Z,a,V+)=0,WeObtaintheassertion.口

SinceLV+(i,Z)isincIeaSinginzforeveryi∈≡,thereexist8aZ■=Z+(L)stLCh

tha.t

Z■(り=inf(z;机(C+(Ⅳ-りg+y●岬,0))+0●-エy■(i,Z)≧0)(3.4.2)

Whereinf(¢)=∞.Fu工thermoIe,SincebyCorLditionl,L4V+(i,Z)isincreasingina,
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the工eeXistsa盈=a(i,Z)stlChthat

坤,Z)=inf(α;んγ*(i,Z)-(C+(Ⅳ-りg+y*(Ⅳ,0))≧0) (3･4･3)

Whereinf(呵=∞.

Theorem3.4.3.Ifr;(i)isastrictmonotonefunctionoraconstantini,thentheIe

exist8atmiqueminimalsolutiona+(L,Z)stLChtha･t:forz>z*(L),

α*(i,Z)=hf(α∈【丘(i,Z),∞】;

r-(α)≧
耶(C+(Ⅳ-り∬+y*岬,0))+0*-エy*(i,Z)
んy-(i,Z)-(C+(Ⅳ-i)g+Ⅴ*(Ⅳ,0))

) (3.4･4)

whe工einf(0)=∞.Iflimf→C｡ri(i)=∞,thena■(i,Z)<∞･MoreoveI,fo工Z≦z'(i),

α■(i,Z)=i正(α∈【0,吋,g));

r暮(α)≦

弧dinf(¢)=0･

エy*(i,Z)一机(C+(Ⅳ-i)∬+y*(∬,0))-0*
(C+(〝-りg+y*(Ⅳ,0))一んy*(i,Z)

) (3.4.5)

P工00f.nomLemma3.4.2,theminima.1solutiorLa+(i,Z)shouldsatisbTthefo1lowing

ineqⅦdities:

如α<α◆(i,Z), (んy●(i,Z卜(C+(〝-り方+y*(Ⅳ,0)))r;(α)

<机(C+(〝-りg+y*(〝,0))+0*-エy*(i,Z),

and女)Ⅰα≧α*(i,Z),(んy*(i,Zト(C+(〝一岬+y*(〝,0)))r;(α)

≧〝;(C+(∬-りg+Ⅴ■(Ⅳ,0))+0*-エⅤ*(i,g)･

(3･4･6)

(3.4.7)

Forz>z+(L),theinequality(3.4.6)holdsforal1a∈【0,a(i,Z)),i･e･U(i,Z,a,V')is

decreasinginaon[0,丘(i,Z)),80Wehavea+(i,Z)∈[a(i,Z),∞】.Sincer;(i)isastrict

monotonefunctionintoraconstantandLtV+(i,Z)isincreasingini,iftheset(…)

Of(3.4.4)isnotempty,thena+(i,Z)deRnedin(3･4･4)istheuniqlleminimalsolution･

?therwise,WehaveU(i,Z,a,V+)isdecreasinginaon【0･∞】,thusa+(L･Z)=∞･Ob-

viously,Whenhmt_∞r;(i)=∞,a+(i,Z)<∞.SimilaIly,forz≦z+(i),theirLequality

(3.4.7)holdsfo工alla∈【a(i,Z),∞】,i･e.U(i,Z,a,V+)isincIeaSinginaon[a(i,Z),∞】,

SOWehavea'(i,Z)∈【0,a(i,Z))･Si皿Ce止ma"(;,Z)
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+∞,iftheset(.‥)of(3.4.5)isnotempty,thena+(i,Z)de且nedin(3･4･5)isthetmique

minimalsolution.Othe工Wise,WehaveU(i,Z,a,V+)isinc工eaSinginaon【0,∞】,thus

a*(L,Z)=0.Theproofiscomplete･
□

Corollary3.4.4.a+(i,Z)isdecreasinginz･

P工00f.SinceLtV+(L,Z)andLV*(i,Z)areincreasinginz,itfo1lowsthattheright-Side

oftheineqtLilityin()of(3･4･4)isdecIeaSinginz,andtheright-Sideoftheineqtlality

irL()of(3.4.5)isincIeaSingin･Z･Soa'(i,Z)isdecIeaSingiAZ･ ロ

Remark.(i)Ⅰ皿Lemma･3･4･3,Werequirethestrictmonotonicity(strictincreasirLg

ordecIeaSing)oraconstantofthehazaIdIater;(i)toensuretheuniqueexistence

oftheminimalsohltiorLa+(L,Z).Thisrequirement,ingeneIal,Canbesitis且edby

manytLS占ddistribution8SuChaBNegativeexponential,Gamma･,Ⅵ屯ibullarLdNoImal

distribtltions,etC･FormoregeneIaldistributionISimilartoIJemma3･4･3〉Wehave

a+(i,Z)∈【a(i,Z),∞】ifz>z+(i),anda*(i,Z)∈【0,丘(i,Z))otherwise･

(ii)SincethedistributionH;(i)oftheint甲Shocktimesdependonthestateiof

thefunctionlngCOmpOnentS Ofthesub-SyStemIitispossibletha･t theha･Za･Id rate

r;(i)isirLCreaSingforsomestatei,anddecreasingforothers･Forexample,1eti'

(1≦i+≦N)Rxed,K>0,ぷ(i)=畢,ト∈≡,andH;(i)beWeibu11distribution

Withthepa.rametersl;andJ((i),i.e.

坤)=讐(三)呵姉(三刑

ThehazaIdIatefori∈=isrL(i)=嬰(三)代(i)-1.Ⅱencer`(i)isincreasingfor
i≦∬-i･,decIeaSing血げi>∬-i･+1andco且Stantr〃一再1(り=山

fori=N-L++1.Ⅰ皿thiscase,byTheorem3.4.3,WeCandeterminerespectively

theminimalsolutiona+(･,･)fortheincreasing,decreasinga･ndconstanthazardrates･

Therefore,OurmOdelcanbeappliedtodealwitIltheoptimalreplacementproblemin

whichthehazardrateassociatedwiththedistributionfunctionH;(･)isaletrふatively

increaslng,decreaslnginioraconstantinthesystem,8functionlngPeriod･
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3.5 Tow-SpeCialcases

Intheformersections,Wederiveda皿OPtimalstate-agedependentpolicy7r*･The

policy7r+isinAuencedbychangesofstatesoftheprocess(Z(i))t≧0･Since‡I(i))t≧O

isa.MarkovJumpprOCeSSIOurmOdelcanbea･PP追edtooptimalsta･te一礼gedependent

IePlacementproblem80f8yStemSeXistinglnaMaIkovIandomenviIOnment,SyStemS

withaMaIkovmodulatororsystemssubjecttotwotypeofdependentshocks･Inthe

fouowing,1et入=∞〉1･e･theIePaiItimesofthefauedcomponentsofthesub-8yStem

aIenegligibleIWeCOnSideIthefouowi皿gSPeCialcases･

(i)Inthisca.se,ifweassumethat7(i,i-1,Z)=1fori=1,･･･,N;Z∈R+,

thenproblembecomeageneIalIePlacementpIOblemforasingle-unitsystemsince

Z(i)=Nfori≧Oandthemain-SyStemisnota鮎ctedbythecomponent'sh肋re$

ofthesub-SyStem.SuchpIOblemshavebeenstudiedbyKao[36],a･ndGottlieb[32】･

Letr(i)=rN(i),Gz(叫)=Gグ(坤)･Wehivethatifr(i)isincIeaSingini,thenthe

minimalsolutionsatisRestheeq11a.tion

α■(z)=infト∈【丘(z),∞】;r(α)≧

0*

Co-ふ.【Co+y*(z+∬)】7(g+ヱ)Gz(叫α)

血eIe
岳(z)=inf(α;q-ふ.【Co+Ⅴ*(z+瑚7(g+∬)Gz(叫α)≧0)･

(ii)Inthiscase,ifwetakeI(i)astothef迅ednumbeIOfthecomponent$Ofthe

stLb-SyStemin[0,i],･then(I(i))t≧Oisa･PoissortprocesswiththepaIameterNp･As-

sumethat7(i,i+1,Z)<1.Themain-SyStemissubjecttotwotypesofdependent

shocks.ThepIOCeSS(Z(i))t≧Ode且nedasin(3･2･2)stillpresentsthedamageofthe

main-SyStem.AssumeHn(i)=H(i),7(n,n+1,Z)≧7(n+1,n+2,Z)andG;(･li)is

stochastical1yincIeaSlnglnZarLdinn･Furthermore〉WeIeplacethewholesub-SyStem

whenthemain-SyStemiBIePlaced･tlndertheseassumptions〉Weha･Vethefollowlng
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a5Se工tion.

