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Chapter 1 Introduction 

1.1 Preface 

For environmental issues such as global warming, it is expected that electric vehicles 

using secondary battery technology and fuel cell technology, hybrid electric vehicles, fuel 

cell vehicles, etc. will be practically used. In order to put them into practical use, it is 

necessary to develop technical elements such as safety, long life, low cost, high energy 

density, and high output. 

In secondary batteries such as lithium ion batteries, Li+ moves between electrodes 

pass through electrolyte to perform charging and discharging in order to convert energy. 

However, since organic liquid electrolytes are unstable under high pressure and 

flammable conditions, conventional electrolytes used in current lithium ion battery 

technology are undesirable. In order to replace liquid electrolytes with solid-state 

materials, much effort has been made. Considering there is no probability of solid-state 

electrolyte to leakage or vaporization, it is a much safer development. Due to the low 

ionic conductivity of solid-state electrolytes. However, the current and voltage density of 

all-solid-state lithium-ion batteries is lower than that of conventional lithium-ion batteries. 

Solving these problems is the key to the commercialization of all-solid-state batteries. 

The electrochemical properties of most solid-state materials are strongly related to 

their crystal structure and defect chemistry. In particular, the latter relates to the kinetics 

of electrochemical scheme and ion migration, and precise understanding of ionic 

arrangements in solids are often required. The energies for a given structure/arrangements 

are precisely determined by using Ab-initio density functional theory (DFT) calculations. 

However, the combination of possible arrangement of defects (Li/Cations/vacancy 

arrangement) is often huge, it is difficult to solve only by DFT calculations. Therefore, 

multi-scale calculation methods are usually used, in which the microscopic and 

macroscopic physical quantities are evaluated by tracking the microscopic motion of 

particles from a microscopic perspective (for example, at the atomic level).1,2 Figure 1.1 

summarizes the main calculation methods.3  
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Fig 1.1 main calculation methods and their applicable scale and time scale 
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The purpose of this thesis is to conduct multi-scale material function analysis and 

design by evaluating ion conductivity from the knowledge of atomic structure and 

diffusion mechanism. If the mechanism of ion conduction can be clarified by linking 

microscopic crystal structure information, it will guide researcher to explore new material 

with better performance more scientifically. As the extension of this work, after revealing 

the relationship of ion conduction and microscopic structure, to further improve the 

electrochemical performance is necessary. However, when using traditional experimental 

method to design and screen the new material, faced with an infinite number of potentially 

feasible ternary or multi-component compounds and their derivatives is inevitable, we 

hope to speed up the exploration of feasible compounds. Combined with informatics 

methods is a possible way to reduce the complexity of the mutual constraints of multiple 

factors involved in the exploration process. 

The outline of Chapter 1 is described as below. This chapter consist of the following 

five sections. Section1.2 describe the principles of Li-ion batteries involved in this work. 

Section 1.3 describe the developments and advantages of all solid-state Li-ion batteries. 

Section 1.4 describe the main research target, solid-state electrolytes. In this section 

mainly introduces three important types of oxide solid electrolyte materials, structural 

characteristics, factors affecting lithium ion diffusion, and the research progress of these 

materials. Section1.5 describe the basic concept of multi-scale calculation, which is the 

research method of this thesis and the recent research trends. Section 1.6 reiterate the 

purpose of this thesis and describe the structure of the entire paper. 

1.2 Lithium-ion battery 

Lithium batteries are divided into lithium batteries and Li-ion batteries. Mobile 

phones and notebook computers usually use Li-ion batteries with Li-containing materials 

as electrodes. Because they are widely used, they are usually called lithium batteries. The 

real lithium batteries are rarely used in daily electronic products due to their high risk. 

Lithium-ion batteries were first successfully developed by Sony Corporation of 

Japan in the 1990s. By inserting lithium ions into carbon to form a negative electrode, the 

high activity of lithium is overcome, and the safety problem in traditional lithium batteries 

is solved. At the same time, the commonly used cathode material LixCoO2 can reach a 
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higher level in charge and discharge performance, which reduces the cost and improves 

the overall performance of the lithium-ion battery. 

John Goodenough, Stanley Whittingham and Akira Yoshino awarded the 2019 

Nobel Prize in Chemistry in recognition of their contributions in the field of lithium-ion 

battery research and development.  

1.2.1 Working principle 

The charging and discharging process of lithium ion batteries essentially 

corresponds to the process of intercalation and deintercalation of lithium ions between 

the cathode and anode electrodes. Along with the back and forth movement of lithium 

ions inside the battery, the same amount of electrons flow into the external circuit, so the 

lithium ion battery is also vividly called the "rocking chair battery".4,5,6 

Taking a typical lithium-ion battery as an example, when graphite is used as the 

anode electrode, LiCoO2 is used as the cathode electrode, and a non-aqueous liquid 

organic solvent is used as the electrolyte, the charging and discharging principle is shown 

as the Figure 1.2 and down below reaction: 

 

Fig. 1.2  Schematic model of the working mechanism of Li-ion battery 
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Cathode reaction:   LiCoO2 == Li1-xCoO2 + xLi+ + xe-                 1-1 

Anode reaction:    6C + xLi+ + xe- == LixC6                             1-2 

Total reaction:     LiCoO2 + 6C == Li1-xCoO2 + LixC6                1-3 

 During charging, Li+ is extracted from LiCoO2 and an electron is released, C3+ is 

oxidized to C4+. At the same time, Li+ migrates from the electrolyte to the surface of the 

carbon anode electrode through the diaphragm and inserted into the graphite structure. 

The carbon anode electrode obtains an electron from the external circuit to form the 

lithium-carbon intercalation compound LixC6. The discharge process is the reverse 

process, Li+ is extracted from the anode electrode and inserted into the cathode electrode 

LiCoO2. In this Li-ion battery, charge/discharge reactions are performed by repeating 

intercalation and deintercalation of lithium ions on two electrode materials, and lithium 

exists as an ionic state, so this type of battery also called “ lithium-ion secondary battery”. 

1.3 The solid-state Li-ion battery 

Since the organic electrolytic solution is widely used in the Li-ion battery, there is a 

risk of liquid leakage and ignition. If the organic electrolyte can be replaced by the solid-

state electrolyte, a highly reliable all-solid-state battery should be prepared. So far, 

researchers have achieved a lot of results on all-solid-state lithium-ion batteries.7,8 

Table 1.1 compares the advantages and disadvantages of organic liquid electrolytes, 

gel electrolytes and solid-state electrolytes. Compared with the first two types of 

electrolytes, solid-state electrolytes have outstanding advantages in terms of safety, 

thermal stability, and electrochemical stability. Therefore, replacing the electrolyte with 

a solid electrolyte and developing an all-solid-state lithium-ion battery is the only way to 

fundamentally solve the safety problem. The structure of the all-solid lithium ion battery 

includes a positive electrode, an electrolyte, and a negative electrode, all of which are 

composed of solid materials, as shown in Table 1.1 The solid-state electrolyte conducts 

lithium ions while acting as a separator to prevent electron transmission, making the 

battery construction process complete significantly simplified. 

1.3.1 The advantage of solid state Li-ion battery 

Compared with the traditional electrolyte lithium-ion battery, the all-solid-state 

lithium-ion battery has the advantages:9  
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1. Completely eliminates the potential safety hazards of electrolyte corrosion and 

leakage and has higher thermal stability. The battery shell and cooling system module 

can be simplified to reduce the weight of the battery, thereby increasing the energy 

density.  

2. No need to encapsulate the liquid, support the serial stack arrangement and bipolar 

mechanism, which can reduce the ineffective space in the battery pack and improve 

the production efficiency.  

3. Because of the solid-state characteristics of the solid electrolyte, it can be stacked Two 

electrodes make it possible to prepare 12 V and 24 V high-voltage single cells in series 

in the unit. 

4. The electrochemical stability window is wide (up to 5 V or more), which can match 

high-voltage electrode materials, and the energy density and power density are further 

improved. 

5. Solid electrolyte is generally a single-ion conductor, and there are almost no side 

reactions, so a longer service life can be obtained. The unique advantages of all-solid-

state lithium-ion batteries make them have considerable potential in the fields of large 

batteries and ultra-micro and ultra-thin batteries. 

1.3.2 The development of all-solid-state Li-ion battery 

Research institutions around the world are actively researching all-solid-state 

lithium-ion batteries and are committed to bringing them to the market, including some 

large electronics and automobile manufacturing companies, such as South Korea’s 

Samsung Electronics and Japan’s Toyota Motor. 

Table 1.1 Comparison of the properties of different electrolytes and their lithium-

ion battery systems 

Properties Liquid/gel electrolyte Solid-state electrolyte 

Organic polymer (PEO based)/ 

Inorganic (Oxide, Sulfide) 

Ionic 

conductivity 

High 10-2 S/cm    Moderate > 10-4 

S/cm 

Highest 10-3 S/cm              

Highest 10-2 S/cm 

Battery 

structure 
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Advantages Wide range of applications, including 

3C products and energy storage / No 

leakage problem 

High electrochemical stability 

High safety, with flexible processing 

characteristics/ Very high safety, 

suitable for long-term storage, good 

high-temperature performance 

Disadvantages Flammable and explosive, 

electrochemical stability is not high 

Low power density, low energy 

density, low cycle life, high cost 

 

Replacing traditional organic electrolytes with solid electrolytes to prepare solid-

state batteries can fundamentally solve the safety problems of lithium-ion batteries. At 

present, a large amount of work is concentrated on the development of all-solid-state 

lithium-ion batteries with higher energy and power density. In the process of advancing 

the industrialization of high-safety and high-energy storage batteries, the development 

and preparation of key materials (solid electrolyte, positive electrode and negative 

electrode) is the most important thing. With the deepening of research, solid electrolytes 

have developed: PEO and its derivative systems polymer electrolytes,10 LiPON thin film 

electrolytes,7 oxide and sulfide crystalline electrolytes,11 and sulfide glass electrolytes,12 

the ionic conductivity has been continuously improved. At present, the solid electrolyte 

materials most likely to be applied to all-solid-state lithium-ion batteries include PEO-

based polymer electrolytes, NASICON-type and garnet-type oxide electrolytes,13 and 

sulfide electrolytes. PEO-based polymer batteries have been industrialized.14,15 It has 

reported that perovskite-type electrolyte LLTO exhibits high conductivity of 10-3 S/cm at 

room temperature with the activation energy of 0.4 eV.7,16 The room temperature ion 

conductivity of garnet-type crystalline oxide electrolytes represented by LAGP and 

LLZO has reached the order of 10-3 S/cm and has high stability in the air.17,18 Sulfide 

electrolytes generally have high conductivity, and the room temperature ion conductivity 

can reach the order of 10-2 S/cm, which is equivalent to organic electrolytes.11,12 

Examples of lithium-ion conductors reported so far and their ionic conductivity are 

summarized in Figure 1.3.19 In the development of these materials, technologies related 

to ceramics such as analysis of lithium ion migration mechanism, analysis of crystal 

structure or structural design, and synthesis technology play a major role. 
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Fig 1.3 Ionic conductivity of various lithium ion conductor.19 

1.4 Inorganic Solid-state electrolyte  

Both sulfide electrolyte and oxide electrolyte contain three different crystalline 

materials: glass, ceramic, and glass-ceramic. In general, since S2- has a weaker binding 

effect on Li-ion compared to O2-, which is beneficial to the migration of Li+, the 

conductivity of sulfides is often significantly higher than that of oxides of the same type. 

In oxides, Li-ion migrates in the gap of the framework structure composed of O2- which 

size is much large than Li+, this will weaken the Li-O interaction. With many years 

development, some oxide Li-ion conductor materials with complex structures have 

appeared one after another. Representative ones include the NASICON structure system, 

Garnet structure system, and Perovskite structure system. In this section, I will basically 

introduce the development of these three types of solid-state electrolytes.  

1.4.1 NASICON type solid-state electrolyte 

NASICON (sodium (Na) Super Ion Conductors) type fast ion conductor material is 

a type of solid electrolyte material that has been widely studied. The crystal structure of 

this type of material was first reported in 1968.20 In 1976, Goodenough and Hong21 

reported a new material composed of Na3Zr2Si2PO12, which is the Na+ ion conductive 

material commonly known as NASICON. The molecular formula of this type material is 
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M[A2B3O12], where M, A, and B represent monovalent, tetravalent and pentavalent 

cations, respectively. The skeleton structure is formed by AO6 octahedron and BO4 

tetrahedron, this material belongs to R3̅c space group. Each AO6 octahedron is connected 

with 6 BO4 tetrahedrons, and each BO4 tetrahedron is connected with 4 AO6 octahedrons. 

These polyhedrons are connected by vertex oxygen atoms to form a three-dimensional 

interconnected skeleton structure, also forming ions pathway which parallel to the c-axis. 

The schematic diagram of its structure and ion transmission is shown in Figure 1.4 (The 

yellow ball represents the MI site, the hollow square represents the MII site, and the arrow 

represents the M+ transmission pathway).13  

 

Fig 1.4 Structure schematic of NASICON type electrolyte 

In this structure, M+ conductive ions can occupy two interstitial positions. These 

positions are called MI site (octahedral void, the position occupied by the blue ball) and 

MII site (tetrahedral void, black hollow square position). Since the potential energy of the 

MI site is lower than that of the MII site, the MI site is fully occupied by M+, and usually 

the MII site is not occupied. Therefore, in the NASICON structure, there are two 

migration pathway for M+: one is through the MIMII bottleneck MI-MII transition, the 

other is through the MIIMII bottleneck MII-MII transition. When M+ conductive ions 



 12 / 144 

 

 

migrate through the bottleneck, there is a coordinated movement of [A2B3O12]
- skeleton 

shrinkage and M+ migration. Only when the radius of the transmission channel match the 

migration ion at a certain degree, that can be beneficial to M+ migration. However, the 

size of transmission channel depends on the size of skeleton [A2B3O12]
-. Therefore, the 

ionic conductivity of the NASICON type material will change with the composition of 

the skeleton [A2B3O12]
- ion.22,23 The prerequisite for improving the ionic conductivity of 

the NASICON type solid-state electrolyte is that the ion transmission channel and the 

migration ions’ radius must be matched, the skeleton structure has a weak binding effect 

on the migration ions, and the material has a stable structure and high density.10,24 

Replace the Na-ion in Na3Zr2Si2PO12 with the Li-ion, it becomes a solid-state 

electrolyte for the lithium-ion batteries, but with preparation method of direct substitution, 

Li3Zr2Si2PO12 has a very low Li-ionic conductivity, which is about 3 orders of magnitude 

lower than the Na-ionic conductivity of Na3Zr2Si2PO12. The reason of that is the original 

size of the transmission channel in the Na3Zr2Si2PO12 structure is only suitable for Na+, 

which means it is too large compared to Li+. The solution is to replace the structural 

skeleton ions with the ions of different sizes, thereby changing the size of the transmission 

channel.25 Among the possible candidates, Zr4+ can be replaced by Ti4+, Ge4+, Hf4+, V5+ 

or Sc3+, after the substitution, the compound can still maintain the NASICON structure, 

but significantly improved the Li-ionic conductivity.26,27 It has the characteristics of stable 

structural properties and convenient synthesis. It will have good application potential as 

a solid electrolyte with high ionic conductivity. However, its room temperature 

conductivity needs to be further improved. Therefore, improving the room temperature 

lithium ion conductivity of NASICON structural materials has become a hotspot of 

research.  

 As far as we know, most inorganic solid electrolytes are polycrystalline materials. 

The bulk ionic conductivity of solid electrolytes is the sum of the contribution of grains 

and grain boundary conductance to the total conductance, and the contribution of grain 

boundaries will dominate under certain conditions. The grain boundary conductivity of is 

1~2 orders of magnitude lower than that of grain ionic conductivity, which limit the 

electrochemical performance of NASICON type solid electrolytes. After many years 

development, the total ionic conductivity at room temperature of NASICON-type 

material has been significantly improved, the modification ideas are mainly rely on 
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collective effective of grains and grain boundaries. Utilized low-valent ions of appropriate 

size to replace high-valent ions in the framework structure, such as Al3+ and Ga3+ for the 

A position, and Si4+ for the B position, without changing the crystal phase structure, the 

introduction of low-valent ions can change the size of the ion transport channel on the 

one hand, and on the other hand, because of the charge balance, it can introduce more 

transferable Li-ion, which will affect the total ionic conductivity from two aspects.28 In 

the study of grain boundary control, the first is to optimize the preparation method. The 

common solid-phase reaction method is difficult to produce products with uniform 

particle size and single phase. Co-precipitation method and sol-gel method are used to 

synthesize the product, and the product is uniform. And phase purity has been 

significantly improved.29,30 Secondly, using the traditional solid-phase reaction method, 

it is difficult to form a product with a dense structure even at a very high temperature, 

while new preparation processes such as spark plasma sintering (SPS) and 

mechanochemical synthesis can increase the density of the product (even greater than 

99%).30,31 Before the sample is synthesis, adding low-melting lithium-containing 

compounds which will not undergo chemical reactions, such as Li3PO4, Li3BO3, etc., 

and fill them in the inter-grain voids during the sintering process to improve the interface 

contact, thereby increasing the density, and also helping to increase conductive Li-ion 

concentration at the grain boundary.32 

Among the Li-ion conductive materials of NASICON type, the most studied is about 

LiM2(PO4)3 (M= Zr, Ti, Ge, Hf), the representatives are Li2O-Al2O3-TiO2-P2O5 (LATP) 

and Li2O -Al2O3-GeO2-P2O5 (LAGP). Generally, the system with M being Ti4+ has the 

best transmission channel of Li-ion, so these systems have better electrochemical 

performance.33 The summaries of the development of LATP and LAGP as shown in Table 

1.2 and Table 1.3, respectively. 

Table 1.2 Summary LATP based Li-ion solid electrolytes 

Author Composition Research characteristics 

Kotobuki29  Li1.5Al0.5Ti1.5(PO4)3 Sol-gel method; Different aluminum sources 

will generate impurity phases to hinder Li-ion 

migration. 

Ymamoto34 Li1.4Al0.4Ti1.4Ge0.2(PO4)3 Sol-gel method; 1.29ⅹ10-3 S/cm; density 

94.4%  
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Xu31  Li1.4Al0.4Ti1.6(PO4)3 SPS method; 1.12ⅹ10-3 S/cm; The sintering 

temperature is greatly reduced, the grain size 

of the sample reaches the nanometer level, 

and the grain boundary ionic conductivity is 

increased by about 2 times 

Morimoto35 Li1.3Al0.3Ti1.7(PO4)3 Mechanical grinding; ~10-4 S/cm 

Wen36 Li1.4Al0.4Ti1.6(PO4)3 Mechanical grinding; 5.16ⅹ10-4 S/cm; point 

out that decrease the size of grain is the key 

Aono25 Li1.3Al0.3Ti1.7(PO4)3 / 

Li1.3Sc0.3Ti1.7(PO4)3 

The Ti4+ was replaced by Al3+, Sc3+ ; 7ⅹ10-4 

S/cm 

Li1.3Ti2(P0.9Si0.1O4)3 The P5+ was replaced by Si4+ ; 3.2ⅹ10-4 S/cm;  

Johnson37 Li1.5Al0.3Ti1.7Si0.2P2.8O12 Co-replacement by Al3+ ,Si4+ ; 2.77ⅹ10-4 

S/cm; Poor sintering performance 

Kumar38  Li1.4Al0.4Ti1.6(PO4)3 Space charge effect; Add a small amount of 

high-dielectric phase BST and low-dielectric 

phase Al2O3 to composite with LATP glass 

ceramics; Overgrowth of dielectric phase, 

blocking effect 

Table 1.3 Summary of LAGP based Li-ion solid electrolytes 

Author Composition Research characteristics 

Fu39 Li1+xAlxGe2-x(PO4)3 

X=(0,0.2,0.4,0.6,0.8) 

x=0.5 The stability of the system is better. 

x=0.5~0.6, the material has high room 

temperature conductivity and low activation 

energy Ea; ~10-4 S/cm; 0.375 eV 

He40 Li1+xAlxGe2-x(PO4)3 

x=(0~0/7) 

Analysis the effect of Al2O3, x=0.5, 5.8ⅹ10-4 

S/cm, x>0.5, the impurity phase appear. 

Fu41 Li1.2M0.2Ge1.8(PO4)3 

(M=Al, Ga, Y, Dy, Gd, 

La) 

The Al3+ and Ga3+ substitution samples have 

higher ionic conductivity. Due to the poor ion 

size matching of other ions, the lattice 

structure is distorted and the ionic 

conductivity decreases. 
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Takashi42 Li1+x+yAlx(Ti2-yGey)P3-

xSi2O12 

Combined with LATP and LAGP, and 

partially replaced by Si4+ and P5+, the 

stability of the sample is improved, but the 

after assembled the performance is 

decreased. 

Xu43 Li1.5Al0.5Ge1.5(PO4)3-

xLi2O 

x=(0,0.05,0.075,0.1,0.2) 

Excessive lithium helps to increase the 

density of the sample, but excessive lithium 

will cause abnormal growth of crystal grains, 

and there will be gaps between the crystal 

grains, resulting in a decrease in density; 

x=0.05, 7.25ⅹ10-4 S/cm 

Jadhav44 Li1.5Al0.5Ge1.5(PO3)4 Explored the effect of B2O3, B2O3 would 

reduce the crystallization temperature of the 

sample and increase the diffusion of Li-ion at 

grain boundary; B2O3 (0.05% wt) 6.9ⅹ10-4 

S/cm 

Thokchom45 Li1.5Al0.5Ge1.5(PO3)4 Melt-quench method; the grain ionic 

conductivity is higher; 5.08ⅹ10-3 S/cm 

1.4.2 Garnet type solid-state electrolyte 

In the ideal garnet type structure X3Y2(SiO4)3 (X=Ca, Mg, Fe, etc.; B=Al, Cr, Fe, 

etc.), X and Y are the eight-coordinate and six-coordinate O2-, respectively. It can be seen 

that in the garnet structure contains eight-coordinated, six-coordinated and four-

coordinated cations, and various cations are in different valence states. Therefore, X, Y 

or Si4+ can be replaced by alkali metals, alkaline earth metals, rare earth metals and 

transition metal ions.  

The Li-containing garnet material Li3Ln3M2O12 (M=W, Te) was discovered by 

Kasper46 as early as 1969. Subsequently, Mazza and Hyooma studied the ternary phase 

diagram of La2O3-M2O5-Li2O(M=Nb, Ta), after the XRD analysis, they considered that 

the structure of this compound is closely related to the garnet structure, and the space 

group is la-3d. The crystal structure of Li5La3M2O12 (M=Nb, Ta) is shown in Figure 1.5, 

where La occupies the X position(1/8,0,1/4), Nb or Ta occupies the Y position(0,0,0), and 

three Li occupies the four-coordinate position (3/8,0,1/4), the remaining 2 Li occupy the 
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eight -coordinate position, which is not occupied in the ideal garnet structure. 

 

Fig 1.5 Crystal structure of cubic-type LLNO(la-3d) 

Cussen47 used neutron powder diffraction to study Li5La3Ta2O12, found that Li 

occupies octahedral and tetrahedral position respectively. The connection of these 

positions construct a three-dimensional channel for Li-ion migration. Although there are 

not many octahedral positions occupied by Li-ion, they are the main reason for the 

migration. This characteristic is common on Li5La3Ta2O12 at high temperature and 

Li5La3Nb2O12 at room temperature. 

The study about solid electrolyte of this garnet type structure material Li5La3M2O12 

(M=Nb,Ta) was first reported by Thangadurai and Weppner in 2003.48 This material 

shows the typical Li-ion conductivity, and has good electrochemical and chemical 

stability, the room temperature conductivity is ~ 10-6 S/cm and the activation energy is 

0.43 eV (Li5La3Nb2O12) and 0.57 eV (Li5La3Ta2O12). Studies have shown that the total 

conductivity of the Nb system is slightly higher than that of the Ta system, but the stability 

of the reaction of the Ta system with molten Li is higher than that of the Nb system. There 
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are two main ways to improve the conductivity of this garnet structure material through 

doping modification, one is La-site doping, and the other is M-site doping. Using alkaline 

earth metal to replace the La3+ of Li5La3M2O12 (M=Nb, Ta), studies have shown that this 

method can well reduce the grain boundary resistance and increase the total Li ionic 

conductivity.49,50 In addition, M-site doping modification also have been reported. At 

present, the most research is about Zr4+ to replace M, which has the best ionic conductivity 

of Li-containing garnet structure material so far. The room temperature ionic conductivity 

is 3.0ⅹ10-4 S/cm, and the activation energy is about 0.30 eV.51 Compared with other 

lithium ion solid electrolyte materials, Li7La3Zr2O12 only lower than Li1.3Al0.3Ti1.7 (PO4)3 

below 100 oC. as shown in Figure 1.6. Its high lithium ion conductivity can be attributed 

to the following points: Zr ion radius is larger than M ions, which increases the three-

dimensional framework for Li-ion pathway; Increases the migration concentration of Li-

ion; The interaction intensity of Li-ion with other ions is decreased; The density of 

ceramic samples is higher (relative density reaches 92%). The doping of alkali metals at 

La-site and the lower valance metal doping at M-site has also been reported.52 The 

summaries of the development of Li7La3M2O12 (M=Zr, Sn) garnet type solid electrolyte 

have shown in Table 1.4. 

 

Fig 1.6 The temperature dependence of ionic conductivity of oxide lithium 

electrolytes and Li3N electrolyte51 
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Table 1.4. Summary of Li7La3M2O12 (M=Zr, Sn) solid electrolytes 

Author Composition Research characteristics 

Weppner51 Li7La3Zr2O12 First report this Zr series garnet structure 

SSI, confirmed that the space group is Ia-

3d; 3.0ⅹ10-4 S/cm  

Awaka53 Li7La3Zr2O12 Molten salt method; First report tetragonal 

structure of LLZ crystal with I41/acd space 

group; bulk resistance 1.64ⅹ10-6 S/cm, gb 

resistance 5.59ⅹ10-7 S/cm; Mentioned the 

reason for sharp decrease in conductivity 

performance: The fully ordered Li atom-

vacancy pair suppresses the ion jumping 

between Li sites. At the same time, 

compared with the cubic garnet structure, 

the equivalent Li sites of the tetragonal 

LLZ crystal are reduced, which ultimately 

leads to low Li ion conductivity. 

Weppner54 Li7La3Zr2O12 Analyze the reason why there are two 

different phase structure of LLZ at room 

temperature: When using corundum 

crucible for sintering, a small amount of 

Al3+ will be doped, and the addition of Al3+ 

can keep the high temperature cubic phase 

structure of LLZ to room temperature. 

Adams55 Li7La3Zr2O12 In-situ variable temperature XRD test; 

Tetragonal phase structure show an orderly 

rearrangement of lithium ions. Most of Li 

completely occupies the octahedral 

positions of 16f and 32g. Of the two types 

of tetrahedral positions, the 8a position is 

completely occupied, and the energy of the 

16e octahedral position is increased. 
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Murugan56 Li7.06La3Y0.06 Zr1.94O12 Choose Y stable ZrO2(3% YSZ) as raw 

material; 8.1ⅹ10-4 S/cm 

Ohta57 Li7−xLa3(Zr2−x,Nbx)O12 

(x=0~2） 

X=0.25, 8.0ⅹ10-4 S/cm, activation energy 

30kJ/mol 

Allen58 Li6.75La3Zr1.75Ta0.25O12 Prepare precursor powder by co-

precipitation method, hot-press sintering; 

8.7ⅹ10-4 S/cm, 0.22 eV 

Goodenough59 Li7−xLa3Zr2−xTaxO12 

(x=0~1) 

Alumina as a crucible; X=0.6, 1.0ⅹ10-3 

S/cm; The Al element exists in the grain 

boundary as an amorphous phase, which 

acts as a sintering aid and prevents the 

volatilization of Li element. 

Murugan60 Li7−2xLa3Zr2−xWxO12 (X= 

0.3,0.5) 

X=0.3,7.89ⅹ10-4 S/cm 

Murugan61 Li6.5La3Zr1.75Te0.25 O12 1.03ⅹ10-3 S/cm; Pointed out that Li-ion 

stoichiometry x=(~6.4) can prepare the 

LixLa3M2O12 with best performance at 

room temperature 

1.4.3 Perovskite type solid-state electrolyte 

Generally, the titanate of alkaline earth metals is called perovskite ATiO3 (A=Ca, Sr, 

Ba), and the general formula can be written as ABO3. In 1987, Belous et al,62 first 

synthesis the perovskite structure material Li0.5La0.5TiO3 (LLTO) by replacing the A site 

alkaline earth ions with the La3+ and monovalent alkaline earth cations (Li+, Na+, K+). 

The ABO3 cubic perovskite structure is composed of a series of oxygen shared 

octahedrons. The B-site ion with higher valence and smaller radius is located in the center 

of the oxygen octahedron, such as Ti, Sn, Zr, Nb, Ta, In. In the oxygen octahedron, is the 

A-site ions with a large radius, lower valence, and the coordination number is 12, such as 

Na, K, Rb, Ca, Sr, Ba, Pb, etc. 

In the crystal structure of LLTO (as shown in Figure 1.7), LLTO belongs to the cubic 

crystal system and the space group is Pm-3m. Titanium ions and oxygen ions form TiO6 

octahedral structure, lithium ions and lanthanum ions are located in the gaps formed by 

eight co-topped TiO6 octahedra, and Li+ ions are surrounded by 12 O2- ions.63 From the 
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structure point of view, ionic conductivity mainly depends on the size of A-site cation, 

Li-ion and vacancy concentration.64 In LLTO, Li-ion migration in the framework of 

material based on the ion-vacancy transition mechanism, during the migration process, 

Li-ion needs to pass through quadrilateral gap formed by four oxygen ions, the size of 

this quadrilateral gap directly affects the transition rate of lithium ions. The experimental 

results show that in the composition LixLa(2-x)/3TiO3, the lithium ion concentration and the 

vacancy concentration in the framework of LLTO reach the optimal ratio, when x= 0.11. 

and the grain ionic conductivity is as high as 1.43×10-3 S/cm.65  

 

Fig 1.7 The crystal structure of LLTO 

Although perovskite-type compounds have higher lithium ion conductivity, they also 

have certain problems. For example, Ti4+ is easily reduced to Ti3+, which changes its 

electrical conductivity, and Li2O is easily lost during the sintering process. Dionysions66 

have used Ta5+ instead of Ti4+ to obtain R1/4 Li1/4 TaO3 (R=La, Nd, Sm, Y), but as the 

radius of rare earth ions decreases, the conductivity also decreases, which is mainly due 
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to the influence of lattice volume and A-site order. In addition, the sintering performance 

of these compounds usually is poor, so when prepared as a ceramic sample, its total ionic 

conductivity is about 2 orders of magnitude lower than its grain ionic conductivity. 

Therefore, how to improve its sintering performance has become a key issue in the 

research of such materials.67 At present, the methods for synthesizing LLTO inorganic 

solid electrolyte mainly include solid-state reaction, sol-gel and other methods. When 

preparing LLTO, a suitable method should be selected, and factors such as the content of 

raw materials, sintering temperature and sintering time should be reasonably controlled, 

to obtain an electrolyte with stable structure and high conductivity. The various elements 

of substitution at the different substitute sites in the LLTO are summarized as follows: (i) 

A-site: The substitution of other lanthanides o (Y, Dy, Gd, Sm, Nd. Pr); ( ii) B-site: Other 

alkali (Na, K), alkaline earth (Sr, Ba) and Ag ions are substituted for the A-site of Li ion; 

(iii) Ti-ion are substituted by other trivalent, tetravalent, pentavalent and hexavalent ions 

at B-site; (Iv) Co-replacement of A-site and B-site. 

The summaries of the development of LLTO perovskite-type solid electrolyte have 

shown in Table 1.5 and Table 1.6 based on different synthesis methods and doping 

modification, respectively. 

Table 1.5 Summary of LLTO perovskite-type solid electrolytes based on different 

synthesis method 

Author Composition Research characteristics 

Inaguma68 Li0.34La0.51TiO2.94 Solid-state reaction; grain ionic 

conductivity 1.0ⅹ10-3 S/cm 

Sutorik69 Li0.29La0.57TiO3 Sol-gel preparation precursor, higher 

sintering temperature is benefit to increase 

the conductivity; 1100oC 6.3ⅹ10-5 S/cm, 

900 oC 3.15ⅹ10-5 S/cm 

Romero70 Li0.30La0.57TiO3 Sol-gel preparation precursor(Acetic acid 

medium); LLTO has a sharp cubic structure 

and the grain boundary conductivity 

reaches 1.5×10-5 S/cm. 

Mei71 LLTO/SiO2  

Composite ceramics 

Co-precipitation; SiO2 is distributed in the 

grain boundaries and amorphous lithium 
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silicate is formed at the grain boundaries, 

increase the transition of Li-ion at grain 

boundaries. ~10-4 S/cm  

Laffita72 Li0.5La0.5TiO3 Sol-gel low temperature combustion 

method; grain conductivity 1.33×10-4 

S/cm, grain boundaries conductivity 

7.28×10-10 S/cm. 

Vidal73 Li0.30La0.57TiO3 Glycine-nitrate combustion method; grain 

conductivity 9.0×10-4 S/cm 

Table 1.6 Summary of LLTO perovskite-type solid electrolytes based on different 

doping modification 

Author Composition Research characteristics 

Teranishi74 Li0.33LnxLa0.56-2x/3TiO3 

(Ln=Nd, Ba) 

Grain conductivity was improved,1.24ⅹ10-

3 S/cm; Increase volume fraction of cubic α 

phase. 

Teranishi75 Li0.36SrxLa0.55-2x/3TiO3 X=0.04, grain conductivity 1.24ⅹ10-3 S/cm; 

The doping of Sr can stabilize the phase as 

a cubic phase, increase the lattice 

parameter, and enlarge the lithium ion 

transmission bottleneck, thereby increasing 

the grain conductivity of the sample and 

reducing the activation energy of lithium 

ion. 

Lee76 (Li0.5-xNaxLa0.5)Ti0.8Zr0.2O3 

(LNTLZ) 

The conductivity of the sample increases 

with the increase in Na content, when 

X=0.4, activation energy 0.56 eV 

Le77 (Li0.33La0.56)1.005Ti0.99Al0.01O3 Added 1 wt% Al and excess Li2O to LLTO 

by sol-gel method; The sample has a 

tetragonal phase structure, when excess 

amount of Li2O is 20%, grain conductivity 

2.99×10-3 S/cm   

Ling78 Li0.5La0.5TiO3 (Zr4+) Sol-gel; 4 wt% Zr4+ total conductivity 
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5.84×10-5 S/cm 

Okumura79 La0.56-yLi0.33TiO3-3yF3y Adding LiF to change concentration of  

Li-ion and vacancy, when y=0.017, grain 

conductivity 2.30×10-3 S/cm 

Hu80 Li0.43La0.56Ti0.95Ge0.05O3 Adding Geo2 into LLTO, total conductivity 

1.2×10-5 S/cm, Densification of solid 

electrolyte and improvement of structural 

integrity 

Kawakami81 (Li0.05La0.317) 

(Li0.1La0.3) 

(Li0.25La0.25)1-xM0.5xNbO3 

(M= Sr, Ca) 

Best composition (Li0.25La0.25)1-

xSr0.5xNbO3, total conductivity 7.3×10-5 

S/cm; Sr2+ increase the cell volume. 

 

Nakayama82 
(Li0.1La0.3)1+xMxNb1−xO3 

(M=Zr,Ti; X=0,0.05) 

The Li+ migration pathway in the Zr-doped 

samples is subjected to contract due to the 

local lattice distortion around Zr-doped site 

1.5 Calculation and Simulation 

New energy materials are a hot spot in the development of modern science and 

technology, and research on battery materials is also in full swing. At the same time, the 

development of computer technology has made the application of first-principles 

calculation and molecular simulation more and more widespread. Using theoretical 

calculations to analyze the energy storage mechanism of battery materials can analyze the 

electrochemical reaction kinetics from the atomic scale, combined with high-precision 

experimental characterization techniques, which can often explain the relationship 

between structure and performance. Theoretical calculations can also be used to predict 

the electrochemical performance of electrode materials, or to screen suitable electrode 

materials from a large number of materials, without the need for complicated experiments 

and instrumental characterization. Using theoretical calculations to guide experiments can 

often save time and cost. 

1.5.1 Density functional theory (DFT) 

Density functional theory has a wide range of applications in the basic research of 
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lithium-ion batteries. It is often used to calculate the, lithium-intercalation potential, 

electronic/band structure, energy band, relaxation structure, defect generation energy, 

structural stability, , migration path, activation energy of lithium electrode materials. Ion 

transport kinetics and phase transition of lithium deintercalation.83–85 The iterative 

process of density functional theory calculation is shown in the Figure 1.8. 

The functional methods to describe exchange-correlation interactions often used in 

battery material calculations include local density approximation (LDA), gradient 

approximation and related techniques (GGA, meta-GGA, GGA+U) and hybrid 

functionals (HSE06). The LDA or GGA cannot handle the relative exchange energy of 

electrons well. When electron transfer occurs in the calculation system, there will often 

be non-negligible errors. The lithium ion intercalation potential obtained by LDA and 

GGA is often a few tenths of electron volts lower than the actual potential.86,87 The self-

interaction of non-local electrons in Li metal is very small, while the self-interaction of 

d-orbital electrons of transition metals is very large. When the non-local electrons in Li 

metal are transferred to the d-orbital of transition metal, the energy change is relatively 

large. The LDA and GGA will underestimate the energy change, thereby underestimating 

the reaction potential. GGA+U is a semi-empirical method, and the U value needs to be 

corrected by experimental values. The same element may need to use different U values 

in different chemical environments. So the determination of the U value is very 

critical.88,89 The meta-GGA functional SCAN can describe the mid-range van der Waals 

effect very well. It is better than LDA/GGA functionals in analyzing the electronic 

structure and unit cell parameters and predicting the stability of the structure.90 HSE06 

reduces the error of electron self-interaction energy by introducing a certain proportion 

of Hartree-Fock exchange energy. The calculation accuracy is higher, but the calculation 

amount is much larger than that of GGA and GGA+U, which requires a lot of calculation 

resources.91 

First principles have been widely used in the research of lithium-ion battery 

materials. However, the calculation system is still too small. The conventional methods 

still have problems with applicability and calculation accuracy. Therefore, it is necessary 

to ensure accuracy and develop large-scale calculation software. 
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Fig 1.8 The iterative process of density functional theory calculation 

1.5.2 Monte Carlo simulation 

Monte Carlo method is also known as random sampling or statistical experiment 

method, belongs to a branch of computational mathematics and was developed in the mid-

1940s in order to adapt to the atomic energy industry at that time.1 We can use the Monte 

Carlo method to simulate a large number of random events that meet the laws of physics. 

From these random events, the values of the physical quantities that can be calculated. 

Some experiments are very expensive or dangerous to implement, and some physical 

processes are currently undetectable. Monte Carlo methods can be used to simulate the 

real process. 

The Monte Carlo method usually uses the Metropolis algorithm for the transmission 

of Li-ion in solid materials. The Li-ion migration process will be considered as a Markov 

process. The position of each Li-ion jump is a node on the Markov chain. The success of 

the jump from the previous node to the next node is determined by a certain probability. 

The specific research ideas include two categories: (a) Simplify the process by using the 

classical interactions, and calculate the potential energy of Li-ions at different points 
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through approximate expressions. When the classical interaction is directly used for 

simplification, the expression of potential energy of different systems is related to the 

material composition. Ouyang et al,92 averaged the interaction between Li-Mn and Li-O 

to a constant in the LiMn2O4 system, to analyze the Li-ion diffusion behavior. (b) Obtain 

the potential energy through the first-principles calculation method. First-principles 

calculations can accurately calculate the energy of some representative atomic structures, 

and then use the cluster expansion method to fit the general expressions of energy and 

structural parameters, so as to obtain the energy of all possible structural models; then use 

Monte Carlo simulation to study the diffusion and transport properties of Li-ions in 

various complex materials. Ceder et al,93 discovered the double-vacancy diffusion 

mechanism of Li-ion in LixCoO2. Nakayama et al94,95 analyze the influence of modulated 

arrangement cation/Vac in perovskite-type material LLMO (M=Ti, Nb) on the Li-ion 

migration. 

The advantage of Monte Carlo simulation is that the simulation system can be very 

large, and it can even directly do the simulation at the real system size of material. Ouyang 

et al,96 simulated the blocking effect of Cr4+ on Li-ion migration in LiFePO4 with a 

periodic boundary system, the model is composed of 1000*1000*1000 unit cell, this 

model size is on the same order of magnitude of real LiFePO4 particle size. 

1.5.3 Molecular Dynamics (MD) 

The molecular dynamics method is a deterministic simulation method. The basic 

idea is to describe the motion of particles by solving the Newtonian equation of motion. 

Under a given potential field, the initial position and velocity of the particles in the system 

are known. The force and acceleration can be determined by solving the equation of 

motion, and finally the position, velocity and acceleration of each particle can be obtained 

over time. In the process of calculating lithium ion diffusion behavior, molecular 

dynamics includes classical molecular dynamics and first-principles molecular 

dynamics.97–100 

The classical molecular dynamics method is limited by the observation time and the 

size of the simulation system. It is necessary to introduce boundary conditions such as 

periodic boundary, total (diffuse) reflection boundary, and open boundary. For Li-ion 

diffusion behavior in lithium ion battery materials, to calculate the diffusion coefficient 

at a certain temperature, the suitable ensemble (NVT/NPT/NET) should be considered. 
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Applying molecular dynamics to simulate the diffusion behavior, the most important 

thing is to construct a model that can accurately describe the potential field of the particles, 

and then calculate the precise force of the particles. For solid-state materials, it is still  

difficult to construct the model that can perfectly describes the force field of particles.101 

The basic idea of first-principles molecular dynamics simulation is to use the first-

principles method to calculate the force between atoms, and then to calculate the atomic 

motion through the molecular dynamics method, and the motion of atoms and electrons 

were consider separately.  

In terms of the size of the simulation system, the number of atoms that can reach 

several thousand and even hundreds of thousands for the large-scale calculations by using 

classical molecular dynamics. Although, First-principles molecular dynamics simulation 

can obtain more accurate results, the simulation system is relatively small (within a few 

hundred). From the perspective of simulation time, the time scales that can be simulated 

by classical molecular dynamics are usually on the order of nanoseconds, and some can 

even reach the order of microseconds. The time scales of first-principles molecular 

dynamics simulations are only on the order of picoseconds, which limits this method on 

the diffusion mechanism level, and cannot truly study the diffusion behavior of the actual 

battery system. 

Molecular dynamics can not only reveal the movement path and energy barrier in 

the self-diffusion process in materials, but also allow us to understand the diffusion 

mechanism with higher degree of freedom. Many achievements have been reported in the 

field of lithium battery materials via MD simulation. The structural defect characteristic 

and ion migration properties of {cathode materials (spinel manganese oxide,102 olivine 

phosphate,103–107 silicate,108,109 tavorite110); anode materials111,112 ; electrolytes(nasicon-

type,113–115 garnet-type,13,116 perovskite-type,16,95 Sulfide117–119)}for Li-ion battery has 

been investigated. With the development of a series of simulation techniques such as 

molecular dynamics simulation, the research on solid electrolyte interfacial (SEI) 

membranes has also made considerable progress. Y.Qi et al,120 summarized the design of 

SEI films, and gave a detailed overview of the formation process, principles and 

modification methods of SEI. Takenaka et al,121 developed a new method which combines 

MC (reaction energy calculated by DFT) with MD (classical force field) to observed a 

nano-thick SEI film with a two-layer structure, this method overcomes the time and length 
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scale of SEI formation, successfully. 

1.5.4 High-throughput computing and data mining 

Beginning in 2010, Ceder et al, has carried out a research project called genetic 

engineering of lithium-ion battery materials. They have developed a data platform for 

material performance calculation, data generation, and data analysis. The polyanion XO4 

(X=P, S, As, Si) compound is replaced with other elements to synthesize new compounds, 

and new materials are screened by evaluating parameters such as energy density, voltage, 

and cell volume after removing Li.122 In addition, based on the Sidorenkite structure, more 

than 270 components and structures are constructed, several candidate Li3MnX(X=CO3, 

PO4), Li2VX(X=CO3, PO4), Li3VX(X=CO3, SiO4) are screened out.123–125 They also 

screened compounds of various transition metals and Li containing (PmOn) anion groups 

by the similar methods.126 Tanaka et al,127,128 analyzed the ion transport of LISICON-type 

material by combining first-principles molecular dynamics simulation with machine 

learning technology. It can effectively predict the ionic conductivity with different 

components of LiO1/2AOm/2BOn/2 LISICON system, accelerated the development of solid 

electrolytes.  

The high-throughput calculation methods used in the above research work all have 

the common characteristics shown in Figure 1.9. First input selected data from the 

external structural database, generate input files that can be called by calculation software, 

and calculate the corresponding property data of the material, and save the calculation 

results to the database for further analysis. The new knowledge obtained can expand the 

original database, and help more accurate data selection. In conclusion, to establish a set 

of programmed high-throughput calculation platform, linking various calculation 

software packages, single-function calculation programs or instructions (such as input file 

generation &, material property simulation, result analysis program, etc.) with computing 

hardware equipment, etc., so that the entire process can be completed automatically, is 

the key to achieving high-throughput computing and improving overall efficiency. The 

calculation process designed by the Ceder’s team which mentioned above, realized the 

automatic call function of the crystal structure database and the first-principles calculation 

program VASP, so as to obtain thermodynamic data such as the formation energy of the 

material and the information of the electronic structure through high-throughput 

calculations. However, since the attention properties of material is often different, the 
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material database, simulation method, and analysis method that you want to use may 

different. Therefore, it is necessary to design corresponding software for various materials 

to achieve specific Automated calculation process. 