Coromaryユ.5.1.

(i)V-(n,Z)isi皿CreaSinginzandinn,V+(n,Z)≦C+Co+Nk+V'(0,0)･

(正)Theminimalsolutiona+(n,Z)isdecreaBinginza･ndinn･
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CHAPTER4

DYNAMICALLYOPTIMAL REPLACEMENT UNDER

ADDITIVEDAMAGEIN AMARKOVRANDOM

ENVIRONMENT

4.1 btroduction

InChapter2weha･Vedealtwiththeoptimalreplacementproblemforthesystem

existinglnaPoissonrandomlyvarylngenViIOnmentIandinChapteI3,Wehavecon一
●

●

sideredtheoptimalrepla･CementforanetworksystemwheIethehnctionlrLgPIOCeSS

ofthecomponentsofthesub-SyStemtha･t･isa･MarkovprocessistakerLaStheenvi-

ronmentofthemain-SyStem.Inthesetwomodels,theassumption(A)inChapter

andtheassumptionthattheemergencyIepairsforal1failedcomponent8areeXeCuted

whenthemain-SyStemisIePlacedinChapter3implythattheenvirorLmentPIOCeSSeS

arealso工eStOredtotheinitialstateswhenthesystemsaIereplacedISOthatthesuc-

ce$SiveIePlacement8Periodsofidenticdsystemsformarenewalprocess･Inaddition

tothat,WehavenotconsiderthemaintenanceactiorLSforthesysteminChapte工

andthemain-SySteminChapter3･ThepuIPOSeOfthepresentChapteristoinves-

tigateanoptimalmaintenance-IeplacemerLtprOblemforamoIegeneralsystemby

meansofI)ynamicpIOgrammlngmethod･lIerewedonotrequlrethattheMaIkov

envi=OnmentPIOCeS$IettlrntOtheinitialstatewhenthesystemisIePlaced･Inthis

caBe,the8uCCeSSiveIePla･CementperiodsofidenticalsystemsnolongfoIm8a･IeneWal

pIOCeSS.TherefoIe,a.nalysisisdi爪cultbygeneralrenewalaIgumentSgivenirLChapter

2andbythesemi-Ma.工kovdecisionmethodgiveninChapter3(theIebeca･uSeOfthe

工eneWalproperty,WeObtainedthatO*=J+=J訂●(i,Z)forauinitialvalue(i,Z),i･e･,
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theminimallong-ItLnaVerageCOStpertLnittimeisnotdependentontheinitialvalue)･

WeconsideIthe工ePlacementa･Ctions aBWeuaBthemaintenanceactiorLS〉andallow

thatthedamagedsystembecometoDbetter〉〉a･fterthesystemismaintairLedli･e･Ithe

damagelevelofthesystemhasanrandomlydecreaslngmagnitudewhichisassumed

tobestochasticanydecreaslngWithIeSPeCttOtheacctlmulateddamagelevel･For

thetotalexpectedIandomlydiscountedcostIWe且IStPrOVethatexistsacorLtrOl一limit

po辻cy,andthenthiscontrol-ⅡmitpolicylSOptimal･

TheshockmodelsstudiedbyDynamicpIOg工a,mmlngapPIOaChha･VebeenglVenby

someresea工Chers.Siedersleben[60]comsidersasystemthatdeterioratescontinuously,

butwhosesta.teisobseIVedonlyatrandomlytimes.1Ieprovesthatacontrol-1imit

policyisoptimalforthetotalexpecteddiscountedcostcriterion･Waldmann【66]ex-

a.minesashockmodelfordiscretetimeandlatticesta.tespace,1nWllicIlanrandomly

vaIylngenVironme且tPrOCeSSandmaintenancea･Ctionsareintroduced･Butthemain-

tenanceactiondoesnotcha.ngethedamagelevelofthesystem.1IeglVeSanOptimal

control-limit policydependent on theenviIOnmentP工OCeSS.ThegeneraltheoIy Of

Dynamicp工OgrammingcanbefoundinSchal[57】.

NowwedescribethemodeltobestudyinthisChapter.Considerasystemexisting

ina.randomenvironment.Theenvironmentisdescribedbya.Ma.rkovJumpPrOCeSS.

The systemis subject
to asequence ofrandomly occurrlng Shocks and tohiltlre,

and ea.ch shockca.tlSeS a工andom amount ofdamage wllich accumtllates additively

OVe工time.Theshocka.rrivalandshockmagnitudeareinfhencedbychangesofthe

enviIOnment.Thedamagep工OCeSSisassumedtobeapleCeWisesemi-Markovprocess･

TIlehilurecanoccuronlyattimesofshockarrivalorJumpOftheenvironmentprocess.

Thesurvivalprobabihtyata.shocktimeoraJumptimeisdeterminedbyaknown

SuIVivalfunctionofthe a.ccumulateddamagelevelofthesystem,theenvironment

StateandtheIea.hzedshockmagnitude.tlponfiuurethesystemmustberepla･Ced

byanewonehavingpIOPeItiesthata･reStatisticallyequivalenttotheoriginal,anda

COStisincu工工ed.Thereplacementcyclesarerepea.tedinde丘nitely.TIleSyStemmay
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bemairLtainedo工IeplacedbefoIefaihIeataSmal1ercost･TheIePlacementtimeand

maintenancetimea工eaSSumedtobenegligible.

TheChapterisorganizedasfouowsIinSection4･2IthepleCeWisesemi-MaIkov

shockmodelisfo工mula･ted,andinSection4･3)PrOPertiesofthetotalexpectedIarL-

domlydi8COuntedcostisdeIived･InSection4･4Iitisprovedthatacontrol一limit=ule

isanoptimalreplacementpolicy.
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4.2 TheModelandPreliminaries

Let(f(i)),>ObeastochasticprocessspecibTingtheertvironmentofthesystem･

ThepIOCeSS'(E(i))f>Oi$aSSumedtobeastationaryIegularMaIkovjtlmPpIOCeSS

withthestatespacera.ndtheinitialstateE(0)･Let紀bea･q-fieldofrsuchtha･tOne

poirLtSet(E)∈況and(wn)n≧0(uo=0)thejumppointsof(E(i))t>0･TheQ(f,A)is

aMarkovke工nelon(r,況)withQ(f,‡E))=0,i･e･,Q(f,･)isap工Obabnitymea5urefor

everyど∈r,andQ(･,A)isa択一meaSura･blehnctionforeveIyA∈乱ForanyA∈況

andl∈R+,let

鞘(叫汗1)∈A,勅.1一山れ≦根(β),β≦un)=Q(∈(un),A)(1-e~り(蝕勅))り(4･2･1)

where71:r→R+isa餌itefunction･(f(i))t>Oiscal1edMdrkovenviroTlmentPrOCe88

(MEP).