At present, there are still the following problems in the high-throughput screening 

of lithium battery materials: (1) The emphasis is on the thermodynamic properties of 

materials, such as the calculation of formation energy and thermal stability, and the lack 

of consideration of the important kinetic performance of lithium ion transport (2) The 

constraints used in screening are not targeted and hierarchical, causing a lot of repetition 

and unnecessary calculations; (3) Most calculations are based on first-principles methods 

based on density functionals, which have not yet been combined with other more 

Calculation method or software; (4) The large amount of data obtained by calculation has 

not yet been effectively mined. In fact, the performance of the material is completely 

determined by two factors: the structure and composition of the material. Through large-

scale calculations, the connection between the structure, composition and material 

properties of the material is unearthed. Constructing the (structure-activity relationship) 

of materials is also one of the important goals of high-throughput calculations. Through 

the establishment of targeted external constraints for the screening process, including 

application requirements, basic physical laws, temperature and pressure, and other 

external conditions, the material composition and structure model are constructed. High-

throughput computing technology is used to calculate the various properties of the 

compounds corresponding to these structural models, and feed them back to the structural 

performance database, which is used to study the physical problems in lithium battery 

materials, and at the same time screen out materials that meet the application constraints. 

And through various experimental methods to prepare these materials, and then test and 

characterize the physical and chemical properties of these materials, and finally achieve 

the purpose of understanding the physical problems of lithium battery materials and 

discovering new materials. It is foreseeable that in the next few years, the application of 

high-throughput calculation methods, combined with experimental research, will greatly 

accelerate our research and development of lithium battery materials, and deepen our 

understanding of various problems in lithium batteries. Reveal the structure-performance 

relationship and intrinsic physics of materials Laws, thereby shortening the entire process 

of materials from research and development to application. 
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Fig 1.9 Data flow diagram for high-throughout computational screening of materials 
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1.6 The purpose of this work 

To develop better performance battery device, obtained new material with specific 

function and outstanding performance is necessary, solid-state electrolyte as a very 

important part of all solid-state Li-ion battery still has some unsolved problems need to 

be conquered. Obtaining the knowledge of the ion conduction mechanism in the solid 

material is a very important path to improve the related researches. In this thesis, 

lanthanum lithium niobite (LLNO), a perovskite-type LLNO derivative introduced in 

section 1.4.3, is focused as a n attractive candidate for fast Li-ion conductor, since this 

series of materials has many structural advantages compared with LLTO, it has higher 

concentration of cation vacancy sites, and larger lattice volume than LLTO, which are 

interesting structural advantages, supposed to form effective Li-ion migration path-way. 

The structure and property details will be introduced at the head of Chapter 2 of this thesis. 

The unrevealed atomic arrangement of Li/cation/vacancy in LLNO is the key to 

solve this problem. We hope to link the atomic crystal structure with physical properties 

such as ion diffusivity, it is expected to be a powerful method for other type solid-state 

electrolytes, and guide research to design new material.  

In Chapter 2, we used DFT calculation combined with cluster expansion (CE) and 

Monte Carlo (MC) simulation in multiple scale to reveal the possible modulated 

arrangement of cation/vacancy of LLNO and dictated the available pathways for Li-ion.  

In Chapter 3, we adopt DFT-derived force field molecular dynamics (FFMD) 

simulation via a metaheuristic approach to investigate the migration behavior of Li-ion in 

LLNO with specific modulated structure.  

In Chapter 4, we used conventional experimental method to dope modified the 

properties of LLNO, except for the experimental part, as an extended exploration of 

proof-of-concept. Our computational simulations proved that the Bayesian optimization 

(BO) method can effectively search for the best material composition, so material 

retrieval during the exploration period can benefit from BO. This has guiding significance 

for the traditional materials industry that explores new materials through trial and error. 
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Chapter 2. Arrangement in La1/3NbO3 Obtained by First-

Principles Density Functional Theory with Cluster Expansion and 

Monte Carlo Simulation 

2.1 Introduction 

As described in Chapter 1, conventional organic liquid electrolytes currently 

commonly used in lithium ion batteries have many fatal disadvantages. Therefore, in 

order to develop higher-performance batteries, solid electrolytes need to be used to 

replace traditional organic liquid electrolytes. 1,2  

All solid-state lithium-ion batteries exhibit lower current and voltage densities than 

conventional lithium-ion batteries because the ionic conductivity of a solid electrolyte is 

low and the impedance at the solid–solid interfaces is high.3,4,5 Solving these problems is 

key to the commercialization of all solid-state batteries. Our research target material 

lanthanum lithium niobite, LixLa(1-x)/3NbO3 (LLNO), is attractive A-site-deficient 

perovskite candidate for fast Li ion conduction owing to the higher concentration of 

vacancy sites and larger lattice than lanthanum lithium titanate LLTO.6 

X-ray diffraction (XRD) and neutron diffraction (ND) structural characterization 

study results, revealed that the La atoms in this A-site deficient LLNO are arranged into 

alternately La rich layers (1/3 vacancies) and La poor layers (all vacancies). Across a 

series of compositions, Li free La1/3NbO3 has an orthorhombic unit cell and lattice 

parameter a=3.91 Å, b=3.92 Å, c=7.91 Å (space group Cmmm) as shown in Figure.2.17. 
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Fig 2.1 Crystal structure of La1/3NbO3 showing alternating La-rich layers (labeled 

A1, the ratio of La atoms and vacancies is two-thirds) and La-poor layers (labeled A2, the 

A-site cations are all vacancies) paralleled to (001)p, where subscript p indicates the 

conventional cubic perovskite cell. 

Additionally, the arrangement of La atoms in the La-rich layers is not random; a 

modulated structure has been reported.8,9 As shown in Figure 2.2, the sopts {ω} appered 

at 1/4 d*(001)p and 1/6.7 d*(110)p, suggest the existence of a modulated arrangement of 

La/Vac along these directions. The satellite spots appeared as two sets, symmetry related 

by π/2 around [001]p in (b) also suggest that there is some modulate repeating units 

throughout these directions. Anyway, these are clearly visible evidence to prove that in 

the La-rich layer of LLNO, existing a quasi-periodic ordering structure.  
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Fig 2.2 SAED patters of La1/3NbO3, view direction of (a) along [1 ̅1 0]p and (b) is 

[1 ̅1 4]p. 

Based all the observations, Garcia-Martin supposed the reciprocal unit cell of LLNO 

in Figure 2.3.8 They deduced that the coherent length of the domain boundary periodicity 

is about 60 Å, so the shape of the microdomains is approximately square. 

 

Fig 2.3 Imaginary reciprocal lattice of LixLa(1-x)/3NbO3, 0≤x≤0.06 

Compared with LLTO, LLNO has more intrinsic vacancies and a larger unit cell 

volume, so it follows that it would have greater Li-ion conductivity. However, this 

assumption is inconsistent with the experimental observations, the highest observed bulk 

ionic conductivity of LLNO at room temperature is about 10-4 S cm-1 which is smaller 

than that of LLTO, almost an order of magnitude difference. It is well known that the 

electrochemical properties of perovskite materials are strongly related to their crystal 
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structure and their ion arrangements10,11. For example, doping a suitable proportion of 

alkaline earth materials in A-site can extend the lattice; decreasing the activation energy 

for Li ions hopping12. Therefore, elucidating the undetermined modulated arrangement of 

Cations/Vacancies inside La-rich layers of LLNO may be the key to understanding the 

unexpectedly low conductivities observed. 

Information about local atomic arrangements will facilitate analysis of the gap 

between theoretical and observed conductivities. It's possible to design LLNO materials 

with higher ionic conductivity using the description of detailed atomic arrangement 

obtained by computational simulation. Ab initio density functional theory (DFT) 

calculations are a reliable tool for calculating local atomic arrangements and energies. 

Some DFT computational studies successfully simulated the alternating La-rich and La-

poor layers along c-axis and the resultant BO6 octahedral tilt in LLNO, LLTO. 13,14 

However cell size limitations of DFT computations and the combinatorial expense of 

possible arrangements of La/Li/vacancy prevent the direct determination of long range 

ordering in modulated arrangements. In order to overcome these limitations, cluster 

expansion (CE) and Monte Carlo(MC) simulations were utilized to investigate this topic 

to endure these limitations 15,16. 

In this chapter, Li-free La1/3NbO3 was used as a framework for LLNO to simulate 

the Cation/Vacancy modulated arrangement, a hybrid method that combined DFT cluster 

expansion with MC simulation was performed. Since La atoms effectively stays still 

during the simulation, this A-site arrangement determines the available way for Li-ion to 

diffuse along the vacancies in the material. The calculated arrangements are verified by 

comparing them (simulated electron diffraction patterns) with experimental electron 

diffraction (ED) data. The reporting content is basically based on the following aspects: 

1. Verify the accuracy of the fitting results obtained by Cluster expansion 

2. The process of using Monte Carlo approach to explore the potential 

modulated arrangement of La/Vac in LNO. 

3. Analyze the reasons for the formation of different modulated structures 

and their influence on the diffusion of Li ions in LNO. 

4. Verify the accuracy of our simulation result by comparing with the 

experimental data. 
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2.2 Research methods 

To obtain the long-range atomic structure of La/vacancy in La1/3NbO3, the 

calculation process is divided into three parts. After that we used solid-state reaction 

method to prepare the La1/3NbO3 crystal, and crystalline phase identification was 

measured by XRD and TEM. 

2.2.1 DFT calculation process and calculation settings 

Firstly, the total energy of different A-site configurations of La1/3NbO3 was 

calculated using ab initio DFT. The Vienna ab initio simulation package (VASP) utilizing 

the generalized gradient approximation (GGA) 17 and projector-augmented wave (PAW) 

18 was used. After the relaxation of the structure is completed, the energy of the optimized 

structures is recalculated to correct the variation of the plane wave base during the 

relaxation process. More explanation is available in previous research results20. The 

computationally optimized structures reproduce the experimental results well, such as the 

extended X-ray absorption fine structure (EXAFS) technique. The details of 

computational conditions are follows, 

✓ Cutoff energy for the plane-wave basis: 500 eV 

✓ K-point: 1000 (i.e., Nx, Ny, and Nz, which are the number of grids in the kx-, 

ky-, and kz-directions of the reciprocal space, were set to satisfy Nx × Ny × Nz 

× Natom ~ 1000, where Natom is the number of atoms in each unit cell) 

✓ Convergence test: energy difference < 3 meV/atom 

✓ Stopping criterion: ionic relaxation energy difference < 0.1 meV 

2.2.2 Cluster Expansion (CE) 

Secondly, the total energy of various La/Vacancy arrangements within the NbO3 

octahedron sub lattice obtained from the DFT calculations were fitted to effective cluster 

interactions (ECI) 19, such that the total energy of each unique La1/3NbO3 cell is equal to 

the sum of the clusters it contains. The cluster expansion formalism15 is used to fit the 

cluster interaction energies. According to the Eq (2-1), the total energy of La1/3NbO3 with 

arbitrary La and vacancies arrangements can be calculated by this summation of 

polynomials, ϕα is related to occupation variables σi which decided by La sites among 

cluster α, defined by Eq (2-2). For the whole A-sites in the structure, σi has different 
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values according to the occupation situation, if the site i is occupied by La ion σi is +1, 

otherwise it equal -1. In this study cluster α includes pair clusters and triplet clusters, all 

come from nearest neighbor then second nearest neighbor and so on. The constants Jα are 

the ECI obtained by the fitting results of DFT calculation. This makes it possible to 

calculate the total energy of large cells with complicated arrangements quickly, as a sum 

of the cluster energies containe. 





 •=JE                         (2-1) 

=



i

i                            (2-2) 

2.2.3 Monte Carlo simulation (MC) 

Metropolis MC calculations were performed using the well-fitted ECI results. 

Metropolis MC is a standard simulation technique that uses random sampling to evolve a 

system under canonical ensemble to find the lowest energy structure. Cells much larger 

than those possible in DFT can be rapidly assessed using the ECI cluster values to 

calculate the total energy during the MC runs. To investigate long-range ordering and 

minimize the specific box size effects, La/vacancy only supercells ranging from 8 × 8 × 

8 (171 atoms) to 15 × 15 × 15 (1126 atoms) were simulated. This was done to allow the 

maximum possible differently ordered patterns to emerge, as the supercell dimensions 

dictate the form of the possible repeating La/vacancy arrangements. Each supercell was 

cycled through five temperature cycles (from 10000 K to 300 K, 300 K to 3000 K, 3000 

K to 300 K, 300 K to 1500 K, and 1500 K to 300 K) sequentially during the MC run to 

obtain the most stable structure. The MC passes for equilibration and averaging time were 

set as 10000 each, where an MC pass corresponds to the number of attempted flips equal 

to the number of lattice sites in the simulation cell. Convergence was considered to be 

attained when the minimum energy reached at 300 K in each cycle converged. The 

temperature cycling process was started at a very high temperature to ensure that energy 

barriers due to unfavorable moves were overcome.24 Because of the limitation of the MC 

calculation, the temperatures at which the structural transformation takes place may be 

higher than the actual experimental temperatures. Setting a higher simulation temperature 

can provides enough energy for the system to ensure that the arrangement with the lowest 

energy structure can be obtained. The 12 × 12 × 12 supercell was found to exhibit a 

structure with the minimum energy per formula unit. To investigate the long range of the 
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modulated arrangement of the La-rich layer, the 12 × 12 × 12 supercell was selected as 

the basic unit of the long-range order; scaled up supercells 24 × 24 × 24 and 36 × 36 × 36 

were studied. This was to ensure coherence with the obtained low energy pattern. In this 

study, the EC and MC simulations were both performed using the ATAT program 

package.20,21 The selected area electron diffraction (SAED) simulation was performed 

using SingleCrystal 3.1 (CrystalMaker Software Ltd.)22 The crystal structure images were 

drawn using VESTA.23 

2.2.4 Other involved software 

The selected area electron diffraction (SAED) simulation was performed using 

SingleCrystal 3.1 (CrystalMaker Software Ltd.)22 The crystal structure images were 

drawn using VESTA.23 

2.2.5 Experiment  

In this chapter, to compare the simulated SAED patterns with the experimental 

values, La1/3NbO3 were synthesized by conventional solid-state method. 13 Reaction 

materials La2O3 (99.9%) and Nb2O5 (99.9%) were mixed by the stoichiometric amounts. 

La2O3 powders were preheated at 1000 °C for 12 h for decarboxylation. The mixture of 

reagents was heated at 800 °C for 2 h and then at 1300 °C for 48 h in air with several 

intermittent grindings. Crystalline phase identification and lattice parameter evaluation 

were carried out by powder X-ray diffraction using a Rigaku Mini Flex600 diffractometer 

with Cu Kα radiation. A single-phase formation was confirmed ( as seen in Figure 2.4) 

unlike in previous studies. 24,25 The SAED patterns of the La1/3NbO3 powder were 

obtained using transmission electron microscopy (TEM) JEOL JEM-ARM 200F. 
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Fig 2.4 Comparison of the XRD patterns between simulated and experimentally 

obtained La1/3NbO3 perovskites. The simulation patterns are derived from the reported 

structure (ICSD #190161) belonging to an orthorhombic system.26 

2.3 Results and Discussion 

2.3.1 Verify the accuracy of the fitting results obtained by Cluster expansion 

2.3.1.1 Linear fit result of EECI using CE formalism compared with EDFT 

After finished the cluster expansion, we compared the total energy calculated using 

DFT(EDFT) with the fitted energy (EECI) obtained using the cluster expansion formalism 

(see Eqs. 2-1 and 2-2) for the total 100 different La/Vacancies configurations, as shown 

in Figure 2.5. In this chapter, since only La1/3NbO3 forms the perovskite structure 

observed in LLNO, only one component of LNO is cluster-fitted in the process of cluster 

expansion. In order to facilitate the comparison of the two sets of values, the lowest 

energy obtained by the DFT calculation is set to zero.The ground states were correctly 

reproduced and predicted, as shown in Figure 2.5(b). Based on the linear fit result and the 

root mean square error calculated for the two sets of values (RMSE = 0.018 eV per 

La1/3NbO3) and leave-one-out cross-validation score (0.027 eV per La1/3NbO3), EECI 

obtained using the cluster expansion formalism shows a reasonable goodness of fit with 

EDFT. 
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Fig. 2.5 (a) Total energy obtained by DFT calculation (EDFT) versus fitting energy 

obtained by cluster expansion (EECl). (b) Enlarged plot around 0 eV. The solid line 

indicates the linear fit result obtained using the least-squares linear fit function. 

2.3.1.2 The effective of clusters interaction judged by the normalized interaction 

distance 

The ECI Jα of the two types of clusters is plotted as the function of the interaction 

distance normalized to the conventional cubic perovskite lattice parameter ap, as shown 

in Figure 3. The pair and triplet clusters were indicated by the circle and cross marks, 

respectively. To predict the energy by converting EDFT from the 100 different La/vacancy 

configurations, 16 pair clusters and 12 triplet clusters are used. The value of the pair 

clusters is positive, indicating that all two-body interactions between different species 

(La–vacancy) are negative and attractive, at same time, the same species (La–La or 
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vacancy–vacancy) are positive and repulsive. The overall trend of the pair clusters shows 

that the cluster energy decreases with increasing interaction distance. The cluster energy 

approaches zero when the interaction distance is over 3.5 ap (Figure 2.6(a)). However, 

with the interaction distance increases, the number of clusters will also increase cubically 

with the increasing simulation distance. This means that although the energy of a single 

cluster is low, the total cluster energy may play an important role in the total energy. The 

normalized interaction distance plot (Figure 2.6(b)) shows that the influence of the low-

value long-distance clusters can almost be ignored when the cut-off distance is greater 

than 4 ap. 

 

Fig. 2.6 (a) Effective cluster interaction (ECI) of two different types of clusters 

(circle and cross symbols represent pair and triplet clusters, respectively) versus 



 49 / 144 

 

 

interaction distance (the distance is normalized with the average LLNO lattice parameter 

ap). (b) Product of pair cluster ECI and cube of ap versus normalized interaction distance. 

 

2.3.1.3 The correlation between the energy of configuration of La1/3NbO3 and cell 

volume 

Compared the cell volume and the total energy for all the different configurations of 

La1/3NbO3 involved in cluster expansion approach which calculated by DFT calculations. 

It has some positive correlation for all the datasets as shown in Figure 2.7(a), but 

magnified plot (Figure 2.7(b)) around low energy region (< 0.4 eV) is more important for 

MC calculations, it shows no obvious correlation between the energy and cell volume. 

This indicates that the total energy of La1/3NbO3 is more related to its atomic arrangement 

instead of the cell volume. 
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Fig. 2.7 (a) Total energy calculated by DFT calculation versus cell volumes for all 

the configurations obtained using the cluster expansion approach. (b) Enlarged plot of 

lower energy area (< 0.4 eV per La1/3NbO3). 

2.3.2 The process of using Monte Carlo approach to explore the potential modulated 

arrangement of La/Vac in LNO. 

2.3.2.1 Conducted MC run on various supercell sizes of LNO 

The snapshots of MC derived La/vacancy arrangement in La1/3NbO3 with various 

supercell sizes after annealing from 2000K to 300 K are exhibited in Figure 2.8(a). The 

energy of the MC-derived odd-multiple supercells is greater than those of the even-

multiple supercells. All the even-multiple supercells reproduced the alternate La-rich and 

La-poor layers along the c-axis, consistent with experimental results.7,8,9 The odd-

multiple supercells cannot completely form the alternating La-rich, La-poor layers owing 

to the periodic boundary conditions used in the calculation. This result implies that the 

alternate La-rich and La-poor stacking structure significantly reduces the total energy 

(Figure 2.8(b)), consistent with the reported structure (Figure 2.1). If the obtained 

structure has alternating La-poor and La-rich layer structure, as well as there is a high 

ordered arrangement of La/Vacancy inside rich layer, the total energy will be reduced. 

The 12 × 12 × 12 supercells obtained by using the MC simulation are the most stable 

structure, because its overall energy is the lowest. In this structure, the La-poor layer is 

completely empty, with the La ions occupying two-thirds of the total A sites in the La-

rich layer. The La-rich layer exhibits a very highly ordered arrangement of closed squares 

of La surrounding the vacant sites (Figure 2.8(c)). It can be observed in the La-rich layer 

that the intra-layer arrangement is composed of several 4ap × 6ap periodic small units, 

each of which includes 16 La ions and 8 vacancies. The site occupancy of the La ions in 

the small unit is the same as that in the La-rich layer, so that the entire layer can be 

subdivided by this small unit cell. Since in each small cell, La ions are arranged around 

the central vacancy, this modulated arrangement of La/Vacancy is simply called "closed 

arrangement" for identification. 
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Fig. 2.8 (a) Snapshots of La/vacancy arrangements in different supercell structures 

of La1/3NbO3 in three dimensions and La-rich layer in two dimensions. (b) Variation in 

energy as a function of the temperature in different supercells of La1/3NbO3 in the low-

temperature region (300–1000 K). (c) Enlarged plot of La/vacancy arrangement of the 12 

× 12 × 12 supercell in one of the ab planes. 

2.3.2.2 Order/disorder phase transitions  

The energy variation versus temperature of the system with the supercell12 × 12 × 

12 is shown by the curve in Figure 2.10(a). The inset is enlarged plot of the original figure 

between 800 K and 300 0K to show a rapid decreasing of energy in this zone. 

It is obvious that the phase transition occurred induced by ordering/disordering of 
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La/vacancy arrangement for cooling/heating process at the temperature ranging from 

1500 to 2000 K. As the overall crystal structure of the material does not change during 

the calculation, this order/disorder phase transition must be induced by the transition of 

the La/vacancy arrangement within the lattice. Figure 2.10(b) is the derivative of energy 

against temperature which correspond to the heat capacity at constant volume of the 

system, at least two phase transitions happened according to this figure, an obvious 

transition at around 2000K and a possible one at around 1500K (as arrows pointed in the 

figure). Note that the heat capacity derived from variance analysis agrees with that from 

the derivative of energy with respect to temperature, as shown in Figure 2.9, indicating 

good convergence of the present MC simulation.  

The cause of occurrence of this second phase transitions can be due to the 

ordering/disordering arrangement variation of the La/vacancy during the MC simulation. 

The fact that La1/3NbO3 maintains the perovskite crystal structure, and the La/vacancy 

arrangement gradually becomes more orderly verified this phenomenon. (Figures 2.11 

and 2.12).31,13,14 

 

Fig. 2.9 Comparison of heat capacities derived from the variance in energy and from 

the derivative of energy with respect to temperature.28,29 
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Fig. 2.10 (a) Variation in the energy as a function of the temperature in La1/3NbO3 

(supercell 12 × 12 × 12) calculated using the MC method. Different symbols in the figure 

indicate the different heating and cooling cycles. The inset is an enlarged plot of the 

original figure in the temperature range of 800–3000 K. The lowest energy of 0 eV is set 

as the baseline. (b) Derivative of energy with respect to temperature; the arrow in the plot 

indicates the second-order phase transition point. 

The variation of the site occupancy of La ions in different ab planes (La-rich and La-

poor) as a function of temperature as shown in (Figure 2.11). It is clear to see that the site 

occupancy of La ions in La-rich layer and La-poor layer remains two-thirds and zero 

respectively at low temperature (below 1000K). when the temperature above 1800 K, the 

site occupancy of La ions in La-rich layer decreases rapidly, and it accompanied with the 

number of La ions in La-poor layer sharply increases. This phenomenon indicates that La 
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ions, which were originally in a disordered state at high temperatures, undergo some sort 

of inter-layer transformation as the temperature of the system decreased. Combined with 

Figure 2.12, it indicates that this inter-layer transformation related to the alternate La-rich 

and La-poor layers stacking along C axis. This long-range ordering transformation can 

quickly reduce the energy of the system and make the system more stable. This 

phenomenon corresponds to the peak of the heat capacity curve in Figure 2.10(b) at about 

2000K. The site occupancy of La ions shows a continuous change until about 1400K, but 

there is a clear slope change of the curve at around 1800K, as it was indicated in Figure 

7. The difference between La-rich and La-poor layers is obvious at 1800K, although the 

process of structural modulation of La-rich layer shows the clear pattern at 1600K. The 

structural modulation of La-rich layers finishes later than the separation of La-rich and 

La-poor layers corresponding to the hump of the heat capacity in Figure 2.10(b) around 

1500K. 

To sum up, two types of order/disorder derived phase transition are observed from 

Figure 2.11 and 2.12. One is the disordering of the alternate La-rich and La-poor layers 

stacking along c axis which occur above 1800 K. The other phase transition occurs around 

1500 K, which relates to disordering closed arrangement within ab plane as presented in 

Figure 2.9 (c) 
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Fig. 2.11 Comparison of the variation in site occupancy of La ions in different ab 

planes as a function of temperature. The illustration is an enlarged plot. 
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Fig. 2.12 Snapshots of different temperature structures (3D) corresponding to the 

rapid variation in energy shown in Figure 2.10, and the variation in La/vacancy 

arrangement in the La-rich layer, as marked (2D) for each temperature. 

 

2.3.3Analyze the reasons for the formation of different modulated structures and 

their influence on the diffusion of Li ions in LNO. 

To investigate the other possible long-range modulated arrangement, the supercell 

12 × 12 × 12 which observed the closed arrangement was selected as a basic object, 

enlarge the 3D coordinates in equal proportions. The variation in the energy as a function 

of the temperature in per La1/3NbO3 supercell 36 × 36 × 36 was shown in Figure 2.13(a). 

The energy shows a rapid decreasing at around 2000 K with the same feature of Figure 

2.10, since the alternate layers stacking along C axis (> ~1800 K) during cooling/heating. 

However, at low temperature region, ~ 800 K, the curve displays differences from Figure 

2.10(a) as shown in the inset in Figure 2.13(a). The energy at 300 K (~16 meV/La1/3NbO3) 
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is slightly higher than the corresponding energy in the smaller 12 × 12 × 12 supercell after 

the same cooling process (Figure 2.10). The energy drop observed at around 800 K in the 

subsequent heating/cooling cycle indicates energy hysteresis. Figure 2.13(b) displays the 

snapshots of the structure corresponding to the different energy convergence points. (The 

energy was indicated by the label (4) is the same as the lowest energy), two structures 

labeled as (1) and (4) all have the clear inter-layer arrangement but different La/Vacancy 

arrangement in La-rich layer. We confirmed the La/vacancy arrangement shown in Figure 

2.14(b), which is the lowest energy labeled as indicated in Figure 2.13(b)(4), is the closed 

arrangement as presented in Figure 2.8(c). On the other hand, the atomic arrangement 

displayed by Figure 2.13(b)(1), showing slightly higher energy level than the closed 

arrangement, is more like a long-range ordered arrangement forming a striped pattern 

along diagonal direction (for convenience, this arrangement is called “stripe arrangement” 

in later). The transform process starts from the dislocation of the La ions outside the 

diagonal columns, as the degree of dislocation deepens, the columns is broken and the 

whole arrangement is changed from the diagonal to the closed one. 
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Fig. 2.13 (a) Variation in the energy as a function of the temperature in La1/3NbO3 

(supercell 36 × 36 × 36) calculated using the Monte Carlo method. The enlarged plot 

shows the area of interest. (b) Transformation of La-rich layer from striped arrangement 

to closed arrangement; each layer corresponds to the labels in (a). 

From the above MC simulation results, we speculate that two low-energy stable 

structure arrangements: closed one and striped one, may exist in the real LNO system at 

the same time. So, the modulation structure of La-rich layer mentioned by experimental 
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studies8,9 should be the numberless nanodomains composed by these two arrangements. 

Since at diluted Li concentration regime in La(1-x)/3LixNbO3 that Li ions preferred to locate 

in A-site vacancies in La-rich layers16, the closed arrangement is the majority of the entire 

structure at room temperature and most Li ions are trapped in the center of the 4apx6ap 

periodic units in the closed arrangement may be the reason that the Li ions conductivity 

in LLNO is lower than expectation as mentioned in introduction section. 

 

Fig. 2.14 (a) Snapshot of La1/3NbO3 structure corresponding to Figure 13(b1) and 

one-quarter original size of single La-rich layer. (b) Snapshot of La1/3NbO3 structure 

corresponding to Figure 13(b4) and one-quarter original size of single La-rich layer. 

2.3.4 Verify the accuracy of our simulation result by comparing with the 

experimental data. 

To further confirm that modulation structure of La/Vacancy arrangement revealed 

by this study corresponds to the real material, the experimental and the simulated SAED 

patterns are investigated and as shown in Figure2.15 and Figure 2.16. Noted that the two 

types of SAED simulation patterns are presented derived from i) closed and ii) stripe 

La/vacancy arrangement, as shown in Figure2.14(a) and (b), respectively. This simulated 

SAED patterns come from the La/vacancy structures derived solely, so there is no 

contribution of Nb and O ions. The experimental SAED patterns accord well with the 

previous study except for the extra spots {§} appeared at (h/2 k/2 0) along [001]p zone 
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axis (h and k are odd) are rather faint in this study in comparison with the one in the 

reference8,9,30. The previous paper suggested that the spots {§} of (h/2 k/2 0)p were 

ascribed to the NbO6 octahedra tilted to La-poor layers. Therefore, the absence of the 

spots in simulated SAED patterns support the tilting of NbO6 octahedra, since the present 

simulation study do not contain NbO6 contribution. 

In the both simulated SAED patterns derived from the closed and stripe arrangement 

structure, there are sharp reflections {έ} at (0 0 l/2)p where l is odd, along observation 

direction [010]p, these sharp reflections {έ} come from the alternating layers arrangement 

along c axis. In the patterns along the [ 0 1 1 ]p and [114]p directions, the spots {§} indexed 

as (h/2 k/2 0)p and spots {б} indexed as ((h/2 k/2 l/2)p), respectively, are clearly visible in 

the experimental pattern (Figure 2.16). Unlike the spots {§}, which correspond to the in-

phase octahedral tilting, the spots {б} are ascribed to antiphase octahedral tilting.8,31 

However, neither of these two diffraction spots have been observed from my simulation 

results, which just shows that the sources of both are derived from the tilt of the NbO6 

octahedron, because the contribution of NbO6 is not included in this study. According to 

the previous report, these diffuse spots {ω} are appeared around odd multiples of 

(001/4)p owning to some modulated structure. 15  In our simulated patterns , the 

corresponding spots {ω} were also observed in the both closed and striped arrangements 

systems. As mentioned, present simulation only considers La/vacancy arrangements, so 

that the satellite spots are originated by superstructure formation, such as 4ap × 6ap 

periodic units appeared in closed arrangement (Figure 2.8 (c)).Because the size of the 

simulation unit is very limited compared with the experimentally characterized bulk 

system, and it is difficult to simulate the effect of double diffraction, the streaked patterns 

of the diffuse spots were not reproduced in this work. What is interesting is that from our 

results, the position of the satellite point {Ф}are slightly shifted between the closed and 

the stripe arrangement, which indicates that the streaked pattern may be formed by the 

superimposition of the two arrangements. Hence, we infer that the La1/3NbO3 crystal is 

likely to consist of microdomains of closed and/or striped La/vacancy arrangements. In 

addition, two of the four satellite spots in the experimental SAED are reproduced in the 

present simulation. This can be ascribed to the formation of microdomain boundaries 

parallel to (1 0 0)p and (0 1 0)p, as indicated in literature.30 
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Fig. 2.15 Experimental and simulated selected area electron diffraction (SAED) 

patterns for La1/3NbO3. In the simulation, two types of La/vacancy arrangements are 

derived from the Monte Carlo simulations results, as shown in Figure 2.14(a) and 2.14(b), 

without NbO6 contribution. Extra spots are present at (h/2 k/2 0)p and (0 0 l/2)p, which are 

labeled as {§} and {έ}, respectively. 
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Fig. 2.16 Experimental and simulated selected area electron diffraction (SAED) 

patterns for La1/3NbO3. Extra spots are present at (h/2 k/2 2)p, which are labeled as {б}, 

and the labels {ω}, {Ф} indicate two different kinds of superstructure spots. 

2.4 Conclusion on Chapter 2 

The structural features of La1/3NbO3 and the potential modes of the modulated 

structure of the La-rich layer were revealed using ab initio density functional calculations 

with cluster expansion and Monte Carlo simulation. The cluster expansion formalism was 
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suitable for calculating the total energy obtained using DFT calculation for an A-site-

deficient perovskite structure. Based on MC simulation results, the structural feature of 

alternate La-rich and La-poor layer stacking along the c-axis was well reproduced when 

the supercell was even in size. The most stable La/vacancy arrangement in the La-rich 

layer of La1/3NbO3 was obtained by MC simulation with the supercell 12 × 12 × 12; the 

arrangement was composed of several 4ap × 6ap periodic units in which most of the La 

ions surrounded central vacancies, resulting in the formation of a closed arrangement. 

Moreover, a second potential La/vacancy arrangement with a slightly higher energy was 

found by simulating a 36 × 36 × 36 supercell; this structural arrangement tends to exist in 

larger systems and at higher temperatures. The second arrangement is different from the 

first one in that there is no obvious ordered short-range structure, although a long-range 

ordered structure is observed along the diagonal direction [1 1 0]p. Based on our results, 

we believe that these two different types of modulated arrangements will coexist in the 

real system, and closed arrangement with relatively low energy will account for the 

majority of the structure. It is foreseeable that when we dope Li-ions, most of them will 

occupy the center of the 4ap × 6ap periodic units. La-ions around the corner of these 4ap × 

6ap periodic units will block the diffusion path of Li-ions, which may be the reason for 

the lower-than-expected Li ion conductivity in LLNO. Further study on the Li ion 

diffusion mechanism in the two arrangements is shown in Chapter 3. 

  



 63 / 144 

 

 

References 

1.  Schwenzel, J., Thangadurai, V. & Weppner, W. Developments of high-voltage all-solid-state thin-film lithium ion 

batteries. Journal of Power Sources 154, 232–238 (2006). 

2. Li, J., Ma, C., Chi, M., Liang, C. & Dudney, N. J. Solid Electrolyte: the Key for High-Voltage Lithium Batteries. 

Advanced Energy Materials 5, 1401408 (2015). 

3. Adachi, G. Y., Imanaka, N. & Aono, H. Fast Li⊕ conducting ceramic electrolytes. Advanced Materials 8, 127–

135 (1996). 

4. Wang, Y. et al. Design principles for solid-state lithium superionic conductors. Nature Materials 14, 1026–1031 

(2015). 

5. Takada, K. Progress and prospective of solid-state lithium batteries. Acta Materialia 61, 759–770 (2013). 

6. Belous, A., Pashkova, E., Gavrilenko, O., V’yunov, O. & Kovalenko, L. Solid electrolytes based on lithium-

containing lanthanum metaniobates and metatantalates with defect-perovskite structure. Ionics 9, 21–27 (2003). 

7. Carrillo, L. et al. Superstructure determination of the perovskite βLa 0.33 NbO 3. Journal of Materials Science 

35, 3047–3052 (2000). 

8. García-Martín, S. & Alario-Franco, M. Á. Modulated Structure of La1/3−xLi3xNbO3 0≤x≤0.06 Perovskite-

Related Materials. Journal of Solid State Chemistry 148, 93–99 (1999). 

9. Gao, X. et al. Cation ordering in A-site-deficient Li-ion conducting perovskites La (1-x)/3 Li x NbO 3. Journal of 

Materials Chemistry A 3, 3351–3359 (2015). 

10. Stramare, S., Thangadurai, V. & Weppner, W. Lithium Lanthanum Titanates: A Review. Chemistry of Materials 

15, 3974–3990 (2003). 

11. Inaguma, Y., Katsumata, T., Itoh, M., Morii, Y. & Tsurui, T. Structural investigations of migration pathways in 

lithium ion-conducting La2/3-xLi3xTiO3 perovskites. Solid State Ionics 177, 3037–3044 (2006). 

12. Inaguma, Y., Chen, L., Itoh, M. & Nakamura, T. Candidate compounds with perovskite structure for high lithium 

ionic conductivity. Solid State Ionics 70–71, 196–202 (1994). 

13. Catti, M. First-principles modeling of lithium ordering in the LLTO (Li xla2/3-x/3TiO3) superionic conductor. 

Chemistry of Materials 19, 3963–3972 (2007). 

14. Nakayama, M., Shirakawa, J. & Wakihara, M. Ab initio density functional study on changes in local structure in 

perovskite compound, LixLa1/3NbO3. Solid State Ionics 177, 1259–1266 (2006). 

15. Fontaine, D. De. Cluster Approach to Order-Disorder Transformations in Alloys. in (eds. EHRENREICH, H. & 

TURNBULL, D.) 47, 33–176 (Academic Press, 1994). 

16. Ceder, G., Ven, A. Van der, Marianetti, C. & Morgan, D. First-principles alloy theory in oxides. Modelling and 

Simulation in Materials Science and Engineering 8, 311–321 (2000). 

17. Perdew, J. P., Burke, K. & Ernzerhof, M. Generalized gradient approximation made simple. Physical Review 

Letters 77, 3865–3868 (1996). 

18. Blöchl, P. E. Projector augmented-wave method. Physical Review B 50, 17953–17979 (1994). 

19. van de Walle, A. & Ceder, G. Automating first-principles phase diagram calculations. Journal of Phase Equilibria 

23, 348–359 (2002). 

20. Van de Walle, A., Asta, M. & Ceder, G. The alloy theoretic automated toolkit: A user guide. Calphad: Computer 



 64 / 144 

 

 

Coupling of Phase Diagrams and Thermochemistry 26, 539–553 (2002). 

21. van de Walle, A. Multicomponent multisublattice alloys, nonconfigurational entropy and other additions to the 

Alloy Theoretic Automated Toolkit. Calphad 33, 266–278 (2009). 

22. Visualization and analysis of crystal structures using CrystalMaker software . Zeitschrift für Kristallographie - 

Crystalline Materials  230, 559 (2015). 

23. Momma, K. & Izumi, F. {\it VESTA3} for three-dimensional visualization of crystal, volumetric and morphology 

data. Journal of Applied Crystallography 44, 1272–1276 (2011). 

24. Nakayama, M., Ikuta, H., Uchimoto, Y. & Wakihara, M. Study on the AC Impedance Spectroscopy for the Li 

Insertion Reaction of LixLa1/3NbO3 at the Electrode-Electrolyte Interface. Journal of Physical Chemistry B 107, 

10603–10607 (2003). 

25. Kawakami, Y., Ikuta, H. & Wakihara, M. Ionic conduction of lithium for perovskite-type compounds, LixLa(1-

x)/3NbO3 and (Li0.25La0.25)1-xSr0.5xNbO 3. Journal of Solid State Electrochemistry 2, 206–210 (1998). 

26. Mishchuk, D. O., V’yunov, O. I., Ovchar, O. V. & Belous, A. G. Structural and dielectric properties of solid 

solutions of sodium niobate in lanthanum and neodymium niobates. Inorganic Materials 40, 1324–1330 (2004). 

27. Klingler, M., Chu, W. F. & Weppner, W. Coulometric titration of substituted LixLa(2. x)/3TiO3. Ionics 3, 289–

291 (1997). 

28. Newman, M. E. J. & Barkema, G. T. Monte Carlo Methods in Statistical Physics. (Clarendon Press, 1999). 

29. Whitfield, T. W. & Martyna, G. J. Low variance energy estimators for systems of quantum Drude oscillators: 

Treating harmonic path integrals with large separations of time scales. Journal of Chemical Physics 126, (2007). 

30. Hu, X. et al. Structural changes and their effect on Li-ion conductivity upon quenching of La (1-x)/3 Li x NbO 3 

solid electrolytes. Acta Materialia 156, 379–388 (2018). 

31. Reaney, I. M., Colla, E. L. & Setter, N. Dielectric and Structural Characteristics of Ba- and Sr-based Complex 

Perovskites as a Function of Tolerance Factor. Japanese Journal of Applied Physics 33, 3984 (1994). 

 

 

  



 65 / 144 

 

 

Chapter 3 Explore the diffusion mechanism of Li-ions in different 

modulated arrangements of La(1-X)/3LixNbO3 with the fitted force fields 

obtained via metaheuristic algorithm 

3.1 Introduction 

As mentioned in Chapter 2, Lanthanum lithium niobite (LLNO) was selected as 

another attractive candidate for fast Li-ion conduction, since there are more intrinsic 

vacancies in LLNO, and the unit cell volume is larger.1,2 Thus higher ionic conductivity 

is expected in LLNO than in LLTO, because LLNO has these advantages in terms of 

structure. However, according to the current reports, the highest bulk ionic conductivity 

of LLNO is about ~10-4 S/cm at room temperature,3 which is much lower than that of 

LLTO. Similar to LLTO, there is a long-range interlayer modulated structure in LLNO, 

which is exhibited as an alternate La-rich layer and La-poor layer as shown in Figure 3.1 

(For low Li content LLNO, both Li and La atoms are confined to the La-rich layer, leaving 

the La-poor layer empty.4 Here, we used the crystal structure of La1/3NbO3 to exhibit the 

alternate inter-layer arrangement of LLNO). However, in LLNO, due to the excessively 

high cation vacancy concentration, a quasi-periodic ordered arrangement of La/Vac 

appears in the La-rich layer, which is absent in LLTO.5 The previous studies have proved 

that there is some kind of modulated structure of La/Vac within La-rich layers.5,6 However, 

due to the limitation of conventional experimental characterization, it is hard to reveal 

these modulated structures on the atomic scale. Our previous work (Chapter 2) has 

revealed possible patterns of this modulated structure within the La-rich layer of LLNO, 

with the help of density functional theory (DFT) calculation, cluster expansion and Monte 

Carlo simulation.7,8The La atoms and vacancies in La-rich layer will rearrange at low 

temperature by different patterns, and finally showed up as two different quasi-period 

ordered arrangements (one is closed pattern arrangement, the other one is stripe pattern 

arrangement, for more detail can check our study9(Chapter 2)), as shown in Figure 3.1. 

Due to the reason that there is barely no difference of system’s energy composed by these 

two modulated arrangements, so we suppose that in the real LLNO system, these two 
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arrangement can co-exist, and this is supported by agreement between experimental and 

computational electron diffraction patterns. 9 For the Li-ion conduction in perovskite-type 

material, the crystal structure and atomic arrangement will strongly effect the 

performance.10,11 So far, regarding the analysis of Li-ion diffusion mechanism in LLNO 

basically did not include the influence of this modulated arrangement within La-rich layer.  

About the Li-ion diffusion process in the LLNO, as the previous studies report that the 

Li-ion will migrate through the O4 window position composed by the NbO6, this 

migration process mainly occurs within the La-rich layer and within La-poor layer only 

play a minor role. Because in previous studies, whether it is experimental characterization 

or computational simulation, there is no accurate description of the modulated 

arrangement of cation/Vac which existing in the La-rich layer, so whether the modulated 

structure on the La-rich layer has an effect (what kind of effect) on the Li-ion migration 

is not yet known.  

To evaluate the Li-ion diffusion mechanism in LLNO, the following approaches are 

reported, molecular dynamics (MD),12,13 nudged elastic band method (NEB),14,15 kinetic 

Monte Carlo (KMC)16, and percolation analysis.17 Among all these methods, MD should 

be the most powerful one and has been widely used to evaluate the ionic migration in the 

solid system, since it is no need for a priori assumptions of migration path of Li . However, 

using the MD approach to evaluate the Li-ion diffusion mechanism in LLNO also have 

some requirements, the most important is an accurate description of interatomic 

interactions. Ab initio MD (AIMD) based on density functional theory (DFT), is the most 

accurate, because the description of the interaction between atoms is derived from the 

quantum mechanics calculations.18,19 However,  AIMD is computationally demanding, 

as normally AIMD can only apply to the small system within 1000 atoms, and the 

simulation time on a sub-nano second level. Due to the cell size of our target LLNO 

systems is larger than above limitations (in this part of  work, all the four simulation 

systems are over 7000 atoms). Thus, we need to rely on an fast empirical force-fields (FFs) 

to perform MD simulation (FFMD), in which the calculation accuracy depends on the 

potential parameters for FFs. To overcome accuracy and computational cost derived 

trade-off, we used MD calculations using DFT derived FF parameter sets as described 

below, in this study. 

In this Chapter, we investigate the Li ion conduction behavior for both modulated 
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and disordered structures in terms of La/Vac arrangement by MD at first time based on 

the Chapter. 2 MC simulation results. To satisfy both fast and accurate simulation, FFMD 

simulations derived from density DFT by metaheuristics approach are performed to 

investigate migration behavior of Li in LLNO compounds. The reporting content is 

mainly based on the following aspects: 

1. The goodness of CS algorithm performed fitted FFs for MD calculation. 

2. How does the modulated arrangement of LLNO affect the Li-ion migration. 

 

 

Fig 3.1 Crystal structure of La1/3NbO3 showing La-rich (1/3 vacancies) and La-poor 

(all vacancies) layers. Two potential modulated arrangements of La/Vac in La-rich layer 

of LNO revealed by our previous work. 

3.2 Research Method 

In this chapter, empirical FF parameters for LLNO systems are determined by two 

steps; 1) the radial distribution functions (RDF), angular distribution functions (ADF), 

and equilibrium volume are obtained by AIMD (the reference data), and 2) FF parameters 

are optimized to adjust above AIMD outputs by Cuckoo Search (CS) algorithm, known 
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as one of the metaheuristic approach. Detailed computational settings are described as 

follows.  

3.2.1 Ab initio Molecular Dynamics (AIMD) 

AIMD calculations have been performed for a smaller system Li6La10Nb36O108 (the 

snapshot of this training system structure as shown in Figure 3.2 with alternate La-rich 

and La-poor structure was produced to simply mimic our target system. About the AIMD 

calculation involved in this paper was conducted by the Vienna ab initio simulation 

package (VASP),20 with the method of the projector augmented wave (PAW)21 to generate 

the pseudopotential. The exchange-correlation was descripted by generalized gradient 

approximation (GGA)22 and specified as the PBEsol23 functional. In addition, the cutoff 

energy was set as 500 eV, and only Γ-point was used. The NPT ensemble was employed 

in this calculation, and the total simulation time is 1.5 ps with 1500 ionic steps, to ensure 

the system reach equilibration, the first 500 steps’ data were abandoned. The RDF, ADF 

and equilibrium volume are calculated by averaging ionic configurations extracted every 

10 steps.  RDF and ADF profiles are smeared with the Gaussian function is fixed to 0.1 

Å and 2.0 º, respectively. In the process of optimizing the force field parameters, the 

same system (Li6La10Nb36O108 with the same initial cell vectors) and the same procedure 

of obtaining the reference data (RDF, ADF, cell volume) were employed to ensure the 

data is comparable. 