Forany(e,Zo)∈rXR+,1et(Z((,Z｡)(i))t≧Obeasemi-MaIkovprocesswiththestate

spaceE=R+∪(∞),andtheinitialstateZ(e,Z｡)(0)=Zo･FoIanyT∈E,Z∈R+,

andi∈R+,thesemi-MaIkovkeInelof(Z(e,Z｡)(i))t≧OisdeRnedasfouows･

ア(Z(モ,ヱ｡)(悠.1)-g(く,ヱ｡)(づ)≦∬,広1-d≦晒モ,g｡)(づ)=之)(4･4･2)
=G皇(∬)∬((り

wheIe(d)n≧0(づ=0)aIethejumppointsofthe(Z(e,Z｡)(i))t≧0,HE(･)isthe

probabilitydistributionoftheinteIShocktimeTま.1-dandG皇(･)istheconditional

distributionofZ({,Z｡)(亮.1卜Z(E,Z｡)(づ)givenZ((,Z｡)(づ)=Z･Wesupposethatthe

(Z((,Z｡)(i))t≧ObeaIight-COntinuousregularpIOCeSSWithleft-handhmits･

Byappealingto(Z(e,&｡))t≧0,Wedefinethestochasticprocess(Z(i))t≧OSPeCibring

thecumulativedamageofthe$ySteminoneTePlacementcyclesuchthatZ(0)=O

andZ(り=g托,Z(un-)(ト一山)on(un≦1<叫亘1;紳)=け′matis,

Z(0)=0 (4･2･3)

Z(り=勾勅0)(叫0<f<叫)+∑詰1ろ代un),Z(u欄-))(トリn)勺〟n≦勅ふ.1)
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AccoIdingtothedefinition80f(Z((,Z｡)(i))t≧0,(f,Zo)∈rXR+,Weknowthatthe

PrOCeSS(Z(i))f≧Oisalsoaright-COntinuousregularprocesswithleft-handlimits･At

thepointsun,n≧1,Z(un)=Z(un-),a,ndontheinterval[un,un+1),theprocess

(Z(i))t≧Oisasemi-MarkovprocesswhichdependsontheenvironmentstateE(un)･

Wecal1(Z(i))t≧OPiecewLsesemL･肋rkovprocess(PSMP)･Thestatespaceof(Z(i))f≧O

isE=【0,∞】.InthisChapter,WeuSe∞tOindicatethefai1urestateinsteadof△･

A鮎1ureofthesystemcan occuronly at thetimepointsofshockorJump Of

theMEP.LetTiBSuCha.timepoint,SuPpOSeど(T-)=EarLdZ(T-)=Z.Attime

T,ifashockofmagnitude∬OCCuIS,theIlthesystemfailswithknownp工Obability

l-7(z,f,X),a･ndifajumpoftheMEPintothe$tate(occur8,thenthesystem

withknownpIObabihtyl-7(z,(,0).Thefunctionγ:R+×rXE→【0,1]isthe

$tl工Vivalfunction.IJet6=inf(i,Z(i)=∞),then6istheRrstfai1uIetimeofthe

SyStem.ThrotlghoutweassumethatE[6]<∞.

LetAbea.setofmaintena.nce-repla.cementdecisionssuchasthefouowlng.

A≡(A(･,･)=(α(･,･い(･,･))Iα(･,･):rXβ→【0,∞い(･,･):rXg→(0,1)

a･工e況×9-mea･Surablea･nda(e,∞)=0,i(f,∞)=1foranyf∈r)･

DeRnition4.2.1.AdecisionpolicyA=(a(f,Z),i(f,Z))∈Aiscalledacontrol一迫mit

POlicyifforeveTyPOSSiblestateど∈r,theIeisa.Ieal-numberf(f)suchthat

A(∈,Z)= ((α(f,Z),0)ifz<′(f)
(4.2.4)

(α(f,Z),1) 0仏e工Wise.

Thefunctionf(･)iscaueda･COntrOl-Ⅱmit.

Aninfinitestagema･intenance-IePlacementpoucyisasequence訂=(Ao,Al,･･･);

A;∈A.IfA;=Aforal1i=0,1,･･･,WeCal1訂aSta.tionarypolicy.I,etⅡbethe

SetOfanpoliciesstlChaBq.Therebyfo工any汀∈II,WeCanObtainadecisionprocess

(Z訂(i))t≧OWhichdescribestheaccumtLlateddama･gelevelofthesystemattimei

Ⅶnde工仙epolicyれ

Supposeat&decisiontimeT,f(T)=ど,Z(T)-=Z.Fbra∈【0,∞),thedecision
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A(E,Z)=(a,0)mean8thatwemaintainthesystemattimeT+aifnoothe工decision

POinfsoccuri皿theinterval(T,T+a]andincuracostm(E,Z),andthedecision

A(e,Z)=(a,1)mea･nStha･tWe=ePlacethesystemattimeT+aifnootherdecision

pointsocctlrintheinterval(T,T+a]a･ndirtcuracostc(f,Z)･FoIa=∞,the

decisionsA(f,Z)=(∞,i)(i=1,2)meansthatwerLeithermaintainno=ePlacethe

systematanytime,butwaitfortherLeXtdecisiontime･AfteIeXeCutionofanaction

(maintenanceo=ePlacement),thebehaviorsofthedamageprOCeSSarein餌encedas

五)uOWS.

1.AttimeT+a,ifa･maintenancea･Ctionistaken〉thedamagelevelzpIlOItO

T+ahaBanrandomlydecreaBingamountY(f,Z)withthedi5tributionfunction君(y).

1IeIeWe aSSume

i璽(g)=P(y(f,Z)≦z)=1由一z∈【0,∞)･

汀璽(y)isstochasticallydecreasinginz･

2.Theenvi工OnmentStatefdoesnotchangewhateveractionistaken.FIOmtime

T+a,thedama,gePrOCeSSeVOIvesstilla･SaPSMPwiththeinitialerLVironmentstate

fanddamagelevelz-Y(ど,Z)(mainterLanCe)orO(replacement)･

Thesetofthedecisio且POint8is(7L)n≧OWhicharethesuccessivejumppointsof

thetwかdimensionalpIOCeSS(f(i),Z汀(i))t≧OdeRnedasfo1lows

筑=0 (4.2.5)

孔+1=im叩≧孔;綽)≠モ(孔)0IZ汀(l)≠Z汀(㍍)) 鮎Ⅰ花>0･

Sinceanymaintenancea.ctionandreplacementactionchangethedamagelevel,

WeCanSeetha･t(孔)n≧OCOntainsthree-typePOints(a)shockpoints,(b)jumppoints

oftheMEP,and(c)actionpoints(i.e.atwhichana,Ctionisexecuted).Atpoint7L,

ifweimmediatelytakeanaction(i･e.a=0),then7L+1=孔･Let

(g"=Z汀(孔)
(4.2･6)

fn一=ど(孔) 如沌≧0.

FortheMa･Ikov-decisionpIOCeSS(fn,Zi,7L,An)n≧0,Wehave

Proposition4.2.2.At7L<6,fn=f,Zh=Z,ifa(f,Z)=a,then
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(a)軋(ぞ,●α)≡ア(孔+1isashockpointlぞn=ど,Zn=Z,α(ど,Z)=α)

=∬が(軸購)e~舶dけが(α)e~り(()α･

(b)◎,(E,a)≡P(7L+1isajumppointoftheMEPIEn=∈,Zi=Z,a(f,Z)=a)

=∬(1-e-り(帥)が(朗)+(1-e~り(鉢)厨モ(α)･

(c)翫(そ,α)≡ア(孔+1is召しaCtionpointtくn=そ,‰=Z,α(ぞ,Z)=α)

=茸((¢)e-り托)4

wbeIe厨((α)=1-∬((α).

PIOOfissameaBtha.tinPIOPOSition3.2.1. 口

LetB≡(V;rXE→RLVisboundedand9tx9-meaSurable),B+≡(V;V∈

BIV(E,Z)isincreasinginzfoIanyf∈r),よndtL･Ilthe$uP-nOImde餌edonB･Ⅱertce

Bisa.Ba.na.cIISPa.Ce.

Inthismodel,WeCOnSidera皿Iandomlydiscountedcostcase･Thediscountedrate

isafunctionoftheMEPandisdenotedby入(E(i)).Thediscountedhctorat7Lis

e-A(r8)whe工e

A(孔)≡∑(入(む一1卜入(む力乃+入(どれ-1)孔
j=1

andtLediscountedcostincuIIeda.t7Lisasfouows

g"=

wもe工e

(4.2.7)

e-^(Tn)k(en_1,Zn_1,An-1)if了Lisaactionpoint (4･2･8)
0 0仏e工Wise

た(モ,Z,A)=(m(亡,g)ifi仏z)=0
(4･2･9)

C(亡,Z) otheIWise･

Notethatalthotlghtheright-handof(2･6)isthefunctionoffo,fl,‥･,fn-1;7t>,n,

...,7L,itisdenotedbyA(孔)forthenota･tionalsimplicity･

ThetotalexpectedIandomlydiscountedcostincurredunder7rIStaItingattimeO

i刀｣8tate(そ,g)kgivenby

祐(f,Z)≡β(∑牒溌0=f,Zo=g)･
れ=1

y●≡inf-∈Ⅱ祐.
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(4.2.11)

Let



De允nition4.2.3.If訂∈IIand祐=V*,then7riscalledoptimal.

As弧mption4.2.4.､

.(a)7(z,f,X)isdecIeaSinginzand∬foranyf∈r･
(b)Thecost血mctionmandc8止einβ+,m(ぞ,Z)>0,C(f,Z)>0弧d

m(ぞ,∞)=C(ど,∞)仏工any亡∈r･

(c)が(りhび乱COntimⅦOu$de且Sity餌nctiomが(1)如anyど∈r･

(d)入≡hf托r入(f)>0･
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4.3 Thetotalexpectedrandomiydiscounted`cost

hthissection,WediscussthetotalexpectedIa･ndomlydiscountedcostoverinfinite

horizon.FirstbythepIOPOSitiort4･2･2IWegetthefouowinglemma･･

もemma4.3.1.Fo工anyど∈r,Z∈R+,α∈【0,∞】andV∈β

恥z)【e~入(叩y(ど1,Zl)lAo(ど,Z)】

【y(ど,∞トエ1y(ぞ,Z)抒1(ど,α)+【塾【y(gl,∞)トム2y(ど,Z)押2(ど,α)

+ぷy(ど,Z- )α亡.ヽ(3†9
α)く(

ヽ∧
+

e瑚(君)y

【Ⅴ(∈,∞トエ1y(ぞ,才)】督1(く,α)+【句【y(ぞ1,∞)トエ2y(ぞ,Z)】甘2(f,α)

+y(そ,0)e一入代)¢も(そ,α)

wIlere

江Ao(ぞ,Z)=(α,0)

othe工Wise

ムy(f,Z)≡危【y(そ,∞卜y(そ,Z+珊7(g,ぞ,∬)G皇(叫

エ2y(ぞ,Z)≡ふ【y(く,∞)-y(く,g)】7(g,く,0)Q(ど,dく)

薫【y(fl,∞)】≡ふy(く,∞)¢(ぞ,d()

勘(f,α)≡∬ぷe一入代)りが(血)わ(ど)e-り㈲dけぷe~入(く)≠が(血)e~り(く)¢

翫(く,α)≡∬か(f)e-(入(伽代))≠血が(叫+ぶり(モ)e~(入(け項亡))u加点((α)･

P工00f.Forthecasetha.tAo(f,Z)=(a,0),COnSideringwhetherornotthesojoum

timeinthesta.te(e,Z)exceedsaandusingSl,S2definedi皿PIOPOSition2･2･1,We

恥ヱ)【e~入(伊け(fl,gl)tAo(ぞ,Z)=(α,0)】

=恥z)【e~入(伊け(ど1,gl);∫1≦ぶ2;gl≦申0(ぞ,Z)=(α,0)】

+恥ヱ)【e~入(抑y(fl,gl);ぶ2≦∫1;β2≦可Ao(f,Z)=(α,0)】

+軋z)【e~入(描け(ど1,gl);min(ぶ1,g2)≧αい0(ど,g)=(α,0)】

=ぷぷe~入代)≠ん.【Ⅴ(ど,Z+わ7(z,ぞ,∬)+y(ど,∞)(ト7(z,ぞ,∬))】

×G皇(ゐ)が(血)り(f)e~り旭

+∬ぷe~入(()甘ふ【y(く,Z)7(g,く,0)+y(く,∞)(ト7(z,ぐ,0))

×¢(く,d伽(引e-り(()≠血が(dl)

+ぷy(ど,Z-y)君(如)e~入(()¢も(ぞ,α)
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By工ear工anglngtheright-handoftheaboveequahty,WeCanObtainlemma4･3･1when

Ao(E,Z)=(a,0).ThecasethatAo(f,Z)=(a,1)canbeprovedbysimilarmanner･□

Now,Wedefinethefouowingopera･tOISUl,坑,andU･

De負nition4.3.2.加工乳nyy∈β,ど∈r,Z∈【0,∞)andα∈【0,∞いet

吼(α)Ⅴ(f,Z)≡勘仔,g,α,y)

≡(m(f,Z)+ぷy(f,Z-y)君(如))e~入代)α◎式ど,α)

+【y(f,∞)一九Ⅴ(f,Z)沖1(ぞ,α)

+【句【y(ぞ1,∞)トエ2V(そ,Z)押2(ぞ,α)

坑(α)y(f,Z)≡晦(f,之,α,y)

≡(c(f,Z)+y(も0))e~入代)4翫(ぞ,α)

+【y(f,∞トエ1y(ぞ,Z)】督1(ど,α)

+【塾【y(fl,∞)トエ2y(f,Z)】甘2(f,α)

打用,Z)=血(逮㌔】町α)用,Z),冶㌔】坑(α)y(摘)

打y(f,∞)=晦(0)y(ぞ,∞)･

(4.3.1)

(4.3.2)

(4.3.3)

(4･3･4)

Inthe‡bllowingIWe魚rstconside=eStrictedopeIatOIUeontherestrictedaction

SPaCeR{=[E,∞】foIanyE>0,i･e･forV∈B

打`y(f,Z)=min(蕊仇(α)Ⅴ(f,Z),蕊晦(α)y(f,Z))･(4.3.5)

Lemma4.3.3.For且Ⅹed<>0,U<isamonotonecontractionopera･tOr･

PIOOf.nomlemma3.1andde丘nition3.3,themonotonepropertyofU亡isobvious･

Nextwep工OVethecontra.ctionpropertyofUC.Foranyf,Za.ndV,Ut(a)V(f,Z)(i=

1,2)arebotlrLdedcontinuotlSfunctioninaon[E,∞】･ⅡencefornW∈B,tllereeXist

a;(e,Z),a;(e,Z)∈RcsatisbTingthefouowingequalitie$

蕊叫α)y(ぞ,Z)=町α;(そ,Z))Ⅴ(ぞ,Z)
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蕊町岬(f,Z)=町α;(ど,Z))Ⅳ(f,g)

ThⅦ$ いnfα∈札吼(α)y(ぞ,Z)一山fα由`仇Ⅳ(ぞ,Z)l

=岬1(α;(そ,Z))y(f,Z)一打1(α芸(ど,之))Ⅳ(f,Z)l

≦岬1(α芸(ぞ,Z))Ⅴ(f,Z)一仇(α;(f,Z))Ⅳ(ど,Z)l

≦(勘(f,α芸(f,Z))+甘2(f,α;(f,g))十e~入(抽;(く上之)も(ど,α;(ど,Z))川y-ⅣtI

≦(軋(∈,α芸(モ,Z))+◎2(ぞ,α;(ぞ,Z))+e~入(()α;托,ヱ)も(∈,α;(ぞ,g)))lルー呵l

≡〆(α芸(ど,Z))lly-ⅣlI

〆(α;(ど,Z))=軋(モ,α;(f,Z))+◎2(e,α;(ぞ,Z))+e~入(亡)α;(亡IZ)翫(ど,α;(ぞ,Z))･

Sincefo工anyぞ∈ra血dz∈R+,◎1(ぞ,α芸(ぞ,Z))+◎2(ぞ,α;(ぞ,Z))+◎3(ぞ,α;(ぞ,Z))=1,

andfb川;(ど,g)≧亡,WehⅣe S叩f,Z勘(ぞ,α;(ど,Z))≠坤=1,2),S叩(,g翫(ぞ,α;(f,之))≠

1,andbyAssumption4･2･4(d),SuPE,Ze~入(()a;(e･Z)<1･TherebyPe≡Sup(,Zβ((a;(f,Z))

l暮忠町α)Ⅴ一法町α岬tl≦β`lly-ⅣⅠト

Sim辻a.Tly,theIeeXist8a.β`<1suchtIlat

l暮蕊取(α)y一法晦(呼値飢y-Ⅳlト

Since

岬`y(ぞ,Z卜打亡Ⅳ(f,Z)l≦琵汚(l忠坑(α)用,わー蕊巧(可Ⅳ(ぞ,Z)け,

it血心ow8thatl岬y一打Ⅳ帖m孔Ⅹ鱗,由lルーⅣルロ

AsUCisa･mOnOtOneCOntraCtionoperator,ithasatlrLlque£ⅩedpoirLtt?'∈B.