 

Fig 3.2 The snapshot of the structure of Li6La10Nb36O108, selected as the training 

system, performed by AIMD calculation. 
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3.2.2 The Fitted Force Field Model 

The force field model used in this work consists of two parts, i.e. two-body potential 

term and three-body one. Two body one is an empirical form of FF which is similar to 

BVS-FF,24 consisting of the screened Coulomb potential for the interaction between the 

same sign charges (anion-anion and/or cation-cation) and the Morse potential for the 

interaction between the opposite sign charges (cation-anion).  

The screened Coulomb potential with the complementary error function is as below: 

U(rij) =
1

4πϵ0

qiqj

rij
erfc (

rij

ρij
)                     (3-1) 

Where ql is the charge on the atom labeled l, and rij is the magnitude of separation 

vector rij= ri-rj. ρij is the sum of effective radii of ions used to evaluate the screening 

length and it is also the optimizing parameter, ϵ0 is the permittivity of vacuum.  

The Morse potential which used to calculate the interaction of cation and anion is of 

the form: 

U(rij) = De{exp[-2α(r-re)]-2exp[-α(r-re)]}         (3-2) 

Here De  is the well depth defined by the dissociated atoms, and a  control the 

‘width’ of the potential, r is the distance between the interacting atoms, re  is the 

equilibrium bond length. De, α, re are the optimizing parameters. 

All potentials must have a finite range in order to be calculable, but where there is a 

cut-off boundary, there will be a discontinuity in the energy for most interaction terms, to 

avoid this discontinuity in the energy, a constant shift can be added to the potential, and 

to make the gradient is also zero at the cut-off distance, the procedure can be extended by 

adding a linear term in the distance. 

Û(rij) = U(rij)-U(rcut(2b))-(rij-rcut(2b))
dU(rij)

drij
           (3-3) 

As we mentioned above, to improve the performance of the fitted force field, it is 

helpful to add a description of angular between selected bonds. For the tetrahedra or 

octahedra that commonly exist in the SSE material, the introduction of angular potential 

will help to form a more accurate framework structure. Since the Stillinger-Weber(SW) 

potential considers the effects of bond length and bond angle when calculating the three-

body interaction, it is feasible to take the form of SW potential as the angular description. 

25,26 



 70 / 144 

 

 

    U(rijk) = λexp [(
1

rij-rcut(3b)
) + (

1

rik-rcut(3b)
)] (cos θijk -γ)

2
       (3-4) 

Where rij and rik are the bond length between the two adjacent atoms, and θijk is 

the angle of this three-body configuration. The λ, γ are optimizing parameters. Since 

the evaluation of the three-body terms is more complicated, to increase the efficiency of 

calculation, rcut(3b) is fixed to 3.5 Å only take consideration of the nearest three-body 

configuration. As for rcut(2b), is fixed to 5.0 Å in this chapter. 

3.2.3 Optimize FFs parameters by nature inspired algorithm  

To optimize these FF parameters automatically, a nature inspired optimization 

algorithm called Cuckoo Search (CS)27 was utilized in this work. As a metaheuristic 

algorithm, this method is based on the cuckoo’s brood parasitism behavior, and the 

algorithm can be enhanced by the so-called Levy flight,28 rather than a simple isotropic 

random walk. Compared with the genetic algorithm (GA), particle swarm optimization 

(PSO) and other algorithms, the CS algorithm has been proved with better performance 

in optimize efficiency and global convergence.29 There are some hyper-parameter in the 

CS, but only the individuals number of one generation (nests number) Nn and random 

search fraction (the fraction of nests that cannot be inherited to the next generation) Pn are 

the key parameters. Previous studies have shown that Nn=15~40 and Pn=0.25 are 

sufficient for most optimization cases, and the convergence rate is not sensitive to these 

parameters,28 so Nn was fixed to 18 and Pn was fixed to 0.25 in this part of study. The 

pseudo-code of CS is shown in Figure 3.3. 

 

Fig 3.3 Pseudo code of the cuckoo search for a minimization problem 
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Since the random walk (the Levy flight also can count as a special random walk) is 

involved in the CS algorithm, it may produce a solution that exceeds the feasible range, 

it is necessary to set an automatically update lower and upper bounds to limit the search 

space of each optimizing parameter sets. The update process of the bounds is based on 

the following scheme: 1. Initialize: manually set the bounds of each parameter before the 

optimization procedure starts. 2.Ranking: rank all the optimizing parameter sets in every 

N generation based on the loss function value L, and the top M sets are taken for next 

step. 3. Changing: take the minimum and maximum values of each optimizing parameter 

among these M sets and replace the upper and lower bounds with the extracted values. 4. 

Expanding: update the range of upper and lower bounds to ensure that the current best 

parameters will locate in bounds’ center. Here N and M are the empirical parameters based 

on our test runs, and these two parameters are fixed to 10 and 100, respectively.  

3.2.4 The loss function 

In the machine learning process, configuring the loss function is an important step 

to ensure that the model works in the expected way. The loss function30 is used as a 

standard to evaluate the difference between the predicted value (in this work, these 

predicted values obtained by FFMD using the current fitted FFs) and the true value 

(obtained by AIMD). Generally, the better the loss function, the better the performance of 

the training model. However, the loss functions used by different models are generally 

different. It’s our purpose to quickly generate sufficiently accurate FFs, to ensure the 

efficiency of the evaluation process, RDFs g(r), ADFs h(θ), and equilibrium volume V 

were selected as the evaluated objects, the loss function was defined as the sum of squared 

differences of all these three.  

L = LR + LA + LV                        (3-5) 

LR =
1

Np
∑ (

∑ (gpFF
(ri)-gpAI

(ri))
NR
i=1

2

∑ (gp2AI
(ri))

NR
i=1

)
Np
p               (3-6) 

  LA =
1

Nt
∑ (

∑ (htFF(ri)-htAI(ri))
NA
i=1

2

∑ (ht
2
AI(ri))

NA
i=1

)
Nt
t              (3-7)    

LV =
(VFF-VAI)

2

VAI
2                          (3-8) 

Here Np and Nt  represent the total number of different species of two-body and 

three-body terms respectively, the subscripts p and t indicate a specific species of pairs 
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and triples. The resolution of radial distribution is 0.05Å, so the total sampling points NR 

is fixed to 100. As for the angular distribution, sampled every degree, so NA is fixed 

to180. 

In this chapter, except the AIMD calculations were carried out by VASP, all the FFMD 

calculation and metaheuristic optimization of FFs were performed by software NAP.3132 

3.3 Result and Discussion 

3.3.1 The goodness of CS algorithm performed fitted FFs for MD calculation. 

3.3.1.1 Check the Loss function value of the fitted FFs parameters 

The loss function value L  of each fitted FF parameter sets generated during the 

optimization has shown in Figure 3.4(a). It can be clearly found from the plot that the 

lower limit of the loss function continues to decrease with the CS optimization process. 

The CS algorithm has been performed with high efficiency, after about 100 generations, 

the optimal loss function value almost reached the stop criterion, and at the end of 

optimization, this value has converged sufficiently small (L = 0.0093 ). Figure 3.4(b) 

displays the distribution of some selected optimization parameters (De(Li-O), alpha(Li-

O), Re(Li-O)) with the loss function value of corresponding generation. It can be found 

that the range of these parameters keep shrinking during the optimization, and each 

parameter seem to converge in the range between the lower and upper bounds of the 

search space.  The width of the Morse potential, α(Li-O), are converged into two 

parameters, ~ 2.15 Å and ~ 2.45 Å, during the optimization, and the present CS 

optimization finally determines global minimum as ~ 2.45 according to the loss function.  

This indicates that the CS algorithm was performed well both for global and local 

optimization. 
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Fig 3.4 (a) The loss function value L of each fitted FFs generated during the CS 

optimization. (b) The distribution of selected optimization parameters De(Li-O), alpha(Li-

O), Re(Li-O) against with the loss function value. 

3.3.1.2 Comparison of the data obtained via AIMD and FFMD 

The RDFs and ADFs of selected pairs interaction and three-body terms are shown 

in Figure 3.5(a) and 3.5(b), respectively. It’s clearly to observe that the plot obtained by 

our fitted force field parameters almost overlap with the plot obtained by AIMD and show 

better consistency than the result of BVS-ff. The improvement of accuracy proves that 

it’s worthy to introduce the angular potential to aid in forming the framework structure. 

Since this fitted FF show better performance on the training system (Li6La10Nb36O108), 

we apply it to our target system with good confidence.  
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Fig 3.5 (a) RDFs of selected pairs interaction, Li-O, La-O, and Nb-O, obtained via 

AIMD and FFMD, which includes the fitted force field parameters optimized by Nap and 

another one is BVS-ff based on the previous study. (b) ADFs of selected three-body terms, 

La-O-O and Nb-O-O, obtained via AIMD and FFMD (fitted FF and BVS-ff). 

3.3.2 How does the modulated arrangement of LLNO affect the Li-ion migration. 

3.3.2.1 The ionic conductivity of Li-ion in the different modulated structures 

After we obtained the fitted FF with the performance comparable to DFT calculation, 

the NVT-MD calculations were conducted to the perovskite-type LLNO with different 

modulated structures, using the fitted FF, in which the potential parameters have listed in 

Table 3.1. According to our previous research work9, there are two potential modulated 

structures of La/Vac in the La-rich layer, to comprehensively analyze the influence of the 

modulated structure on the diffusion of Li-ions in the bulk, we created the other two 
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systems (La-rich layer random arrangement, totally random arrangement, the detail of 

these modulated structures as shown in Figure 3.6.) for the purpose of comparison.  

Table 3.1. The optimizing parameters of fitted FF obtained by CS. where qx indicates 

the nominal charge of species X, rion
x is the sum of effective radii of ions X used to 

evaluated the screening length, De,xo is the well depth defined by the dissociated atoms, 

αxo indicates the width of the potential, re,xo is the equilibrium bond length, (subscript xo 

represents the cation species X and anion O). λoxo is the depth of potential well, γoxo 

indicates the equilibrium angle, (subscript oxo represents the triplet O-X-O). 

X (qx) rion
x (Å) De,xo 

(eV) 

αxo (Å) re,xo (Å) λoxo 

(eV) 

γoxo 

Li (1) 1.0402 0.9952 2.4249 1.7149 --- --- 

La (3) 0.9619 1.2693 2.1500 2.2390 1.2753 0.4933 

Nb (5) 0.8300 2.6528 2.1169 1.8110 0.8219 -0.6898 

O (-2) 0.7911 --- --- --- --- --- 

 

Fig 3.6 The snapshot of LLNO structure, the first type has the alternate La-rich and 

La-poor layer structure including three different modulated La/Vac arrangements in La-

rich layer, (1) Close arrangement, (2) Stripe arrangement, (3) La-rich layer random 

arrangement. The second type does not has the alternate layer structure, (4) totally random 

arrangement. 

Figure 3.7(a) shows the simulation time dependent mean square displacement 

(MSD ) of ions in the LLNO system with the stripe arrangement (see Figure 3.8 for more 
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detail of MSD data of other modulated structures), it is clear to observe that only Li-ions 

diffuse in the structure, and other ions hold their original position basically. This also 

proves that using the fitted FF obtained by CS can simulate the Li-ion migration in the 

LLNO system with high performance. Figure 3.7(b) displays the Arrhenius plots of 

LLNO system with different modulated arrangements, indicating that the La/vacancy 

arrangement in A-sites largely affect the ionic conductivity of Li. The activation energies 

of Li-ion diffusion in each different arrangements were calculated from the slope fitted to 

the data points. The activation energy of Stripe arrangement is 0.304 eV which is lower 

than other three, and compared with an experimental value, 0.325 eV.3 It can be found 

that the experimental value is between the closed system and the striped system value, 

which also proves that the real LLNO material is composed by these two modulated 

structures. Interestingly, both the random arrangement models for La/Li/vacancies show 

much lower Li ion conductivity, so that both the modulated structures promote ionic 

conductivity.  Indeed, the Li ion conductivities of two modulated structures (closed and 

stripe arrangement models) are higher than those of disordered structures (La-rich random 

and totally random models) by a factor of 10 at 800K. 
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Fig 3.7(a) MSD of Li-ion in the LLNO system with the stripe arrangement of La/Vac, 

the data was compared at different temperatures. The illustration displays the MSDs of 

La, Nb and O ions at 1000 K. (b) Arrhenius plot of Li-ion diffusion coefficient vs 1000/T, 

the activation energies of Li-ion diffusion in each different arrangements were calculated 

from the slope fitted to the data points. 
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Fig 3.8(a), (b), (c), and (d) correspond to the striped arrangement, closed 

arrangement, La-rich random arrangement, and totally random arrangement, respectively. 

Each figure shows the MSDs of  Li ions at different temperatures. The inset shows the 

MSDs of La, Nb, and O at 1000 K. 

3.3.2.2 The influence of alternate inter-layer on the Li-ion migration 

In the LLNO system, except the modulated arrangement of La/Vac in La-rich layer, 

the alternate arrangement of La-rich layer and La-poor layer along c-axis can also 

considered as a kind of inter-layer modulated structure. This alternate inter-layer 

arrangement was also observed in the LLTO, and the Li and La atoms are located in the 

both La-rich and La-poor layers, and the Li migration mainly occurs within the La-poor 

layers where there are more available A-site vacancies.5,33 In the case of LLNO with low 

Li content, the previous studies have confirmed that both Li and La atoms are located in 

La-rich layer, leaving the La-poor layer empty.4 Compared to the LLTO, the higher 

intrinsic vacancies concentration in the LLNO was attributed to the existence of La-poor 

layer, tracing the Li-ion diffusion trajectory is helpful to understand the influence of this 
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alternate layer arrangement of La/Vac in the LLNO system on the diffusion process. 

Figure 3.9 shows the isosurface plots of Li-ion probability density in the closed 

arrangement structure at different temperatures for closed arrangement system of LLNO. 

The yellow region represents the Li-ion diffusion pathway during the FFMD calculation, 

and the 2D Li-ion diffusion in LLNO is clearly visible along ab-plane at low temperature. 

In detail, the Li migration mainly occurs in the La-rich layer, and the intensity of Li-ion 

migration across and within the La-poor layer is very weak. Although the A-site vacancies 

concentration in the La-poor layer is much higher than that in the La-rich layer, the 

number of events that Li-ions located in the La-rich layer hop into the La-poor layer is 

limited during MD process at low temperature. This 2D diffusion tendency vanishes with 

the increasing of temperature, and Li ion migration along c-axis increases significantly. 

Likewise, selective Li occupation at La-rich layer is observed for the stripe arrangement 

and La-rich layer random arrangement models as well as the closed arrangement (Figure 

3.9).  Therefore, we infer that the La-rich/La-poor staking along c-axis is mainly 

ascribed not to the modulated arrangements of La/vacancies in La-rich layer, but to the 

Coulomb interactions as reported in our previous work.34 Li-ion migration tends to occur 

within the La-rich layer at low temperature, ascribed to the NbO6 tilting induced by the 

alternate inter-layer arrangement. Also, Nb atoms' modulated displacement intensifies 

with the Li atoms confined to the La-rich layer, which causes the bottlenecks of the O4 

window to get narrower, leading to higher migration energy barriers between the La-rich 

and La-poor layer.5,35  
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Fig 3.9 Isosurface plots of Li probability density in the closed arrangement structure 

of LLNO system, NbO6 octahedrons have been deleted from the snapshot, green and 

orange dots represent La atoms and Li atoms. From (a) to (d) represent the simulation 

results under 400 K, 800 K, 1000 K, and 1400 K, respectively.  

To further analyze this Li-ion migration behavior, the total diffusion coefficient DLi 

of Li-ion was separated along a, b, c direction according to their contribution. As shown 

in Figure 3.10, it can be clearly found that as long as there is an alternate inter-layer 

arrangement in the structure, the diffusion coefficient along the c axis is about 1~2 orders 

of magnitude lower than that along the a and b directions at low temperature (< 400 K). 

The migration of Li-ions along the c-axis is enhanced with temperature. When the 
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simulated temperature rises to 1200 K, the diffusion coefficients of Li-ions in different 

directions are basically the same. This implies that the migration energy of Li along c axis 

is much higher than that along a or b axis.  Li migration map of different arrangement 

structure systems as shown in Figure 3.11, the distribution of Li-ion in the structure were 

displayed along c axis and a axis to distinguish the difference of potential energy between 

La-rich layer and La-poor layer. It can be clearly seen from Figure 3.11 that the potential 

energy of Li-ions in the La-poor layer is higher than that in the La-rich layer. There are 

more high-energy dots shown in La-poor layers than La-rich layers. This potential energy 

gap caused by the modulated arrangement inside the LLNO may explain why the 

diffusion mode of Li-ions at low temperatures is closer to 2D rather than 3D.  

 

Fig 3.10 Logarithm of the diffusion coefficients of Li ions along different axes as a 

function of 1000/K. (a), (b), (c), and (d) represent the closed arrangement system, striped 

arrangement system, La-rich layer random arrangement system, and totally random 

structure, respectly.  
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Fig 3.11 Li migration maps of different arrangement systems, from (a) to (d) 

correspond to Closed arrangement structure, striped arrangement structure, Li-rich 

random structure, and totally random structure, respectively. 

Although the Li-ion in the La-rich layer cannot fully utilize the A-site vacancies in 

the La-poor layer due to the existence of the inter-layer modulated structure, this 

modulated structure does not only play a negative role in the diffusion of Li-ions. Figure 

3.10(d) shows the diffusion coefficient of Li-ions along with different directions in the 

totally random arrangement structure, this artificially created structure does not have 

alternate inter-layers or special inner-layer arrangements. Contrary to expectations, the 

diffusion coefficient of Li-ions at low temperature does not increase with the 

disappearance of the alternate inter-layer arrangement, and this is much lower than the 

other three structures (Figure 3.7(b)). The activation energy for Li-ion conduction in this 

totally random structure is 0.497 eV as shown in Figure 3.7(b), which also proves that the 

ion conduction performance of LLNO will get worse, if there is no modulated 

arrangement structure in the LLNO. Consider the reasons for the formation of various 

modulated structures in LLNO, the energy of the LLNO system will gradually decrease 
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with the formation of these modulated structures , especially the modulated inter-layer 

arrangement, as a long-range ordering structure, it plays a major role in the stability of 

the LLNO system. Therefore, the complete elimination of the modulation structure 

reduces the structural constraints on Li-ion diffusion and enhances the utilization of the 

intrinsic A-site vacancies, but the consequence is that the internal energy of the system 

largely increases, and the stability decreases. These unfavorable factors may affect the 

diffusion of Li-ion in the LLNO. 

3.3.2.3 The influence of modulated arrangement of La/Vac of La-rich layer on the 

Li-ion migration 

To further analyze the 2D migration behavior at the La-rich plane, we tracked the 

diffusion trajectory of each Li-ion in our calculation systems. Figure 3.12(a) shows the 

diffusion trajectory of Li-ion in the selected region of La-rich layer in closed arrangement 

system of LLNO. It is found that the Li-ion diffuse freely in this closed arrangement at 

La-rich layer, but the surrounding La-ions obviously hinder the diffusion pathway of Li-

ion. Figure 3.12(b) shows the MSD plot of Li-ion corresponding to Figure 3.12(a). Due 

to the restriction of this closed arrangement, the diffusion trajectory is similar to a circular 

ring, and the Li-ions cannot do the effective long-range diffusion in the La-rich layer of 

LLNO system.  Similarly, 2D Li migration pathways are hindered by La ions in La-rich 

layer both in stripe arrangement and La-rich random arrangement.  Therefore, a Li ion 

hopping into La-poor layer is necessary step to achieve long-distance migration except 

for the totally random arrangement structure. Although stripe arrangement obviously 

allows more distant 2D Li ion migration within La-rich layer, higher or comparable 

diffusivity of Li ion observed in closed arrangement (Figure 3.7(b)) is ascribed to the fact 

that the rate determining process is the Li ion hopping from La-rich to La-poor site. In 

other words, activation energies shown in Figure 3.7(b) for layered type structures mainly 

owe to the Li ion jump along c-axis to achieve long-range Li migration by avoiding La 

walls in the La-rich layer. As mentioned in Chapter 2, the appearance of modulated 

structure reduces the system energy significantly, and the whole structure is more stable. 

In Figure 3.11, we know that the jump along c-axis for La-rich/poor ordering is 

energetically unfavored due to the large site potential gap between two layers. So the 

hopping between the layers becomes the rate determining process. Nevertheless, two 

modulated structure models show lower activation energy and higher ionic conductivity 
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than the totally random model. Therefore, we infer that modulation also reduces transition 

state energy, make the long-range Li migration become easier. 

 

Fig 3.12 (a) The trajectory of Li-ion in the selected region of closed arrangement 

system of LLNO. (b) MSD plot of Li-ion in this selected region 

3.4 Conclusion 

In this work, the FF parameter sets for a perovskite-type material, LLNO, were 

determined via a metaheuristic algorithm based on AIMD outputs. The Li-ion conduction 

behaviors of modulated and disordered arrangements of La/Vac existing in LLNO were 

investigated via FFMD for the first time. The modulated arrangements in LLNO 
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significantly influenced the migration of Li ions. The existence of an alternating interlayer 

arrangement resulted in higher migration energy diffusing along the c-axis due to a large 

potential gap for Li ions between La-rich and La-poor layers. In addition, 2D Li migration 

pathways in the a-b plane were obstructed by La ions in the La-rich layer. Hopping along 

the c-axis was required for the long-range migration of Li and was, therefore, the rate-

determining process. As a result, numerous intrinsic vacancies (mainly in the La-poor 

layer) became inaccessible, which is the main reason that the bulk ionic conductivity of 

LLNO is lower than that of LLTO. Interestingly, two of the modulated structures (closed 

and striped arrangements) displayed higher Li-ion conductivity than disordered structures 

by a factor of 10 at 800 K. In addition, the migration energy in the ab plane appeared to 

be much lower than along the c-axis. Consequently, a further improvement in the Li-ion 

conductivity can be achieved by eliminating La obstruction during long-distance 

migration. 

Taking LLNO as an example, we performed molecular dynamics simulations by 

optimizing FFs parameters to reveal the influence between the microstructure of the 

material and the ion transition. Simultaneously, the research scheme of this work is also 

applicable to the study of other oxide and sulfide solid electrolyte materials. Provides 

research guidance for high-throughput material retrieval.  
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Chapter 4. An Efficient Experimental Search for Discovering Fast 

Li Ion Conductor from Perovskite-type LixLa(1-x)/3NbO3 (LLNO) Solid 

State Electrolyte Using Bayesian Optimization 

4.1 Introduction 

From the perspective of the lattice structure, the transmission bottleneck, i.e., the 

size of the vacancy and the disorder of the A-site cation, significantly influences the ionic 

conductivity. Longer A-O bonds result in larger ion-transport bottlenecks and are more 

conducive to the migration of Li+ in the A-site spaces. However, the radius of the A-site 

cation cannot be too large to avoid the counterproductive severe degeneration of the 

crystal structure.1,2 Considering the interactions between Li+ and the framework ions, B-

O distances and bond energies directly determine the binding strength of the A-site Li+ to 

the O2- in the framework; a B-site cation with a smaller radius beneficially strengthens B-

O binding, while weakening the Li-O bond strength,2,3 thereby reducing the activation 

energy associated with Li+ migration. To improve the Li-ion conductivity of a perovskite-

type solid electrolyte through doping, any modifications are required to meet the 

following conditions: the size of the vacancy should match the Li+ radius, the strengths of 

the bonds between Li+ and the framework ions should be weak, and the ratio of vacancies 

to Li+ should be moderate. 