Nowwediscussthepropertiesofthisfixedpoint.tTsingtheoperator U{,Wede允ne

amappingsequence(tL)n≧OaSfollows

鴨=0

㍑=F亡㌦_1†l≧1.

W占ha･VetL∈BandVLisnon-negativefunctionforn≧0.

(4.3･6)

ILemm&4.3.4.Asstlmethatforanyf∈r,i∈R+,G…(･)isstochasticauyincreasing
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i皿Z,the皿

(i)㍑∈月+.

(ii)LltL(f,Z)andL2tL(ど,Z)aIedecIeaSingi刀･Z･

PIOOf.ByindtlCtion,WeP工OVetheasseItions(i)and(ii)･Sincelち=Oand

竹(f･Z)=-血(忠m(f,Z)e~瀞咄,α),蕊C(f,Z)e~入(く)α咄,α)),

(i)and(h)holdcertainlywhenn=0,1･Supposethat(i)a･nd(ii)a･retruefo"n

integern.Considertwocasesforzl≦z2:

CASEl:ifU<tL(E,Z2)=inf｡∈R.Ui(a)VL(f,Z2),

㍑+1(f,Z2卜㍑+1(∈,Zl)=i皿f｡∈凡打1(α)軋(ど,Z2卜打∈㍑(f,gl)

≧inf｡∈凡仇(α)軋(f,Z2)-i皿f8∈私吼(α)㍑(f,Zl)

≧i皿fα∈札(仇(α)㍑(f,Z2)一仇(α)㍑(f,Z2))

=i兢銑(【m(モ,Z2トm(f,Zl)+ぷ2軋(f,Z2-y)咤(如))-ぷ1㍑(そ,gl-y)駕(如))】

×e一入代)8翫(f,α)+【エ1㍑(ど,Zlトエ1㍑(ど,Z2)】勘(ぞ,α)

+【エ2軋(f,Zl)一上2祐(ど,Z2)】督2(f,α))

≧i兢払(【m(ぞ,Z2卜m(ど,Zl)】e~入代)αも(∈,α))≧0,

WIleretIlethiIdinequ山ityfouow8血om

エ;㍑(∈,Zl)-エ;軋(ど,Z2)≧O i=1,2,

and璽(･)isstochasticauydecreasinginz,i･e･,SincetL(E,Z2-y)≧tL(ど,Zl-y),We

ぽy(ぞ,Z2-y)咤(dy卜ぷ1V(ぞ,Zl-y)咤(如)

≧ぷ2y(ぞ,Z2-y)咤(如))-ぷ2y(f,Z2-y)務(如))≧0･

CASE2:ifU`tL(ど,Z2)=infa∈R.U;(a)tL(f,Z2),SimnaIly

㍑+1(∈,勿)-㍑+1(f,gl)

≧i琉び`(【c(f,g2卜c(ど,Zl)】e一入托)αも(ど,α))≧0.

ByAssumption4.2.4(a)and(i),(VL+l(f,∞)一軋+1(ど,Z+∬))T(z,e,X)isdecreaBing

inzandsinceG皇(･)isstochasticanyincreasinginz,LltL+1(f,Z)andL2tL+1(ど,Z)

aredecreasinginz.(i)and(h)holdforn+1･ThesecompletethepIOOf･
ロ
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Coro11a∫y4･3･5･払Iany魚Ⅹed∈>OI

(a)吋*=正mn_∞㍑∈β+･

(b)LIV…(E,Z)andL2V…(f,Z)aIedecIeaSinginzfoIanyど'∈r･

NextweintroduceopeIa･tO工Ude餌edasfo1lowsIfoIV∈B

叫ど,Z)=min(邁㌔】叫)y(ぞ,g),冶㌔】仇(α)y(摘)(4･3･7)

I,emma4.3.6.ThereexistsaunlquenOn-negativefunctionV*チ∈B+satisfying

汐γ…(く,Z)=y…(f,Z)･

PIOOf.Fbrf∈r,tT■(ど,Z)isanon-negativedecIeaSingfunctioninE･Let

V=(ど,Z)･=王洩吋●=伽min(忠町f,Z,α,Ⅴ),蕊町f,Z,α,Ⅴ))･(4･3･8)

Th｡nV･･isamniquelydeteIminednon一皿egative加皿Ction,andbyCoIOnaIy4･3･5(a),

V…∈B+.FromthemonotonicitiesofUl,仇,Wehave

伽m叫盈町亡･Z,α,吋り,盈打1(ど,g,α,吋り)

>揖nmh(蕊町ど,g,αγり･蕊町f,g,α,Ⅴ…))

≧min凰蕊町ど,g,αγつ憩蕊町ど,g,α,Ⅴ…))

=min(冶㌔】町f,g,α,y*つ,逮㌔】仇(ど,Z,α,y*り)･
(4.3.9)

FiIStWeCOnSiderthecasethat打V++(E,Z)=inf｡∈(0,00】Ul(ど,Z,a,V'')･FbIanyq>0,

theIeeXistsaaosatis&ing

逮㌔】現そ,g,α,y)>打1(∈,Z,α0,y卜れ

AIsobythemonotoneconvergencetheoIemIWeha･Ve

出現ぞ,g･恥写り=打鵡z,恥y…),

andfb工f<恥,恥∈R`,tIms

沈蕊咄･Z,α,灯り≦瑚,Z,恥Ⅴ…)･
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逮㌔】仇(f,Z,αγり>沈蕊咄,Z･α,写り~J･

As-J→0,itholdstIほt

凄㌔】町ぞ,Z,α,y…)≧沈蕊瑚,Z,α,吋り

>伽min(蕊町ど,Z,α,吋り,蕊晦(ぞ･Z,α,吋りⅠ･

nom(4.3.9)礼nd(4･3･13),Wehave

(4.3.13)

伽m叫蕊現そ,g,α,吋り,蕊晦(ぞ,g,α,吋り)=冶㌔】町ど,Z,α,Ⅴ…)･亡→O

V…(f,Z)=盟吋*(ぞ,Z)=伽打`吋*(f,Z)=打y…(ぞ,Z)･

When汐γ+*(f,Z)=inf｡e(0,C｡)坑(f,Z,a,V++),thepIOOfissimnaI･ 口

Nowweconside工theopeIatOrUdefinedin(4.3.3).SimikrtotheproofofLemma･

4･3･6,WeCanPrOVethattheoperatorUhasa･tLnlque且Ⅹedpoint･

Lemma4.3.7.Thereexistsa.unlquefixedpointtoopeIatOrU.
●

冶㌔】瑚,Z,α,y)=mi皿‡喘z,0,y)･逮㌔】喘z,α,y)),(4･3･14)

andUt(ど,Z,a,V)isleft.handcontinuousata=0,i.e.,追ma10U;(f,Z,a,V)=U(f,Z,0,V)･

ByusingtheserelationsISimnarLemma4･3･6IWeObtaintheconclusion･口

In thefo1lowing,We St皿tlSe V…to denote the飯ed point ofoperator Ufor

Simp正負cationofnotation.

m工anyく∈r,1et

α(f)=inf(z,m(ど,Z)-C(ど,Z)≧0)
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Theorem4･3･8･.Assumethatm(E,Z卜c(ど,Z)isincreasinginzfoIZ∈【0･α(∈))･

Thenthe工eeXistsafunctionf(f)satis&ing

(i)J(ど)≦α(ど)血If∈r･

(可

打y**(ぞ,Z)=(
inf吋0,∞】仇(α)Ⅴ…(モ,Z)

inf吋0,∞】晦(α)Ⅴ…(ど,Z)

ifz<′(∈)
otherwise.

PIOOf.払工弧y且Ⅹedf∈r,let

J(∈)=id(z,m(そ,Z卜c(ど,Z)+ぷy…(f,Z-y)璽(dy卜y(そ,0)≧0‡(4･3･16)

andinf(¢)=∞･

(i)SinceV+■(f,Z)isincreasinginz,and君(･)isstochastical1ydecreasingirLZ･We

haNeHV++(f,Z-y)君(dy)isincreasingi皿Zand

ぷy…(f,Z-y)君(如)≧ぷy…(く,0)君(dy)=y…(ど,0)･

Ⅱence
m(ぞ,Z卜c(ぞ,g)+ぷy…(∈,Z-y)君(如)-y(f,0)≧m(ぞ,Z卜c(f,Z)･

The工eSult(i)isfonow8･

(可mIZ<相),Webave c(f,Z卜m(ぞ,Z)+y…(も0)-ぷy…仔,Z-y)璽(如)≧0･

i札的00】晦(α)y…(ど,ヱトinf¢∈(0,加西(α)Ⅴ…(ど,Z)

≧inf吋0,可(晦(α)y…(ど,之)一仇(α)Ⅴ…(ど,Z))

=min(c(ど,Z卜m(f,Z)+y…(ど,0卜ぷy*♯(ぞ,才一y)璽(如),

hf｡∈(0,00】((c(f,g卜m(そ,g)+Ⅴ…(f,0)

-ぷy●■(f,才一y)璽(如))e~入(錘翫(モ,α)))

≧0.

Th去inf吋0,00】恥(α)y-●(f,Z)≧inf吋0,00】打1(α)y…(ぞ,Z)･如才≧′(ど),Webave

inf嘲00】町α)y●■(∈,g卜hf嘲00】坑(α)Ⅴ…(く,Z)

≧min(m(ぞ,之)-C(ど,Z)+ぷy…(ど,才一y)君(dy卜y…(も0),

i且f碩0,∞】((m(ど,Z卜c(ど,Z)+ぷy…(ぞ,Z-y)君(如)

-y…(ぞ,0))e一入代)4も(f,α))

≧0.

Thusinfae[0,C｡]Ul(a)V++(e,Z)≧inf4印,C｡]Ui(a)V…(ど,Z)･ThesecompletethepIOOf

72



0‡工eS山t(可.
□

Theorem4.3.9.Forf∈r,1etr亡(i)bethehaza工drateassociatedthedistribtltion

functionHf(i).Ifr((i)isamonotonefunction,thentheIeeXistsauniqueminimal

solutiona*=a+(f,Z)sa･tis&ingthefonowingequality

汀y…(ぞ,Z)=m軋払】町α)Ⅴ…(ど,Z),逮㌔】恥(α)y…(ど,Z)),(4･3･17)

amd

41に→=(
α;(f,Z)ifg<J(f) (4･3･18)

α;(ど,Z) 0仙e工Wi5e,

wheIea;(e,Z),a芸(f,Z)∈【0,∞】aretheminimalsolutionsofthefo1lowingequations

(4.3.19)and(4.3･20)respectively･

〟(f,g,α,y*り=(m(ぞ,Z)+ぷy料(f,Z-y)璽(如))(rく(α)+入(ぞ)+叩(川,(4･3･19)

〟(ぞ,g,α,Ⅴ…)=(c(f,Z)+y=(ぞ,0))(rく(α)+入(ど)+叩(ど))

wもe工e

〟(ぞ,Z,α,y■り=【Ⅴ…(ぞ,∞)一九y**(ど,Z)】rく(α)

+【萌【y…(ど1,∞)トエ2y…(f,Z)】り(f)･

(4.3.20)

(4.3.21)

PIOOf.nomTheorem4･3･6,WehaveV…(ど,Z)=infae[0,00】Ul(a)V…(f,Z)

for之<f(E).DiLftrentiatingwithIeSpeCttOaandIeaIIanging,WeObtain(4･3･19)･

BytL｡m｡n｡t｡nicity｡f,≦(a),thisminimalsolutionisunique.Tieproofofthecase

血工Z≧J(f)bsimil礼L 口

Corolhry4.3.10.Ifc(e,Z)=C(f)forz∈R+,thena;(f,Z)i$decreasinginz･

P工00エnomCoIOu㍍y4.3.5(b),y…(f,∞トエ1V*■(ぞ,Z)and萌【Ⅴ…(fl,∞)トエ2V…(f,Z)

areincreasinginz.WegetM(f,Z,a,V…)isincreasirLginz･Ontheotherha･nd,if

c(f,Z)=C(亡),theright-handof(4.3.20)becomes(c(e)+V…(ど,0))(r((a)+入(f)+q(ど))

whichisnotdependentonz.Ⅱence,theminimalsolutiona;(f,Z)sa･ti8Lyingtheeq

tion(4.3.20)kdecIea血gi皿Z･ □
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In thefo1lowlng,We eXa,mi皿e theinfhertces ofthe-maintenance action and the

environmentsta.te9nthecontrol-limitf(ど)de餌edin(4･3･16)･

Atstate(f,Z),ifamaintena･nCeaCtionisexecuted,thedistributionfunctionof

thedecIeaSingmagnitudeofthedamageisEi(･)･Thetwo.extIemeC㌍eSOfthe璽(･)

a.re(a)P(Y(ど,Z)=Z)=1,(b)P(Y(f,Z)=0)=1.Thecase(a)meansthat

everymaintenance a,CtionIeStOreS thesystem
to anew

one(i.e.z=0),and(b)

thatmaintenancea.ctionshavenoinfhencesonthe4amagelevel.Fo工(a),Wehave

ぷy=(ど,才一y)君(勾)=y…(f,0)andJ(f)=α(ぞ)･(intbbca朗,ifm(ど,g)<c(ぞ,Z)

for au z,then f(e)=∞,i･e.itisalways optima･1to maintain the system･if

m(∈,Z)≧c(e,Z)forauz,thenf(f)=0,i･e･itisalw叩SOPtimaltorepla･Cethe

system).For(b),WehaveJ;V++(E,Z-y)Fi(dy)=V++(f,Z),and

J(f)=β(ど)≡hf(g,m(ど,g)-C(そ,Z)+y*■(ど,Z)-y…(f,0)≧0)･(4･3･22)

Fora.generaldistributionfunction君(･),Wehavethefo1lowingtheoIem.

Theorem4.3.11.(i)Letf(ど)beacontrol-umitassociatedwith君(･),then

β(ど)≦J(f)≦α(f)払If∈r･

(u)Let^(ど)becontrol-umitsassociatedwith鴎(･)fori=1,2･

If島(y)≦吃(y)払rO≦y≦z,thenム(そ)≧烏(f)ねIf∈r･

PIOOf･mI(i),WehaveO≦ぷy**(ど,Z-y)君(如)≦y**(ぞ,g卜Ⅴ…(も0),andfbI

何,ぷy…(f,才一y)鳴物)≦ぷy…(ど,Z-y)吃(如)･FIOmd血ition(4･3･16)of

f(･),theseleadtothedesired工eSults.□

IrtgeneIal,inRuence80ftheenvi工Onmenta･reCOmPlexbecatLSeCha･ngeSOftheenvi-

ronmentinAuence8imultaneouslytheshocka,Trival,SllOCkmagnitudeandthe鮎1ure

工a･te.IrLSOmeCa･SeS,itisdi爪culttocompareinAuenclnga鮎ctsoftwoenvironmerLt.

LetEl,E2∈r,forinstance,H(I(･)≧HE2(･),andG皇1(･)≧GS2(･)forz∈【0,∞).

Roughspeaking,theseimplythatatstate(1,theshockaIriva.1isfasterthanthatat

Stateど2,Whueshockmagnitudeissmallertha･nthatatstatef2.Sothat,WeCannOt
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appreciatesimplywhichofthestatesflandf2isabetterenvironmenttothesystem･

Ⅱere,WeCOnSiderapalticularcaseasfollows･

ForE∈r,letHe(･)=H(･),入(f)=入,q(f)=q･ⅥねintroduceaoIder<onthe

StateSPaCer.Forfl<f2,We工efbrasthefouowing.