The structure of Lanthanum niobate La1/3NbO3 (LNO) is the same as LTO, they all 

have the ABO3 perovskite-type structure. But LNO has a larger lattice volume and a 

higher intrinsic vacancies concentration, 4 which makes it a potential solid electrolyte 

candidate with high ionic conductivity. However, the experimental observations are 

inconsistent with the hypothetical results, the highest observed bulk ionic conductivity of 

LLNO at room temperature is only ~10−4 S cm−1,4 which is almost an order of magnitude 

lower than that of LLTO. There are not many studies on improving the electrochemical 

performance of LLNO through doping modification compared to LLTO, so there is still 

room for improvement. 5 

Figure 2.1 shows the crystal structure of La1/3NbO3, which displays the 
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orthorhombic cell structure of LNO, the space group is Cmmm, and lattice parameters 

a=b=3.91 Å, c=7.91 Å,6 and the previous studies have shown that there is an alternate 

inter-layer structure composed of La atoms and vacancies in the A-site of LLNO. 7,8 

In this chapter, we using doping modification to improve electrochemical 

performance of La1/3NbO3 with Li+ and Sr2+. The composition was optimized using an 

exhaustive experimental approach with Li2CO3 and Sr2CO3 as co-dopants to form 

(LiyLa(1-y)/3)1-xSr0.5xNbO3 (0 ≦ 0.5 x ≦ 0.15, 0 ≦ y ≦ 0.3). We synthesized and 

analyzed 64 samples with different compositions and characterized their physical and 

chemical properties through experiments. The first phase involved optimizing a 

promising solid electrolyte material and accumulating sufficient training data for the next 

step. To prove the advantages of combining information science methods with materials 

science, we introduced different exploration schemes to compare efficiency. 

We used Bayesian optimization (BO)9, 10as one of the approaches, with conventional 

random sampling as the other; the random sampling approach was used to approximate 

the trial-and-error method commonly used in experimental work. The BO-based 

exploration scheme has a higher exploration efficiency than the random sampling method, 

which shows that the introduction of this technology can improve the efficiency of 

screening fast lithium ion conductor materials.11,12 So far, the BO approach has been used 

several times with computational datasets. However, only a few studies use the BO 

method to determine the best material composition by analyzing existing experimental 

data. 13,14 As an extension of this work, we also verified Bayesian optimization with multi-

objective parameters. In this chapter, the reporting content is mainly based on the 

following aspects: 

1. Characterization of the crystal phase and morphology of the prepared samples. 

2. Analysis the ionic conductivity performance of the prepared samples. 

3. Verification of informatics methods and evaluate the efficiency for screening the optimized 

composition. 

4.2 Research methods 

4.2.1 Using solid-state reaction to prepare the (LiyLa(1-y)/3)1-xSr0.5xNbO3 compounds 
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64 perovskite-type compounds with the formula (LiyLa(1-y)/3)1-xSr0.5xNbO3 and various 

doping concentrations (0 ≦ 0.5 x ≦ 0.15, 0 ≦ y ≦ 0.3) were prepared by the 

conventional solid-state reaction method.4 La2O3 (99.99% Wako Pure Chemical 

Industries, Ltd.), Li2CO3 (Kojundo Chemical Laboratory Co., Ltd.), Nb2O5 (Soekawa 

Chemical Co., Ltd.), and SrCO3 (Soekawa Chemical Co., Ltd.) were used as the starting 

materials. Prior to mixing, La2O3 powder was decarboxylated by pre-heating at 1000 °C 

for 12 h, because Li2CO3 and SrCO3 do not have moisture absorption, there is no need 

for pre-heating. All reagents were mixed in an agate mortar according to the 

stoichiometric ratio of the target product, with a small amount of ethanol added to aid 

grinding, and manually ground until well blended. The mixture of reagents was pressed 

into pellets at 120 MPa, then sintering in air at 700 °C for 2 h, and then at 1200 °C for 12 

h. The prepared samples were then crushed, re-pelletized, and the sintering process was 

repeated. 

4.2.2 XRD and SEM Characterization 

The sintered samples were subjected to X-ray diffractometry (Rigaku Mini Flex 600, 

Japan) with Cu Kα radiation to identify the crystalline phases and determine the lattice-

parameters values. 

Sample microstructures were characterized by field emission scanning electron 

microscopy (FESEM, JSM-7900F, JEOL, Japan). 

4.2.3 Electrochemical analysis 

The ionic conductivities of the prepared samples were measured using the AC 

impedance technique at various temperatures (30 °C, 60 °C, and 90 °C) in the 1 Hz to 1 

MHz frequency range. The sintered samples were polished with emery paper (No. 2000) 

prior to testing to ensure that their tested surfaces were flat. Gold electrodes were 

sputtered onto both faces of each pellet sample. Ionic conductivity was calculated using 

equation 4-1, where L and S are the thickness and area of the sample, respectively. The 

activation energy, Ea, for Li-ion conduction was determined from the Arrhenius plot of 

Li-ion conductivity using equation 4-2, where A is the pre-exponential parameter. 

Impedance data were fitted by the ZView and Z-Assist software. 

σ =  
L

RS
                        (4-1) 

σT =  A exp (
–Ea

RT
)                      (4-2) 
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4.2.4 Measured the experimental data with the different informatics approaches 

After generating the training dataset by experimentally examining all 64 samples, it 

was subjected to random searching and searching based on Bayesian optimization (BO). 

The criterion used to evaluate search-method efficiency was simply which method led to 

the sample with the best Li-ion conduction performance faster. Due to the randomness of 

the random search itself, and the uncertainty of the initial observation point in the BO 

search, the efficiencies of the two methods were comprehensively compared by 

performing 1000 independent searches. The average number of steps required to reach 

the best solution were used as the judging criterion. The Li-ion conductivities at various 

testing temperatures and the activation energy were selected as external variables (σ30 °C, 

σ60 °C, σ90 °C, and Ea), and compositions x and y in the (LiyLa(1-y)/3)1-xSr0.5xNbO3 formula 

were chosen as explanatory variables. The Gaussian process (GP) model is embedded in 

the current BO method,15 and the acquisition function adopts the expected improvement 

(EI) strategy. This part of calculation work, including 1000 trials, can be finished within 

server hours by using single core processer.16 

4.3 Results and Discussion 

4.3.1 Characterization of the crystal phase and morphology of the prepared samples. 

4.3.1.1 Crystal phase of (LiyLa(1-y)/3)1-xSr0.5xNbO3 

All the 64 sintered samples with different compositions were prepared via the solid-

state reaction approach mentioned above. After step-by-step sintering, the preparation of 

the sample remains stable in an air environment at room temperature, and the samples are 

ground into powder to check their crystal characteristics; Figure 4.2 shows the powder 

XRD patterns of selected compositions. When the doping range between 0.06 ≥ 0.5x 

≥ 0 of Sr2+-doped samples and the 0.25 ≥ y ≥ 0 of Li+-doped samples, the single-

phase materials of (LiyLa(1-y)/3)1-xSr0.5xNbO3 solid solutions were verified. The 

characteristic peaks of La0.3Li0.1NbO3 with a perovskite structure are shown in the figure. 

When 0.5x ≥ 0.08 or y ≥ 0.25, the impurity phases of SrNb2O6, β-Sr3La2Nb12O36 

were observed from the XRD patterns, as shown in Figure 4.2 the additional diffraction 

peaks. Within this doping range, all Sr2+-doped samples have the same crystal symmetry 

as the corresponding singly Li+-doped perovskite system. 
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Fig. 4.2 XRD pattern of sintered samples showing the composition-dependence of 

the crystalline structure. (a) (Li0.1La0.3)1-xSr0.5xNbO3. (b) (LiyLa(1-y)/3)1Sr0NbO3. (c) 

Enlargement of (b) highlighting peak splitting. 

In Figure 4.2(c), in addition to the reflection of the typical perovskite structure, line 

splitting can also be observed. As shown in Figure 4.2(b), the line splitting decreases with 

the increased of Li+ dopant. 17 The observed decrease in line splitting is due to a decline 

in the 004/020 and 114/122 peak ratios, which indicates a changed in the crystal symmetry 

of the perovskite system. The line splitting increases again at y = 0.3, which may be due 

to the interference of the diffraction peaks of the impurity phase. When Li+ progressively 

replaces La3+, a small amount of orthogonal deformation occurs in the lattice. The 

symmetry of the structure changes from the original orthorhombic ((Li0.01La0.33)1-

2xSrxNbO3) to tetragonal ((Li0.1La0.3)1-2xSrxNbO3) and transforms into pseudo-cubic 

((Li0.25La0.25)1-2xSrxNbO3) eventually.18  
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Fig.4.3  Cell volumes as function of Sr2+ content in the perovskite system. 

The change trend of unit cell volume with Sr2+ doping content in the parent 

perovskite system is shown in Figure 4.3. The figure shows that with the increase of Sr2+ 

content in the system, in the three symmetric structures of LLNO, the unit cells volume 

all have increased in varying degrees. The source of the increase is that Sr2+ has a larger 

ionic radius (1.44 Å) than La3+ (1.36 Å). This change in lattice structure is considered to 

benefit Li-ion conduction2 due to the expansion of the bottleneck area, as observed 

experimentally (see below). The XRD patterns with Rietveld refinements of some 

selected compositions also confirmed the increase of cell volume due to Sr2+ doping, the 

results as shown in Table 4.1 and 4.2. 

Table 4.1. Structural Parameters for (Li0.1La0.3)Sr0NbO3 in P4/mmm. 

Reliability parameters: Rwp=12.79%, Rp=9.25%, S=1.48. 

Lattice parameter: a=b=3.91170(3)Å, c=7.89398(9)Å (Tetragonal). 

Label / Ion site g x y z B /Å 

La1/La3+ 1a 0.582(2) 0 0 0 0.32(4) 

La2/La3+ 1b 0.018(2) 0 0 0.5 0.32(4) 

Nb1/Nb5+ 2h 1.0 0.5 0.5 0.2604(2) 0.74(3) 

O1/O- 4i 1.0 0 0.5 0.2341(10) 1.74(14) 
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O2/O- 1c 1.0 0.5 0.5 0 1.74(14) 

O3/O- 1d 1.0 0.5 0.5 0.5 1.74(14) 

Table 4.2. Structural Parameters for (Li0.09La0.27) Sr0.05NbO3 in P4/mmm. 

Reliability parameters: Rwp=15.20%, Rp=11.47%, S=1.52. 

Lattice parameter: a=b=3.91607(14)Å, c=7.90441(31)Å (Tetragonal). 

Label / Ion site g x y z B /Å 

La1/La3+ 1a 0.54(-) 0 0 0 0.18(5) 

Sr2/Sr2+ 1b 0.10(-) 0 0 0.5 0.18(5) 

Nb1/Nb5+ 2h 1.0 0.5 0.5 0.2617(2) 0.79(4) 

O1/O- 4i 1.0 0 0.5 0.2364(12) 1.70(17) 

O2/O- 1c 1.0 0.5 0.5 0 1.70(17) 

O3/O- 1d 1.0 0.5 0.5 0.5 1.70(17) 

4.3.1.2 Relative density and Scanning electron microscopy  

Figure 4.4 shows the changing trend between the sintered samples’ relative density 

(the ratio of the bulk density of the sintered pellet to the theoretical density of the 

corresponding formula) and their compositions. The relative density is one of the 

important indexes to measure the sintering performance. A high degree of sintering is 

essential not only for mechanical stability but also for the total resistance of the bulk 

sample. In solid electrolytes, the grain boundary resistance usually determines the total 

resistance of the material, 19 reducing the resistance of the grain boundary is a reasonable 

method to improve the bulk ionic conductivity. The higher relative density of the sintered 

sample indicates that the inside of the material is denser and the grain boundary is 

constricted, so the grain boundary resistance is reduced. The relative density of the sample 

increased from about 50% to 90% through Li+ and Sr2+ doping. It is clear to see that when 

the doping content of Li+ is larger 10%, the relative density will greater than 80%, Li+ 

plays a major role. 
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Fig. 4.4 Heatmap of relative density as a function of composition of the sintered 

(LiyLa(1-y)/3)1-xSr0.5xNbO3 sample. The composition shown by the red dot corresponds to 

the composition shown in Figure 4.5 

The SEM images of selected samples with different compositions (Li0.01/Sr0, 

Li0.1/Sr0, Li0.3/Sr0, and Li0.1/Sr0.06) corresponding to the pointed data in Figure 4.4 were 

shown in Figure 4.5. The sample with low Li content shows distinct grain boundaries 

(Figure 4.5(a)). With the increase of Li+ content, the surface morphology of the sample 

changed from a porous structure to a dense structure, and a small amount of cavitation 

appeared at the same time. Sr2+ doping also shows a positive effect on the sintering 

performance of the samples, which can be attributed to two aspects. Firstly, the setting 

sintering temperature was higher than the melting point of Li2CO3 which was selected as 

the Li+ source. Therefore, during the sintering process, a small amount of liquid phase 

may be generated, which promotes particle rearrangement, mass-transfer processes, and 

reaction with other metal compounds.20 Secondly, a solid solution will be formed when 

the LNO is doped by Li+ and Sr2+, the doping ions will enter LNO lattice, this will cause 

the lattice distortion and reduce the activation energy and accelerates diffusion.21,22 When 

forming the vacant or interstitial solid solutions, this effect is significant. 
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Fig.4.5 SEM images of the surfaces of sintered samples with selected compositions: 

(a) Li0.01/Sr0, (b) Li0.1/Sr0, (c) Li0.3/Sr0, and (d) Li0.1/Sr0.06. 

4.3.2 Electrochemical performance of (LiyLa(1-y)/3)1-xSr0.5xNbO3 

4.3.2.1 AC impedance analysis  

Figure 4.6(a) shows the complex impedance spectrum (Nyquist plot) of (LiyLa(1-

y)/3)1-xSr0.5xNbO3 which prepared as mentioned above, the doping sample Li0.06/Sr0.02 is 

selected as an example. Figure 4.7 shows the Nyquist plots of the other compositions for 

comparison purposes. A slightly distorted semicircle in the 1 MHz to 200 Hz range is 

observed in the high-frequency region and can be fitted to two semicircles attributable to 

bulk resistance (in the high-frequency region indicated by the red line in Figure 4.6(a)) 

and grain-boundary resistance (in the low-frequency region indicated by the blue line).  

The spike that appeared in the low-frequency region (below 200 Hz) corresponds to the 

ion-blocking capacitance, the source of this is originated by the interface between the 

electrolyte and the Au electrode. Figure 4.6(a) displays the equivalent circuit which 

determined by impedance analysis, the ZView and Z-Assist programs were used to drive 

this work. The total resistance of the sample (Rt) is the total contribution of the bulk 

resistance (Rb) and the grain-boundary resistance (Rgb). Since the frequency response 

characteristics of solid-state dielectric double-layer capacitors are different from those of 

pure capacitors, a dispersion phenomenon occurs. 23,24 To cover this influence, when 
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simulating the equivalent circuit, the constant phase element (CPE) is used to replace the 

commonly used pure capacitor. Through this equivalent circuit, the impedance diagram 

obtained for the sample we tested can be fitted well, thereby refining the influence of the 

volume and grain boundaries on the total resistance. Except for samples with very low or 

very high doping content, the chi-square value of most samples is about 10-3–10-4, 

showing goodness of fit. Figure 4.6(b) shows the Arrhenius plot of Li-ion conduction. 

The coefficient of determination (R2) is an important indicator for evaluating the quality 

of the linear regression function. In this work, in order to more accurately evaluate the 

activation energy of Li-ion conduction, only well-fitted Arrhenius plots with R2 values 

greater than 0.98 were used to calculate this data. 

 

Fig. 4.6 (a) Typical complex impedance spectrum (Nyquist plot) for Li0.06/Sr0.02 at 

30 °C prepared by the conventional solid-state reaction method, and the equivalent circuit. 

(b)Arrhenius plot for Li-ion conductivity. 
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Fig.4.7 Nyquist plot for Li0.06/Sr0.04(a), Li0.1/Sr0.04(b), Li0.15/Sr0.04(c), 

Li0.2/Sr0.04(d), at 30°C, 60°C, 90°C. 

4.3.2.2 Li-ion conductivity and activation energy of (LiyLa(1-y)/3)1-xSr0.5xNbO3 

Heatmaps of Li-ion conductivity and activation energy as shown in Figure 4.8, this 

figure shows that the composition of the test sample (LiyLa(1-y)/3)1-xSr0.5xNbO3 

significantly affects its ion conduction. Maximum Li-ion conductivities are observed at 

appropriate doping concentrations (0.02 < 0.5 x < 0.08, 0.05 < y <0.15), which are 

referred to as “hot zones.” Among the test samples, the highest Li-ion conductivity at 

30 °C (8.002 × 10-5 s/cm) was observed for the (Li0.1La0.3)0.92Sr0.04NbO3 composition, as 

listed in Table 4.3: 

Table 4.3. Highest conductivities and activation energies of single-doped and co-doped 

compositions. 

Composition Li-ion conductivity at 

30 °C (S/cm) 

Activation energy (eV) 

Li0.01/Sr0.04 2.46 × 10-7 ---- 
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Li0.15/Sr0 2.57 × 10-5 0.36 

Li0.1/Sr0.04 8.00 × 10-5 0.31 

 

Fig. 4.8. Heat map of (LiyLa(1-y)/3)1-xSr0.5xNbO3 ionic conductivities at (a) 30 °C, (b) 

60 °C, and(c) 90 °C, and (d) calculated activation energies for Li-ion conduction. 

The highest conductivity of optimal composition is almost 3.5 times higher than of 

the single Li+ doping composition Li0.15/Sr0 and about two orders of magnitude higher 

than that of single Sr2+ doping sample Li0.01/Sr0.04.The former demonstrates the highest 

ionic conductivity among Li+ single-doped samples, while the latter shows the best 

performance among samples affected by single Sr2+ doping at the minimum Li+-doping 

concentration; the 1% of Li+ doping concentration was set as the lowest exploration 

boundary in one dimension. It is clear to see that the heat map of activation energy has a 

similar hot zone to the ionic conductivity heat map (0.02 < 0.5x < 0.08, y ≈0.1). From the 

relationship between the doping concentration and the electrochemical performance, it 

can be seen that the doping of Li-ions plays a major role in the improvement of the ionic 

conductivity of the LNO perovskite material. Li+ replaces the original La3+ in the A-sites 



 100 / 144 

 

 

of the structure because their ionic radii are quite different.  

La3+ with a larger ion radius helps to stabilize the structure of the perovskite material, 

while Li-ions with a smaller ion radius diffuse through the pipe around the La3+ ion; 

through doping modification, the concentration of oxygen ion vacancies in the original 

perovskite structure will also increases, which improve the ionic conductivity. However, 

this positive effect of doping modification only works at a certain doping range. When 

the doping content is excessive, Li-ions will occupy all of the vacancy sites in the La-rich 

layer (A1) and also partially occupy the vacancies in the La-poor layer (A2).  

The diffusion behaviors of LLNO is diff from the LLTO, the conduction of Li-ion 

mainly occurs in the A1 layer at room temperature, 18 based on the diffusion trajectory 

(The more detail can check the chapter.3), LNO is close to a two-dimensional conductive 

material at low temperature. Excessive Li-ion doping not only blocks the conduction 

pathway composed of NbO6 octahedra, but also severely deforms the crystal lattice and 

destroys the original La/Vac long-range modulated structure, as seen in our previous 

research.8 Although the achievement of single Sr2+ doping modification is not as 

significant as single Li+ doping modification, the co-doping of Li+ and Sr2+ shows better 

performance, indeed. Replacing La3+ with Sr2+ can lead to massive vacancies that increase 

the size of the Li-ion migration pathway and reduce the energy barrier for hopping. 

However, this replacement occurs at the same site in the structure, which will reduce the 

concentration of Li+ as the consequence. 

This trend is also verified by Figure 4.9, the ionic conductivity does not blindly 

increase with the increase of the unit cell volume. Multi-element doping modifications 

require material compositions to be comprehensively explored when the doping elements 

affect each other. Doping modification usually depends on the positive influence of the 

doping element on specific aspects of the system. This influence is cumulative within a 

certain range. Therefore, increasing the exploration of favorable system variables will 

greatly increase the experimental workload, but may also improve performance. 

Obviously, the efficiency of screening unknown components needs to be improved. 
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Fig.4.9 Heat map of cell volume, ionic conductivity and activation energies. 

4.3.3 The use of Bayesian optimization to accelerate material screening 

4.3.3.1 How Bayesian optimization approach wo predict the next observation point 

In order to verify that Bayesian optimization (BO) can effectively improve the 

retrieval efficiency of target variables in experimental exploration, the above 

experimental data sets were compared based on different retrieval methods (Bayesian 

optimization, random sampling method). One thousand independent searches were 

performed using both methodologies, which revealed that BO searching provides a 

significantly better outcome than random searching. For the convenience of readers, we 

briefly introduce the principle of Bayesian optimization and why it has better performance 

than conventional search methods. 

The BO approach is widely used to optimize hyperparameters in the machine 

learning area;25 this method uses the prior distribution of each sampling point to learn the 

shape of the objective function, with the distribution updated in subsequent iterations. 

The testing algorithm provides a possible point by posterior distribution. Based on this 

idea, the BO search provides an efficient sampling approach and accelerates the rate at 
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which the optimized composition is arrived at. The sequential model-based optimization 

(SMBO) is shown in Figure 4.10 

 

Fig. 4.10. Pseudocode of the Bayesian optimization algorithm 

The input parameters include f, the “black box”, which is the objective function in 

our work, with compositions x and y in (LiyLa(1-y)/3)1-xSr0.5xNbO3 set as the explanatory 

variables (the descriptors in the GP process model), and the Li-ion conduction 

performance parameters set as the objective variables. X is the search space of the 

descriptors and D represents a data set consisting of several pairs of data, with each array 

represented as (xi, yi). S is the acquisition function, which is used to determine x, the 

possible parameter that maximizes the global result, while M is the model derived by 

fitting the data obtained using GP regression in this part of work. 

At present, the commonly used optimization algorithms inevitably have the 

shortcoming of falling into the local optimal solution. In order to deal with this problem, 

the BO method introduces a acquisition function to balance the ratio of exploration and 

exploitation. Exploration tends to sample in areas that have not yet been sampled, while 

exploitation is based on the posterior distribution, sampling in the area where the global 

optimal solution is most likely to be found. The reasonable next sampling point (x) should 

have a relatively large mean (exploitation) and also a high variance (exploration). The 

following are the three standard acquisition functions: the upper confidence bound 

(UCB), the probability of improvement (PI), and the expected improvement (EI).26 

Let μ(x) and σ(x) be the predictive mean and standard deviation of the GP regression 

model. 

We used the EI strategy to determine the next evaluated composition, which is 

defined as follows (equation 4-4): 
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EI(x)={ 
(μ(x) – f(x+))Φ(z) + σ(x) 𝜙(z)   σ(x) >0    

 (4-4)     
Max(0, μ(x) – f(x+))       σ(x) =0    

where z(.) is given by equation (4), 𝜙(.) is the probability density function (PDF), 

𝛷(.) is the normal cumulative distribution function (CDF), and x+ is the best point among 

past sampled points. 

                        (4-5) 

4.3.3.2 Comparing the search efficiencies of the random search (black symbols) and 

Bayesian optimization 

Figure 4.11 shows the statistics of 1000 trials, it is clear to see that the BO search 

only requires 20 observation steps to find the optimal solution from the data set, and the 

success rate is greater than 90%. In contrast, random search needs to retrieve the entire 

data set to ensure that the optimal solution is found. The BO method reduces the number 

of observation steps required by two-thirds, and the efficiency is significantly improved. 

No matter we explore the global maximum solution, or the global minimum solution in 

the target variable set, BO search shows the superiority equally. Figure 4.10(d) shows that, 

on average, after 16 observation steps, the probability of reaching the optimal solution is 

higher than 99%. The upper part of all four graphic panels clearly shows that after several 

observation steps, the screening efficiency of the BO method is significantly improved. 

This result is in line with our expectations. The superiority of the BO method comes from 

two aspects. On the one hand, the hyperparameters are updated as the sampling process 

proceeds, and subsequent hyperparameter sets are generated after the initial exploration 

step, which helps to speed up the screening efficiency of the search space. On the other 

hand, the acquisition function we adopted is based on the EI strategy, which maximizes 

the expectation of the modified objective function and also considers the region with large 

variance, which effectively avoids falling into the local optimal solution. 
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Fig. 4.11 Comparing the search efficiencies of the random search (black symbols) 

and Bayesian optimization (red symbols) methods using the Li-ion conductivities at (a) 

30 °C, (b) 60 °C, and (c) 90 °C, and (d) the activation energy as objective variables. The 

upper and lower sections in each panel show the average probability and the cumulative 

average maximum as functions of the current observation number over 1000 optimization 

trials, respectively. 

4.3.3.3 Bayesian optimization with multi-objective parameters 

From the above the results, we already confirmed that to deal with the problem of 

single objective function prediction, the BO search method can improve the screening 

efficiency significantly. We extended this method to the multi-parameter optimization of 

mechanical and ion conductivity properties. For the optimization problem of multi-

objective parameters, due to the potential trade-off relationship, the distribution of the 

objective parameters may not lead to the only optimal point (Figure 4.12). When the 

absolute optimal solution cannot be obtained, it is necessary to introduce a compromise 

concept, that is, the effective solution is also called (Pareto optimal solution), this concept 

means that it is impossible to improve another variable without harming other variables. 

Just as the Pareto optimal solution represented by the red dot in Figure 4.12, it is clear 

that neither mechanical properties nor ionic conductivity can be self-improved without 
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sacrificing the interests of the other party. To quantify the quality of a set of solutions for 

the prediction of a multi-objective problem, here, we used the hypervolume as the 

evaluation function.  The hypervolume index is composed of the target variable 

individual in the solution set and the reference point in the search space, which 

corresponds to the yellow shaded area in Figure 4.12. If one solution set S is better than 

another solution set S', then S will have a greater hypervolume index than S'. The 

extension of EI,27 was used as the acquisition function to evaluate the expected increase 

in the Pareto hypervolume. 

 

Fig. 4.12 Objective parameter distributions composed of measured values of ionic 

conductivity at 90 °C and relative densities. The Pareto optimal solution set contains six 

samples with different compositions, as represented by the red dots. The Pareto 

hypervolume, which is a multi-objective evaluation index, is defined by the yellow 

shaded region. The reference point is defined as the minimum value of each objective 

parameter ξ in the solution set, where ξ = 10-4 

The optimization process is displayed in Figure 4.13, as a function of observation 

number, this figure clearly shows the efficiency difference between these two methods. 

The ratio of the hypervolume of the currently observed solution set to that of the Pareto 

optimal solution set was defined as the relative hypervolume,26 which was used to 
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evaluated the optimization process. By applying the multi-objective Bayesian 

optimization (MOBO) method, after about 20 observation steps, the relative hypervolume 

is greater than 0.99, the searching efficient is improved almost 100%. Obviously, by using 

a suitable evaluation function, the efficiency of Bayesian optimization can also be 

improved when dealing with multiple target variables. This method is suitable for 

experimental researchers to quickly make judgments when faced with the optimization of 

multi-objective parameters in the material development process, thereby reducing 

research costs. 

 

Fig. 4.13 Comparing the performance of the multi-objective Bayesian optimization 

process using the expected hypervolume improvement (EHI) (red line) and the random 

search method (black line). The optimized parameters are ionic conductivity at 30 °C and 

relative density. 

4.4 Conclusion on Chapter 4 

Based on the typical La1/3NbO3 perovskite-type material, we synthesized (LiyLa(1-

y)/3)1-xSr0.5xNbO3 (0 ≦ 0.5x ≦ 0.15, 0 ≦ y ≦ 0.25) compositions by co-doping with 

Li+ and Sr2+. We optimized the co-doping composition through comprehensive structural 
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characterization and by analyzing the electrochemical performance of the prepared 

samples. The highest ionic conductivity at room temperature (8.002 × 10-5 S/cm), which 

includes contributions from bulk and grain-boundary conduction, was observed for the 

(Li0.1La0.3)0.92Sr0.04NbO3 composition. The doped ions improve the total ionic 

conductivity differently. Due to differences in ionic radii, Li+ diffuses through pipes 

around La3+ ions as the major ion-conducting carrier. In contrast, the larger Sr2+ ions form 

larger vacancies, which increase the size of the Li-ion migration pathway and reduce the 

energy barrier for hopping. In addition, the sintered morphologies of the obtained samples 

reveal that Li2CO3 significantly increases the relative density of the sample, which helps 

to reduce grain-boundary resistance, with Sr2+ also exhibiting a positive effect. Due to 

numerous influencing factors that are difficult to quantify, the compositional dependence 

of the Li-ion conductivity is rather complicated. Conventional experimental 

compositional optimization approaches rely on a large amount of repetitive work that is 

based on personal experience and intuition. 

To improve material-screening efficiency we demonstrated the feasibility of 

combing Bayesian optimization, which is used in informatics, to materials science. 

Random searching and the BO-based search approach were both used to predict the 

optimal solution in a 64-sample dataset. The BO method was found to require an average 

of 20 observation steps to locate the optimal solution in the dataset, with a success rate in 

excess of 99%. Compared to the random-search method, the BO approach shortens the 

number of required steps by two-thirds and dramatically improves efficiency. In addition, 

for multi-objective optimization, we applied the MOBO approach to Pareto frontier 

searching using the experimental dataset, which also improved efficiency. In summary, 

this part of work highlights the feasibility of applying BO and related techniques to 

optimizing the compositions of complete compounds in materials science. 

All the measured experimental data including bulk/relative densities, ionic 

conductivities, activation energies, cell volumes are tabulated in the Table 4.4  

Table 4.4 The real density, relative density and ionic conductivity at 30 oC for all 64 

sintering samples, the activation energy for 48 samples, and Cell volume for 12 selected 

samples. 

label Li (y) Sr (0.5x) bulk 

density(g/cm3) 

relative density (%) Ionic 

conductivity 

Activation 

energy (eV) 

Cell 

volume 
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σ(Ω/cm-1) 30°C (Å3) 

1.1 0.010 0.000 2.615 0.516 2.54E-07   

2.1 0.010 0.020 2.615 0.516 1.93E-07   

3.1 0.010 0.040 2.660 0.525 2.46E-07   

4.1 0.010 0.060 2.659 0.525 1.92E-07   

5.1 0.010 0.080 2.786 0.550 1.19E-07   

6.1 0.010 0.100 2.774 0.547 1.08E-07   

7.1 0.010 0.120 2.822 0.557 7.18E-08   

8.1 0.010 0.150 2.857 0.564 3.50E-08   

1.2 0.030 0.000 2.614 0.516 2.45E-06   

2.2 0.030 0.020 2.648 0.523 7.60E-07   

3.2 0.030 0.040 2.682 0.529 7.03E-07   

4.2 0.030 0.060 2.822 0.557 7.23E-07   

5.2 0.030 0.080 2.858 0.564 3.13E-07   

6.2 0.030 0.100 2.931 0.578 2.96E-07   

7.2 0.030 0.120 2.930 0.578 2.64E-07   

8.2 0.030 0.150 2.907 0.574 1.33E-07   

1.3 0.060 0.000 3.022 0.596 1.11E-05 3.25E-01 120.42 

2.3 0.060 0.020 3.317 0.655 1.09E-05 3.23E-01  

3.3 0.060 0.040 3.620 0.715 2.66E-05 3.22E-01 121.14 

4.3 0.060 0.060 3.198 0.631 4.77E-06 3.30E-01  

5.3 0.060 0.080 3.083 0.608 3.90E-06 3.26E-01 121.34 

6.3 0.060 0.100 3.187 0.629 3.35E-06 3.33E-01  

7.3 0.060 0.120 3.161 0.624 1.19E-06 3.35E-01 121.41 

8.3 0.060 0.150 3.059 0.604 1.68E-07 3.42E-01  

1.4 0.100 0.000 3.802 0.750 2.04E-05 3.30E-01 119.24 

2.4 0.100 0.020 4.297 0.848 6.05E-05 3.27E-01  

3.4 0.100 0.040 3.834 0.757 8.00E-05 3.15E-01 120.23 

4.4 0.100 0.060 4.391 0.867 8.00E-05 3.04E-01  

5.4 0.100 0.080 3.783 0.747 3.98E-05 3.19E-01 120.67 

6.4 0.100 0.100 3.727 0.736 2.24E-05 3.17E-01  

7.4 0.100 0.120 4.451 0.878 2.82E-05 3.23E-01 120.95 

8.4 0.100 0.150 3.758 0.742 3.05E-06 3.20E-01  

1.5 0.150 0.000 4.275 0.844 2.57E-05 3.60E-01  

2.5 0.150 0.020 4.406 0.870 4.75E-05 3.49E-01  

3.5 0.150 0.040 4.509 0.890 6.41E-05 3.38E-01  

4.5 0.150 0.060 4.295 0.848 6.06E-05 3.42E-01  

5.5 0.150 0.080 4.198 0.829 4.57E-05 3.49E-01  

6.5 0.150 0.100 4.340 0.856 2.77E-05 3.49E-01  

7.5 0.150 0.120 4.537 0.895 2.83E-05 3.45E-01  
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8.5 0.150 0.150 4.408 0.870 8.61E-06 3.53E-01  

1.6 0.200 0.000 4.328 0.854 1.09E-05 3.82E-01  

2.6 0.200 0.020 4.308 0.850 1.54E-05 3.73E-01  

3.6 0.200 0.040 4.247 0.838 2.21E-05 3.73E-01  

4.6 0.200 0.060 4.217 0.832 3.11E-05 3.65E-01  

5.6 0.200 0.080 4.205 0.830 2.47E-05 3.65E-01  

6.6 0.200 0.100 4.451 0.878 2.37E-05 3.66E-01  

7.6 0.200 0.120 4.318 0.852 1.41E-05 3.60E-01  

8.6 0.200 0.150 4.628 0.913 8.39E-06 3.58E-01  

1.7 0.250 0.000 4.435 0.875 5.19E-06 4.01E-01 117.88 

2.7 0.250 0.020 3.970 0.784 6.47E-06 3.90E-01  

3.7 0.250 0.040 4.112 0.812 9.69E-06 3.90E-01 119.59 

4.7 0.250 0.060 4.401 0.869 1.86E-05 3.78E-01  

5.7 0.250 0.080 4.149 0.819 1.49E-05 3.77E-01 120.17 

6.7 0.250 0.100 4.252 0.839 1.56E-05 3.73E-01  

7.7 0.250 0.120 4.397 0.868 1.22E-05 3.66E-01 120.32 

8.7 0.250 0.150 4.543 0.897 6.59E-06 3.68E-01  

1.8 0.300 0.000 4.405 0.869 4.26E-06 3.97E-01  

2.8 0.300 0.020 4.300 0.849 6.22E-06 3.97E-01  

3.8 0.300 0.040 4.289 0.847 9.64E-06 3.90E-01  

4.8 0.300 0.060 4.200 0.829 1.46E-05 3.79E-01  

5.8 0.300 0.080 4.244 0.838 1.55E-05 3.72E-01  

6.8 0.300 0.100 4.439 0.876 1.16E-05 3.73E-01  

7.8 0.300 0.120 4.564 0.901 1.12E-05 3.67E-01  

8.8 0.300 0.150 4.417 0.872 3.08E-06 3.74E-01  
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Chapter 5 Conclusion 

The performance of the secondary battery as an energy device mainly depends on 

the rate-determining ability of the ion diffusion in the solid, this research is carried out at 

the atomic level to understand the ion diffusion process and migration mechanism in the 

solid. We aim to study the phenomenon of lithium ion conduction in solid oxide materials 

through multi-scale first-principles calculations, molecular dynamics simulations and 

other methods. However, the modulated microstructure exist in the material which is hard 

to be clearly characterized by the experiment method, but it will affect the ion conduction 

process, so the simulation of the crystal structure at multiple scales is very important step 

for the study of physical properties such as ion diffusion. To ensure fast and accurate 

simulations on a sub-nanosecond level with several thousand atoms system, we applied 

fast empirical force fields to perform MD simulations. But if we want to improve the 

performance of the material, it is impossible to do the exploration without the 

experimental methods. However, when using traditional experimental method to design 

and screen the new material, faced with an infinite number of potentially feasible ternary 

or multi-component compounds and their derivatives is inevitable, we hope to speed up 

the exploration of feasible compounds. Combined with informatics methods is a possible 

way to reduce the complexity of the mutual constraints of multiple factors involved in the 

exploration process. More specifically, DFT calculation combined with cluster expansion 

and Monte Carlo simulation in multiple scale were adopted to reveal the micro-modulated 

arrangement of cation/vacancy of La1/3NbO3 (LLNO)(Chapter 2). DFT-derived force field 

molecular dynamics (FFMD) simulation via a metaheuristic approach were adopted to 

investigate the migration behavior of Li-ion in LixLa(1-x)/3NbO3 (Chapter 3). As a proof-

of-concept study, we show that the Bayesian optimization (BO) method efficiently 

searches for the best composition and that material retrieval during experimental 

exploration can benefit from BO. (Chapter 4) 

Conclusion on Chapter2: The structural features of La1/3NbO3 and the potential 

modes of the modulated structure of the La-rich layer were revealed using ab initio 

density functional calculations with cluster expansion and Monte Carlo simulation. The 

cluster expansion formalism was suitable for calculating the total energy obtained using 

DFT calculation for an A-site-deficient perovskite structure. Based on MC simulation 
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results, the structural feature of alternate La-rich and La-poor layer stacking along the c-

axis was well reproduced when the supercell was even in size. The most stable 

La/vacancy arrangement in the La-rich layer of La1/3NbO3 was obtained by MC 

simulation with the supercell 12 × 12 × 12; the arrangement was composed of several 4ap 

× 6ap periodic units in which most of the La ions surrounded central vacancies, resulting 

in the formation of a closed arrangement. Moreover, a second potential La/vacancy 

arrangement with a slightly higher energy was found by simulating a 36 × 36 × 36 

supercell; this structural arrangement tends to exist in larger systems and at higher 

temperatures. The second arrangement is different from the first one in that there is no 

obvious ordered short-range structure, although a long-range ordered structure is 

observed along the diagonal direction [1 1 0]p. Based on our results, we believe that these 

two different types of modulated arrangements will coexist in the real system, and closed 

arrangement with relatively low energy will account for the majority of the structure. It 

is foreseeable that when we dope Li-ions, most of them will occupy the center of the 4ap 

× 6ap periodic units. La-ions around the corner of these 4ap × 6ap periodic units will block 

the diffusion path of Li-ions, which may be the reason for the lower-than-expected Li ion 

conductivity in LLNO. 

Conclusion on Chapter 3: As the further study on chapter 2, in this chapter, the FF 

parameter sets for a perovskite-type material, LLNO, were determined via a metaheuristic 

algorithm based on AIMD outputs. The Li-ion conduction behaviors of modulated and 

disordered arrangements of La/Vac existing in LLNO were investigated via FFMD for 

the first time. The modulated arrangements in LLNO significantly influenced the 

migration of Li ions. The existence of an alternating interlayer arrangement resulted in 

higher migration energy diffusing along the c-axis due to a large potential gap for Li ions 

between La-rich and La-poor layers. In addition, 2D Li migration pathways in the ab 

plane were obstructed by La ions in the La-rich layer. Hopping along the c-axis was 

required for the long-range migration of Li and was, therefore, the rate-determining 

process. As a result, numerous intrinsic vacancies (mainly in the La-poor layer) became 

inaccessible, which is the main reason that the bulk ionic conductivity of LLNO is lower 

than that of LLTO. Interestingly, two of the modulated structures (closed and striped 

arrangements) displayed higher Li-ion conductivity than disordered structures by a factor 

of 10 at 800 K. In addition, the migration energy in the ab plane appeared to be much 
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lower than along the c-axis. Consequently, a further improvement in the Li-ion 

conductivity can be achieved by eliminating La obstruction during long-distance 

migration. In this chapter , although we only take LLNO as an example, we performed 

molecular dynamics simulations by optimizing FFs parameters to reveal the influence 

between the microstructure of the material and the ion transition. At the same time, the 

research scheme of this work is also applicable to the study of other oxide and sulfide 

solid electrolyte materials. Provides research guidance for high-throughput material 

retrieval. 

Conclusion on Chapter 4: As the extension of chapter 2 and chapter 3, we want to 

improve the electrochemical performance of LLNO by conventional experimental 

methods. Based on the typical La1/3NbO3 perovskite-type material, we synthesized 

(LiyLa(1-y)/3)1-xSr0.5xNbO3 (0 ≦ 0.5x ≦ 0.15, 0 ≦ y ≦ 0.25) compositions by co-doping 

with Li+ and Sr2+. We optimized the co-doping composition through comprehensive 

structural characterization and by analyzing the electrochemical performance of the 

prepared samples. The highest ionic conductivity at room temperature (8.002 × 10-5 S/cm), 

which includes contributions from bulk and grain-boundary conduction, was observed for 

the (Li0.1La0.3)0.92Sr0.04NbO3 composition. The doped ions improve the total ionic 

conductivity differently. Due to differences in ionic radii, Li+ diffuses through pipes 

around La3+ ions as the major ion-conducting carrier. In contrast, the larger Sr2+ ions form 

larger vacancies, which increase the size of the Li-ion migration pathway and reduce the 

energy barrier for hopping. In addition, the sintered morphologies of the obtained samples 

reveal that Li2CO3 significantly increases the relative density of the sample, which helps 

to reduce grain-boundary resistance, with Sr2+ also exhibiting a positive effect. Due to 

numerous influencing factors that are difficult to quantify, the compositional dependence 

of the Li-ion conductivity is rather complicated. Conventional experimental 

compositional optimization approaches rely on a large amount of repetitive work that is 

based on personal experience and intuition. To improve material-screening efficiency we 

demonstrated the feasibility of combing Bayesian optimization, which is used in 

informatics, to materials science. Random searching and the BO-based search approach 

were both used to predict the optimal solution in a 64 sample dataset. The BO method 

was found to require an average of 20 observation steps to locate the optimal solution in 

the dataset, with a success rate in excess of 99%. Compared to the random-search method, 
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the BO approach shortens the number of required steps by two-thirds and dramatically 

improves efficiency. In addition, for multi-objective optimization, we applied the MOBO 

approach to Pareto frontier searching using the experimental dataset, which also improved 

efficiency. In summary, this part of work highlights the feasibility of applying BO and 

related techniques to optimizing the compositions of complete compounds in materials 

science. 

From the above studies, it is very effective and visualization to investigate the crystal 

structure in multiple scale and the ion diffusion process by the combination of first-

principles calculation, Monte Carlo simulation, force fields molecular dynamics and other 

methods. Due to the limitations of traditional experimental exploration, in the future 

material research, the combination of material science and computational science will 

become closer and closer. As the direction of future development, it is foreseeable that in 

the next few years, the application of high-throughput calculation methods, combined 

with experimental research, will greatly accelerate our research and development of 

lithium battery materials, and deepen our understanding of various problems in lithium 

batteries. At the same time, the integration of different disciplines will also become more 

important, data mining, data analysis, optimization of material screening efficiency, and 

reduction of calculation costs through informatics technology will all be the hotspots in 

the future. 
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Chapter 6 Appendix 

6.1 Density functional theory1–5 

6.1.1 what is density functional theory 

Density represents the density of electrons, the functional means that energy is a 

function of electron density, and the electron density is a function of space coordinates, 

and the function of the function is the functional. 

6.1.2 Some definitions 

A wave function in quantum mechanics describes the quantum state of a set of 

particles in an isolated system. 

Operator: Does a mathematical operation on a variable. 

Quantum mechanical operator: Any observable in quantum mechanics is represented 

by an operator. 

Ground state: The most stable state of a system ------ lowest energy 

6.1.3 Many particle problem in solids 

Find the ground state for a collection of atoms by solving the Schrodinger equation 

Ĥψ({ri}, {RI}) = Êψ({ri}, {RI})              (6-1-1) 

If we are interested in finding the ground state of a set of particles, the way is to 

solve the many body Schrodinger equation, when we have the wave function, which 

describes our system of atoms or nuclei and electrons, and the hamiltonian Ĥ which will 

apply to the wave function, it is just an operator can divided into energy terms T̂, kinetic 

energy operator, and V̂Coloumb which includes all Colombo interactions. 

Ĥ =  T̂ + V̂Coloumb                      (6-1-2) 

T̂: kinetic energy operator 

V̂Coloumb =
qiqj

|ri⃗⃗⃗  -rj⃗⃗⃗  |
 : pair of charge particles 

6.1.4 The Born Oppenheimer approximation 

To solve the many-body Schrodinger equation is to complicate, we apply the Born 

Oppenheimer approximation, the basic idea of this approximation is that the nuclei are 

big and heavy, electrons are small and fast which means we can decouple the dynamics 

of the nuclei and the electrons, making solving the ground state of the electrons possible 
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by fixing a set of atomic positions. 

mnuclei ≫ me                        (6-1-3) 

ψ({ri}, {RI}) → ψN({RI})*ψe({ri})                (6-1-4) 

The many-particle problem in solids with the help of Born Oppenheimer 

approximation can transform into solving the Schrodinger equation for electrons, which 

greatly reduced the number of variables. 

Ĥ ψ(r1, r2, r3…rN) = Eψ(r1, r2, r3…rN)              (6-1-5) 

Right now the Hamiltonian only consists of terms which include electrons, kinetic 

energy at terms, potential terms which include the electrons are interaction with the nuclei 

which is only considered as an external potential, and electron electron repulsion. 