(i)1-7(z,fl,∬)≦1-7(之,ど2,∬),

(正)G皇1(･)≧嘩(･),andQ(ど1,･)≧¢(ど2,･)

仏工g,∬∈【0,∞).

Themeaningof(i)isobvious.The(ii)meansthatdistribtltionfunctionsG皇(･)

and Q(f,･)aIe8tOChastical1yincreasinginorder<･h thi8CaBe,We Callflis
a

betterenvironmenttha皿e2tOthe8yStem.Ifm(f,Z),C(E,Z)areincreaBinginorder

<,Simikr to the proofofTheorem4.3.4,Wealso have V=(f,Z)isincreasingin

Order<,andLltL(f,Z),,L2tL(f,Z)aredecreasinginorder･<･Furthe工mOre,SuPpOSe

theenvironmentstate工eStOreStlleinitialsta.teどowllenthesystemisIeplaced(tIlis

coIreSpOndstothecasewhe工etheenvironmentisainternalhcto工Ofthesystem).W白

′(f)=し叫,m(そ,g卜c…+上方y叫(f,Z-y)舶)-y=(チ0,?)≧0)･(4･3･23)
Corollary4.3.12.(i)Ifm(ど,Z)-C(f,Z)isincreaBinginorder<,thenforfl･くf2,

J(fl)≧J(∈2).

(叫Ih(モ,g)=C(z),then仏工ぞ1･くそ2,α;(ぞ1,Z)≧α;(f2,Z)･

Wherea;(f,Z)isaminimalsolutionoftheequation(3.20)

undertheaboveasstlmptions.

Remark.

Notethatwedonotrequiretheenvironmentprocesse(i)bea･incIeaSingpIOCeSS

in order･<.This Co工01la･ry Show$that thecontIOl-1imit coIreSPOnding to aworse

enviIOnmentisloweI.Inthiscase,thesystemmaybereplacedeaIly.Fora.general

StateSPa･CerWithoutoIde工,thecontIOl-limitf(･)canbeta･kenaBa･Criterionfunction.

Tha･tis,iff(fl)≧f(f2),WeCanthinktha.telisabetterenvironmentthenf2.
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4.4 0ptimalMaintenance-ReplacementPo追cy

LetA*∈AbeacontIOl-limitpohcydefinedby

A*(f,Z)=
(α;(ぞ,Z),0)
(α;(ぞ,Z),1)

ifg<J(そ) (4.4.1)

Othe工Wi5e,

Wheref(f)isdeRnedin(4.3.16),anda;(f,Z),a;(f,Z)a･retheminimalsolutionsofthe

equation8(4.3.19),(4.3.20)工eSPeCtively.Let7r*=(A*,A*,...),then訂*presentssuch

amaintenance一工eplacementpo弘cy:atdecisionpoint孔,thedecisionisAn(どn,Zn)=

A+(fn,Zn);ifZh<f(fn),andthesojountimea･tState(fn,Zn)exceedsa;(どn,Zn),

Wemaintainthesystemattime孔+a;(fn,孔);ifZn≧f(どn),arLdthesojountiheat

8tate(!n,Zn)exceed8a;(fn,孔),WerePlacethesystemattime孔+a芸(fn,Zn)･W占

WillpIOVethat7r+isa.noptimal工eplacementpolicy.Fora.ny7r∈Ⅱ,1et

∬汀≡i正(可㍍(ぞn,gれ)=1〉 (4･4･2)

叫)≡∑n≧OJ‡rれ≦叶 (4･4･3)

Then,7五･isthe£rstreplacementtimeofthesystemundeI7r,叩dN(i)isapointpIか

CeSSCOIIeSPOndingtothestationaryMarFovrenewalprocess(fn,Zn,7L)n≧0･tTsing

TN･andN(i),WedefinetheopeIatOrHN･OnBby

恥y(ぞ,.Z)≡如【上ご-~e叫)m(ff,卯))叫)+e-㈲)(c(玩-,紬･y(狛0))】
WheIe A(i)=A(7L)if孔≦i<7L+1, n>0. (4.4.4)

Remark.

(1)恥･V(f,Z)can beinterpreted a.sfo1lows:let V be the,remaining cost,,

tha･tis,ifthe pIOCeS$isstopped at time tin sta･te(f,Z)we have to p野thedis-

counted amount e-^(t)v(e,Z).After theexecution ofareplacement thesystem

moves withoutloss of timeinto the sta,te Z = O and the enviIOnment Sta.te does

notchange.Employingthepolicy汀,WehavethattheIePlacementcausesthefirst

cost忠-~e-A(りm(どf,Z叩))紺(り+e克(恥)c(玩･,み･)whidlkeqndto

∑㌫~1e-A(TL)m(f;,Zi)+e-^(恥)c(fN,,Zk.),andafterthattheIeremaincostsof
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e+^(TNT)v(どN･,0).Sothat恥.V(f,Z)meanstheexpectedrandomlydiscountedcost

ofthe'fiIStrePIacementunder訂,StaItingattimeOinstate(f,Z).

(2)鱒yPIOpOSition4･2･2andastationarypolicy7r,thepIOCeSS(en,Zn,7L)n≧Ois

astationaryMa･IkovIeneWalprocess.SinceE7五-≦E6<∞,耳Ⅳ-isweu-de五ned.

Theexpected工a･ndomlydiscountedcostsincurIedunder7runtiln-threplacemerLt

CanbeglVenby
●

l菅≡叫･‥耳ⅣJ鴨,

WheretheteIminalco8tfunction鴨issettobeO.

Let

髄れ≡inf-1菅

礼∽≡止mn_∞%n.

Lemma4･4･1･(a)追mれい.ト｡｡l菅=祐.

(b)y*≧礼∞.

(c)祐･=y=.

(4.4.5)

PIOOL(a)Foreve工yn≧0,the工ei$anintegerm≧nsuchthat

■薫い)【∑私】≦耳町･‥伽言鴨≦恥;)【∑私】･

Sincelち∈Bforany訂∈II,Weget,祐≦hmn_∞l㌘≦拓.

(b)Byl?≧una瓜d(a),Wehavehmn→C｡l㌘≧limn→C｡un,Whichyieldsinf汀祐≧

髄00･

(c)tlnderthepolicy7r+,Wehave

鱒Ⅳ･･鴨(ぞ,Z)=∑註1恥ヱ)【倍-~e叫)m(ぞゎZ訂(棚坤)+e-A(恥)(c(ど〃-,み,)
+y(f〃･,0))岬訂●=乃】鶴首)(〝打●=陀)

=∑詰1打れ鴨(ぞ,Z)恥ヱ)(〝-●=㍑)

=旦亡,Z)【汀〃-●堀,

叫･叫･鴨(f,Z)=‰)【押●‰岬吋瑚
=∑註1∑冨=1打叫mlち(ぞ,Z)軋z)(埠●=犯)恥慮)(埠●=m)

=句く,`)【がで+吋瑚.

77



Byinduction,Wehave叫････H*鴨=E[UNT'+･･･+N:'vb],andn≦NT'+･･･+

げ,a.S..T山勘P(血n→∞吋+…+昭●=∞)=1and打げ+･･･+〃言●鴨→y…,孔･S.

(n→∞)･鱒OtingUn鴨isincIeaSinginn,Wegetlimn→00E[UNT'+･･･+N言●瑚=V…,

i.e.,lち･=Ⅴ*. □

1emma4.4.2.礼∞≧Ⅴ*.

P工00エ恥Iany花≧1弧d訂∈Ⅱ,1etT乃=∬r+,…,+〃言.Tben,l㌘≧且【汀m~11ち】

andun=inf打l㌘≧E[Um~11ち】.Letn→∞,Wehaveuc｡≧V+･
口

Theorem4.4.3.がisanoptimalsta.tionarymairLtenanCe-rePlacementpolicy･

P工00f.FromLemma4.4.1and4.4.2,礼∞≧V+*=佑･≧V+≧u∞,tlms,佑･=V+.

The工efore,7r'isa.noptimalstationarypo追cywhosemaintenace-rePla･Cementru1eis

仏econtIOl一山山ttype. □
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CHAPTER5

CONCI-USION

5.1Summeryoftheresults

Westlmma.rizethe工eSultsofthethesisin this8eCtion.

Weha.vei皿VeStigatedintheformerChapterstIleOPtimalmaintena･nCe-工ePlacement

PrOblemsofthesystem8Subjecttoshocksbyconsideringin加ence80ftheenviIOn-

ments･WehaveconstIuCtedanewdamageproces8(piecewisesemi-Markovprocess)

bytheshockprocessandtheenvironmentpIOCeSS.ThispleCeWisesemi-Markovdam-

ageprocessgenerdizes thesemi-MarkovdamagepIOCeSSStudied by theformerre-

SeaChers,SOtha.t theIeSults obtainedcan be appliedtotheca,Se tha.tinfhencesof

environment$aIe nOt COnSideIed.Ⅰ皿Chapter2,WeIlaVe analyzed the optimal工C>

Pla･CementPrOblemwheIetIleStateCIlangeSOftIleenVironmentprocessisdescribed

bya･PoissonpIOCeSS.By･deRninganinteger-)aluedrandomvariable,Wehavegotten

tIleSum repreSentingformsforthecost functiorLS,Which are mo工e nattlralbecatlSe

thatboththedamagepIOCeSSandtheenvirortmentprocessareJumpP工OCeSSeS.We

haveprovedthatthecontIOl-1imitpoliciesaIeOPtimalfortwotypesofstopplngtime

SetS,andobtainedtheco工工eSPOndingboundedprocesses.InpaIticular,thecontrol-

1imitpolicie$forgeneIalstopplngtimecasearethecombinationrulesoftheda･mage

level'scontIOl-1imitpouciesa瓜dthesta,te-agedependerLtPOlicies.It haBbeenseen

that,bowever,thesample,sanalyzingmeth6dusedinthisChapterdepend8greatly

OnthemonotoneincreaslngPIOpertyOfthePoissonenvironmentprocess.

InChapter3wehaveinvestigatedanoptimalsta･te-agedependentreplacement
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problemfora.netwoIksystemconsistedofa･main-SyStemandasub-SyStemWith

COmpOnentS.TIlehnctionlngpIOCeSSOfcomponentsofthesub-SyStemisaMaIkov

P工OCeSS With the負nite sta.te space,Whichis taken aB the enviIOnment PrOCeSS Of

themain-SyStem.ByuslngMaIkovdecision･aPPrOa･Ch,Wehavederived anoptimal

State-agedependentIePlacementpolicyminimlZlngthelong-runaVerageCOStperunit

time.TIleIeSult8Ca.n be extended to the ca.se tha.t the enviIOnment P工OCeS畠is a,

generalMa.rkovJumppIOCeSS.Atthelast,theMarkovdecisionapproachusedinthis

ChapterhaBSOmediffbrencesfromtha･tgiveninRoss【54,56]sincetheactionspacein

OtlrmOdelisin五nite,Whichma.kesthecalcula.tion8mOreCOmp追cate.

WehaveexaminedinChapter4ageneIaloptimalmaintenance-rePlacementprob-

lemofthesystemexistinglnaMa･rkov工a･ndomlyva･rylngenVi工Onment･Wbhavecon-

SideredtIlerePlacementactionaswellasthemaintena.nceaction8,andpeImittedthat

thedamagedsy8tembecometo,,betteI"aftereverymaintenance,1･e･,theda･magelevel

Ofthe8yStemha$an工andomlydecreaslngmagrLitudewhichisstochasticanydecreas-

1ngWithrespecttothea･CCumulateddama･gelevel･FbrthetotalexpectedIandomly

discountedcost,Wehavederivedanoptimalcontrol-umitmaintenance一工ePlacement

policydependentontheenvironmentstate.Asshownasin4.3,theoptimalcontrol一

迫mitpolicyhasalsosta.te-agedependenttype,1.e.,foIeVeryenVironmentstate,We

maintaintIleSyStemWhenthedama.geleveldoesnotexceedthecontrol-1imitandtIle

SOJOtl工n timeintha,t StateeXCeedsanIeal-Valuethreshold,and工eplace thesystem

Whenthedamagelevelexceedsthecontrol-1imitandthesoJOurntimeexceed8anOther

工ea.l-Valuethreshold.Fbrthemore,Weha.vearLalyzedtheinAuencesofthem云intenance

actions and the environment stateon thecontIOl-1imit.

Shock models are one oftlSefulmathematicaltooIsfor ana･1yzing the optimal

mairLtena.nCe-rePlacementproblemsfo工thesystem8uSedintheproductionofgoods

anddeliveIyOfservices,1nParticular,forthesystem8tlSedindamgerReldstlChaBthe

atomlCPOWeIfulstation,etC.ItisimpoItanttOglVemOIeaCCuIa･teandmoIea･pPreCiate

POliciesforsuchsystems.Thisthesisha.vederivedoptimalmaintena.nce-repla.cement
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POhciesbyconsideringin餌encesofthevariousenvironments･Thetechniquesand

methodsca･nbea･PPliedtootherReldsuchaseconomicdecisions)COntrOIsofqueuelng

SyStemSa鮎ctedbyrandomlyvarylngenVironments.
●
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5.2 Fbrtherproblem

Theshockmodelsstudiedinthisthesiscouldbetheoretical1yextended.Wesimply

discussfurtIlerCOnSidera･blepIOblemsandsuggestive･COmmentSinthefo1lowlng.

Inthi$thesi8Weha.veconside工edmairLlytheopti皿almaintenance-rePlacementfo工

thesystemsin加encedbyIa･ndomlyva･IylngenVironments,nOtStudiedthepropeIties

Ofthefa,iluretimesofthesystems.Ⅱowever,the魚心uTetimesofthesystemsdeperLd

greatlyoIlthebehavior80ftheenvironmentchanges,SOtIlatitisslgnificanttoinves-

tigatetIlePrObabilitydistributionpropeItiesoftllehiluretimesoftIleSyStemS,S11Ch

aBthe£Ⅰ8t-PaB$agetimedistributiorLS,neWbetterthantLSed,neWbetteIthantlSedin

expection,etC.Itseem8di爪culttoobtainthesep工OPertiestLnde工generalconditions

becau$etIlattIleenViIOnment,8ChangesdestIOythemonotonepIOPertiesofthep工Ob-

abuitydistributionsoftheshockpIOCeSSSuCIlaStheintershocktimesandthesI10Ck

magnit-1des.

AsseenaBinthedefinitionofthedamageprocessofthesystem,Wehaveemphar

Sizedtheinfhencesoftheenvi=Onment$Onthesy$tem8,nOtCOnSideredtheinAuences

Ofthedamaged8yStem80ntheenvironments.Ⅰ皿CIlapter3,forexample,theね忍ures

Ofcomponentsofthesub-SyStemmayCauSethemain-SyStemtOhu,a･ndtheshock

aIrivalsa.ndshockmagnitudesdependonthenumberofthefurLCtionlngCOmpOnentS,

WhiletIlelifetimesofcomponentsofthesub-SyStemaIenOta.ffbctedbythebeIlaVioIS

Ofthemain-SyStem.In fact,these迫fetimes may becomeshQIte工and sI10rterWith

increaslngOftheda･magelevelofthemain-SyStem.Ⅱence,themain-SyStemandsub-

SyStemin且uencewitheachother.Inthiscase,itisnecessa.rytoconsiderthesemutu

in且uenceswhichmightIeSultinamoIeCOmPhcate工ePlacementproblem.

Applica･tion80foptimalmaintenance一工ePla･Cement theory aIe Ofgreatinterest.

Shockmodels ha.ve been.studied by many authoIS and willdevelopedinfuture aB

thegrowthinthecomplexityofmodernsystems.Thep工Oblemsmentionedaboveare

OPenqueStionsforfuttlIe工eSea工Ch.
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