Ĥ = -
ℏ

2me
∑ ∇i

2Ne
i + ∑ Vext(ri)

Ne
i + ∑ ∑ U(ri, rj)j>1

Ne
i=1       (6-1-6) 

For a system of N electrons, each electron contains three space coordinates, and this 

equation contains 3N variables, which makes it very difficult to really solve it. 

6.1.5 Density functional theory——from wavefunctions to electron density 

Here we need to approach the density functional theory, the electron density is 

actually a true observable, which in principle can be measured from the wave function 

that will reduce the variables from 3N to 3 spatial dimensions. 

n(r) = ψ*(r1, r2, r3…rN)ψ(r1, r2, r3…rN)            (6-1-7) 

If we want to further simplify the problem, we still need to apply another idea, 

Hatree-Fock approximation which make the multi-electron system is simplified to a 

single-electron system, and the solution becomes possible. Specific, the jth electron is 

treated as point charge in the field of all the other electrons. 

ψ(r1, r2, r3…rN) = ψ1(r1)*ψ2(r2)*ψ3(r3)*… *ψN(rN)   (6-1-8) 

Define the electron density in terms of the individual electron wave functions: 

n(r) = 2∑ ψi
*(r)ψi(r)i                   (6-1-9) 

6.1.6 Hobenberg and Kohn——The heart of DFT 

Here we are approaching the heart of the DFT theory, which based on two very 

fundamental theorems. 

Theorem 1: The ground state energy E is a unique functional of the electron density. 

E = E[n(r)]                      (6-1-10) 

Theorem 2: The electron density that minimized the energy of the overall functional 
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is the true ground state electron density. 

E[n(r)] > E0[n0(r)]                    (6-1-11) 

Based on the idea of Hohenberg-Kohn theorem, the energy functional can be divided 

into two main parts, the one is known and the other is unknown. 

E[(ψi)] = EKnown[(ψi)] + EXC[(ψi)]            (6-1-12) 

EKnown[(ψi)] = -
ℏ

2me
∑∫ψi

*∇2ψid
3r

Ne

i

+∫V(r)n(r)d3r + 

e2

2
∬

n(r)n(r')

r-r'
d3rd3r' + Eion               (6-1-13) 

EXC[(ψi)]: exchange-correlation functional 

EXC[(ψi)] includes all quantum mechanical terms, which is not known, needs to be 

approximated, and simplest XC-functionals LDA, Local density approximation; GGA, 

Generalized gradient approximation. 

6.1.7 The Kohn sham scheme 

Solve a set of single-electron wave functions that only depend on three spatial 

variables, ψ(r) 

[-
ℏ

2m
∇2 + V(r) + VH(r) + VXC(r)]ψi(r) = ϵi(r)ψi   (6-1-14) 

The first thing is to consider the single electron wave functions and they are not 

interacting, the interactions are sort of implicitly accounted for in these potentials, the 

hamiltonian for the single electron wave functions is the external potential and then the 

Hatree potential enhance the Ĥ, which is just an electron interacting with the electron 

density, then this exchange correlation potential which has to be approximated. 

Self-consistency scheme: 

 

6.1.8 Approximation of exchange correlation potential 
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It is an approximation used in one of the exchange-related energy functionals of 

density functional theory. This approximation considers that the exchange correlation 

energy functional is only related to the value of the electron density at each point in space 

(and has nothing to do with its gradient, Laplace, etc.). Although there are many methods 

that can reflect the local density approximation, the most successful in practice is the 

functional based on the uniform electron gas model.  

EXC
LDA(n) =  ∫ n(r)εxc (n)dr               (6-1-15) 

It is simply a function of electron density. Exchange related energy can be 

decomposed into exchange items and related items: 

Exc = Ex + Ec                     (6-1-16) 

The problem then becomes to find expressions for exchange terms and related terms 

separately. For the uniform electron gas model, the exchange term has a simple analytic 

formula, and the related term only has an accurate expression under special circumstances. 

Different approximations of related effects can result in differentEc . For practical 

functionals, the form of the energy density term of the correlation action is always very 

complicated. 

This is considered to be suitable when the change in electron density in the substance 

is small, and the calculation result shifts when it becomes a strongly electron correlation 

system such as a transition metal oxide or a lanthanoid compound. Therefore, an 

approximation was devised that considers the first derivative of the electron density in 

addition to the mean field of the exchange correlation potential in this LDA, and this is 

called Generalized Gradient Approximation (GGA). 

6.1.9 Summary of DFT 

The core idea of density functional theory: through approximation, an easy-to-

calculate, non-interactive but inaccurate result is separated, and then all errors are 

separately collected into the exchange correlation functional for analysis. Therefore, the 

choice of the exchange correlation functional termExc is very important, because it will 

directly determine the accuracy of the calculation result. Regarding the choice of 

exchange correlation functionals, you can use a diagram called Jacob's Ladder (as shown 

in Figure 6.1) to understand intuitively. 
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Fig 6.1 Jacob's Ladder6 

The density functional theory should still be viewed from a critical perspective: it is 

not omnipotent. From a practical perspective, although density functional theory has 

become one of the basic tools in the research fields of physics, chemistry, materials, etc., 

with sufficiently high calculation accuracy, it cannot actually find the exact solution of 

Schrödinger’s equation because of the exchange the precise form of the correlation 

functional can never be given accurately, which makes the calculated result and the actual 

result inevitably have errors. In addition, in the following important situations, density 

functional theory cannot give a good physical exact solution: 

Calculation of electronic excited state. Although density functional theory can 

certainly be used to predict the properties of electronic excited states, strictly speaking, 

the accuracy of this prediction is not guaranteed in theory, because the Hohenberg-Kohn 

theorem is for the ground state. 



 121 / 144 

 

 

Calculation of the band gap of semiconductor and insulator materials. Using the 

existing functional standards, the accuracy of the band gap calculated by the density 

functional theory is limited, and an error greater than 1 eV generally exists compared with 

the experimental data. How to use density functional theory to accurately deal with this 

problem is still an active research field. 

Calculation of van der Waals forces between atoms and molecules. Density 

functional theory can hardly give accurate results in this situation. One explanation is that 

van der Waals force is a direct result of long-range electronic correlation effects. To solve 

this problem, more advanced wave function methods must be used instead of density 

functional theory.  

Calculation of a large number of atoms. This is actually a problem of calculation 

cost. At present, the calculation amount of density functional theory is usually around 

dozens of atoms. From a physical point of view, even a drop of water contains atoms of 

an ultra-high order of magnitude. If you want to solve all atoms directly and "simple and 

rude", you need to rely on computer technology or program efficiency to have very huge 

progress and breakthroughs. It's hard to ask for. Therefore, how to connect the calculation 

results of a very small number of atoms with real materials with physical relevance is also 

a problem that researchers who use density functional theory must understand. 

6.2 Monte Carlo method7–13 

6.2.1 Monte Carlo method and history 

Monte Carlo is a city in Monaco on the Mediterranean coast. It is a world-famous 

casino. The calculation method is named after this place, which shows that the algorithm 

is closely related to randomness and probability. In fact, Monte Carlo method is also 

called random simulation method, random sampling technique or statistical testing 

method. 

The random sampling method can be traced back to the Buffon random needle 

injection experiment in the second half of the 18th century. Buffon discovered the 

relationship between the probability of random needle injection and π. However, the paper 

published by Metropolis and Ulam in 1949 is generally regarded as the symbol of the 

birth of the MC method. The 1940s was the age of the advent of electronic computers and 
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the age of the development of the atomic bomb. The development of the atomic bomb 

involves a large number of complex theoretical and technical issues, such as physical 

processes, neutron transport and radiation transport. Scientists combined the random 

sampling method with computer technology when solving problems such as neutron 

transportation, which resulted in the Monte Carlo method. 

6.2.2 The basic idea of Monte Carlo method 

The basic idea of the Monte Carlo method is to establish an appropriate probability 

model or random process in order to solve a certain problem so that its parameters (such 

as the probability of an event, the mathematical expectation of random variables, etc.) are 

equal to the solution to the problem. Then carry out repeated random sampling tests on 

the model or process, and carry out statistical analysis on the results, and finally calculate 

the required parameters to obtain an approximate solution to the problem. Monte Carlo 

method is a stochastic simulation method, but it is not limited to simulating randomness 

problems, but can also solve deterministic mathematical problems. For random problems, 

you can directly conduct random sampling tests according to the probability law of actual 

problems, that is, direct simulation methods. For the deterministic problem, the indirect 

simulation method is used, that is, the solution of the deterministic problem is obtained 

through statistical analysis of the results of random sampling. 

The Monte Carlo method is mainly used to solve the problem of determinism in the 

field of mathematics, while in materials science, it is mainly to solve the problem of 

randomness. Here is a simple example to illustrate the Monte Carlo method to solve 

deterministic problems. 

If it is required to solve a definite integral: 

I =  ∫ f(x)dx
b

a
                    (6-2-1) 

First, transform the integral to construct a new integrand function g(x) so that the 

function satisfies the following conditions: 

g(x) ≥ 0  

∫ g(x)dx
∞

-∞
=1                     (6-2-2) 

Obviously, g(x) is the probability density function of the continuous random 

variable ξ , so the formula (6-2-1) becomes a probability integral whose integral value 

is equal to the probability Pr(a ≤ ξ ≤ b) 
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I =  Pr(a ≤ ξ ≤ b)                   (6-2-3) 

This step is the process of transforming an integral into a probability model, and then 

repeated random sampling experiments, using the statistical average of the sampling 

results as the approximate value of the probability to obtain the integral. The specific test 

steps are as follows: 

Generate a random variable value xi  that obeys the given distribution function 

g(x). 

Check whether xi fall into the integration area (a ≤ x ≤ b). If the condition is met, 

record it once. 

Repeat the above test. Assuming that after N trials, the total number of times that xi 

falls into the integration region is m, then the integral value is approximately expressed 

as: 

I ≈
 m

N
                           (6-2-4) 

6.2.3 Monte Carlo simulation of randomness problems 

The method of random experiment is used to directly simulate the random process 

and solve the random problem. This is the so-called direct Monte Carlo simulation. Such 

as simulation of Brownian motion, diffusion process, organic polymer morphology, grain 

growth and other random problems. 

Markov chain 

For simple sampling, each sampling is independent. As in the random walking 

process, each walking step has nothing to do with the previous step, and it has nothing to 

do with the initial position. The essence of importance sampling Monte Carlo method is 

that each sampling experiment is not completely independent, but has a certain 

probability relationship with the previous or all previous sampling results, such as non-

returning random walking and self-avoiding random walking. 

Suppose the state sequence (random variable sequence) of a system x0, x1, … , xn, …, 

if for any state xn is only related to the previous state xn-1and has nothing to do with 

the initial state, the probability of state n is: 

p(xn | xn-1 , … , x1, x0) = p(xn |xn-1)           (6-2-5) 

Call this sequence Markov chain. The Markov chain is a random walking state. The 

probability of walking from state i to state j in a single walk is called transition probability. 
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pij =  p(xj |xi) =  p(xi → xj)               (6-2-6) 

Assuming that all possible states are N, the N*N matrix formed by pij is called 

transition matrix p, and the sum of the elements in each row of the matrix is equal to 1. 

The important property of the Markov chain is that regardless of the initial state, the final 

state (a sufficient number of time steps) will follow a certain unique distribution, which 

is called the limit distribution xlim. 

xlim = xlim × p                     (6-2-7) 

In other words, the state no longer changes after the limit state is multiplied by the 

transition probability, which means the system reaches an equilibrium state. Therefore, 

the Markov chain is of great significance in the equilibrium Monte Carlo simulation. For 

example, for the canonical ensemble, the temperature is constant, and the state of the 

system corresponds to the heat balance distribution, which means the limit probability of 

the Markov chain is proportional to the Boltzmann factor: 

p(xi) ∝ exp [-
H(xi)

KT
]                      (6-2-8) 

In the formula, H is the Hamiltonian of the system, this shows that the probability of 

each state of the system depends on the temperature and Hamiltonian of the system, which 

is the core of the Metropolis Monte Carlo method. 

Here give a sample example of Markov chain, and how does the transition 

probability work. 

Consider a Two-level system, and the transition matrix p (
0.5 0.5
1 0

), assume the 

initial state x1 = (1 0), so the state x2 should be 

x2 = (1 0) (
0.5 0.5
1 0

) = (0.5 0.5)               (6-2-9) 

By the same way, state x3 will equal (0.75 0.25), this recursion can get the limit 

state xlim = (
2

3
 
1

3
) 

(
2

3
 
1

3
) (
0.5 0.5
1 0

) =  (
2

3
 
1

3
)                  (6-2-10) 

The result shows that (
2

3
 
1

3
) is the limit state. The sequence (x1, x2, … , xlim)  is a 

Markov chain. It can be proved that the initial state (0 1) can also reach limit state by the 

same transition matrix, which means the limit distribution of Markov chain has nothing 
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to do with the initial state. 

Metropolis Monte Carlo method 

Monte Carlo methods are mainly divided into simple random sampling methods and 

important random sampling methods. Simple sampling is sampling with an even 

distribution, and each sampling is completely independent. As mentioned in the previous 

section on the integral problem, many problems are difficult to solve with simple 

sampling methods, and important random sampling can obtain good results. 

The Metropolis Monte Carlo method is an important random sampling method. 

Metropolis et al. proposed a method based on the establishment of a Markov process. The 

essence of this method is that the states of the system are not selected independently of 

each other. Instead, build a Markov process, in which each state xi+1 is obtained from 

the previous state xi  through an appropriate transition probability W(xi → xi+1) , 

moreover, this probability can make the distribution function p(xi) of the state produced 

by the Markov process tend to the desired equilibrium distribution under the limit of M →

∞. 

peq(xi) =
1

z
exp [-

H(xi)

kBT
]                (6-2-11) 

The sufficient conditions to meet the above requirements are: 

peq(xi) W(xi → xj) = peq(xj) W(xj → xi)          (6-2-12) 

W(xi→xj)

W(xj→xi)
= exp [-

dH

kBT
]                 (6-2-13) 

The ratio of the transition probabilities of the two states forward and reverse depends 

only on the energy difference between the two states dH = H(xj)-H(xi). The form of 

transition probability W usually takes the following forms. 

W(xi → xj) = {

1

ts
exp (-

dH

kBT
) , dH > 0

1

ts
 ,   other conditions

            (6-2-14) 

In the formula, ts is an arbitrary factor. When the dynamic process is not considered, 

ts can be taken as 1. When discussing dynamics, ts is the unit of "Monte Carlo time", 

and W is called "transition probability per unit time". 

The specific steps of Metropolis Monte Carlo method are as follows:  

(1) Establish a model of the relationship between system state and energy.  
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(2) Starting from the initial state, establish a new state through simple sampling. (3) 

According to the Hamiltonian dH of the old and new states, judge the accept or not 

of the new state. There are three situations for judging the rejection: 

1.dH < 0, accept the new state and continue for step (2); 

2.dH > 0,  not directly judge, but to further judge and draw a random number ξ 

ξ

{
 

 ≤ exp (-
dH

kBT
) , accept new state

> exp (-
dH

kBT
) , refuse new state

 

3. If the new state is rejected, take the original state as the new state, repeat step (2), 

and record it once. 

If the number of particles in the system is M, one particle is randomly selected for 

each new state sampling, not every particle is performed one by one. As long as the quality 

of the pseudo-random number is high enough, the probability of each particle being 

sampled is equal. When the number of sampling reaches the total number of particles M 

in the system, the process is called a Monte Carlo step (MCS). The relationship between 

system configuration and energy is an important part of the Monte Carlo method for 

random simulation. 

6.2.4 Energy model of Monte Carlo method 

The Monte Carlo method first establishes an appropriate model of the relationship 

between system configuration and energy according to the process to be simulated. After 

randomly selecting a new configuration of the system, calculates the energy change 

before and after the system configuration change to determine the new configuration. The 

relationship model between system configuration and energy plays an important role in 

the Monte Carlo method. The Monte Carlo method is mainly to simulate the state of the 

system, not the process, so the energy relationship is different from the potential function 

of molecular dynamics. The potential function is the relationship between the relative 

distance between particles and energy, and the relationship between configuration and 

energy in the Monte Carlo method is only a function of the particle state. Sometimes the 

relationship is only a qualitative description. The absolute value of energy is not important, 

as long as it can be described qualitatively. The energy difference between the two 

configurations is sufficient. 

Ising model 
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In this model, the system is composed of regular lattice points, and each lattice point 

has a particle (atom or molecule), and each particle has only two states, and the two states 

contribute equally to the energy of the system, but the sign is opposite. Then the 

relationship between system energy and state is: 

   HIsing = -J ∑ SiSj-B∑ Sii , Si = ±1〈i,j〉           (6-2-15) 

In this formula, J is the effective interaction energy of the particles, Siis the state 

value of particle i, and B is the energy generated by the action of a certain intensity 

thermodynamics field on the particle i. It can be seen from the above formula that the 

energy of the system is composed of two parts, one is the contribution of the particle pair 

interaction, and the other is the effect of the external field on the particle. Both parts are 

related to the state value Si  of the particle. The most typical application of the Ising 

model is the magnetic moment simulation model in solids. The state Siof the lattice point 

is ± 1, which represents spin-up and spin-down, respectively. The first term of the energy 

model represents the interaction energy between each magnetic moment, and the second 

term represents the effect of the external magnetic field on each magnetic moment. 

Heisenberg model 

From equation (6-2-15), it can be seen that the Ising model can only consider simple 

binary problems, but certain properties of the particles at the grid point position have 

directionality and the directionality of these particles cannot be described by simple 

binary values. At this time, the interaction of its particles cannot use the Ising model. At 

this time, the interaction between particles should consider its vector relationship, and the 

energy model must be able to consider the problem of any vector angle. Hersenberg 

proposed an amendment to the Ising model: 

Hheis = -J|| ∑ Si
zSj

z-J ⊥ ∑ (Si
xSj

x + Si
ySj

y)-B∑ Si
z

i , Si = ±1〈i,j〉〈i,j〉   (6-2-16) 

Lattice gas model 

The lattice nodes considered by the Ising model and Heisenberg model must have 

particles that must be considered, but vacancies cannot be considered, or although there 

are particles occupying the node, the particles do not interact with surrounding particles, 

such as not having magnetism, etc. Happening. The lattice gas model solves this problem 

well 

Hgas = -Jint∑ titj-μint∑ tii , ti = 0,1〈i,j〉          (6-2-17) 

Jint is the nearest neighbor interaction energy, it only includes the situation where the 
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nearest neighbor lattice points are occupied, μint  is the chemical potential, which 

determines the number of atoms on each lattice point. The lattice gas Hamiltonian is a 

conventional two-state operator, so the lattice gas model can be converted to the usual 

Ising model. 

6.2.5 Summary of Monte Carlo method 

The MC method is generally based on simpler criteria, such as the principle of least 

energy, etc. It only uses random sampling to achieve the goal, and does not strictly 

simulate the realization process, it only considers the state and does not mind the process. 

Therefore, the calculation method and program structure are very simple, less restricted 

by complex conditions, and highly adaptable. Since the convergence speed and accuracy 

of the MC method have nothing to do with the dimensionality of the problem, the 

specialty of this method is to solve multi-dimensional problems, but the calculation 

efficiency of the MC method is low. 

The Metropolis MC method establishes a relationship between the states of the 

system by establishing a Markov process, rather than being completely independent. Each 

state is obtained from the previous state through an appropriate transition probability. 

Therefore, the Metropolis MC method can not only change the system in the direction of 

energy reduction, but also increase the energy of the system with an appropriate 

probability, thereby overcoming the barrier and making the system develop to a lower 

energy level instead of staying at the local minimum value of energy.  

The MC energy model is very different from the MD potential function. The MC 

energy model only considers the energy change caused by the state change, while the MD 

potential function can describe the relationship between the particle position and the force, 

and then can calculate the particle's movement direction and velocity. 

6.3 Molecular Dynamics 

6.3.1 What is Molecular Dynamics 

Molecular Dynamics simulation is to use computer methods to represent statistical 

mechanics, as an auxiliary means of experiment. The molecular dynamics simulation 

method is a deterministic method. It determines the transformation of configuration 

according to the internal dynamics of the system and tracks the individual movement of 
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each particle in the system; then according to the laws of statistical physics, the 

microscopic quantities are given (Molecular coordinates, velocity) and macroscopic 

observable measurements (temperature, pressure, specific heat capacity, elastic modulus, 

etc.) to study the material properties. 

The molecular dynamics method first needs to establish the motion equations of a 

group of molecules in the system, and by solving the motion equations of all particles 

(molecules), to study the basic processes of the system related to microscopic quantities. 

The rigorous solution of this kind of multi-body problem requires the establishment and 

solution of the Schrödinger equation of the system. According to the Bonn Oppenheimer 

approximation, the movement of electrons is dealt with separately from the movement of 

the nucleus, the movement of electrons is dealt with by the method of quantum mechanics, 

and the movement of the nucleus is dealt with by the classical dynamics method. 

6.3.2 Basic idea of molecular dynamics 

The laws of classical mechanics 

The movement of particles in the system treated in molecular dynamics obeys 

Newton’s equation: 

Fi(t) =  miai(t)                      (6-3-1) 

The force Fi(t)  on the atom I can be directly used as the first derivative of the 

potential energy function with respect to the coordinate ri, Fi(t) = -
∂U

∂ri
, where U is the 

potential energy function. Therefore, for each particle of the N particle system: 

{
mi

∂vi

∂t
= F = -

∂U

∂ri
+⋯

r(t) = v(t)
                  (6-3-2) 

In these equations, v is the velocity vector and mi is the mass of the particle. The 

solution of these equations generally requires numerical methods (analytic methods can 

only solve the simplest potential function form, which is meaningless in actual 

simulation). These numerical solutions produce a series of position and velocity pairs 

{xn, vn }, n represents a series of discrete time, t = nΔt, Δt represents the time interval 

(time step). To solve this system of equations, the initial coordinates and velocity of each 

particle in the system must be given. 

6.3.3 Molecular dynamics method work scheme 

Given the coordinates and speed at time t and other dynamic information, then the 
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coordinates and speed at time t + Δt can be calculated. Δ t is the time step, which is related 

to the integration method and the system. Figure 6.2 shows working scheme. The input 

of information (parameters) is to set the potential function representing the interaction 

force between atoms or molecules. If the properties of the thermodynamic equilibrium 

state are considered, physical environmental conditions such as temperature and pressure 

need to be set.  

The criteria for a good integration algorithm in molecular dynamics mainly include:  

a) Fast calculation speed  

b) Need less computer memory  

c) Allow longer time steps  

d) Show better energy conservation 

 

Fig 6.2 Molecular dynamics method work scheme 

6.3.4 The scope of application of molecular dynamics 

The molecular dynamics method only considers the motion of the nucleus in the 

multi-body system, while the motion of the electron is not considered, and the quantum 

effect is ignored. The classical approximation is more accurate in a wide range of material 

systems; however, it is not applicable to chemical reactions involving charge 

redistribution, bond formation and breaking, dissociation, polarization, and chemical 

bonds of metal ions. In this case, quantum mechanics methods are required. The classical 

molecular dynamics method (MD) is also not suitable for low temperature, because the 

energy gap between discrete energy levels given by quantum physics is larger than the 

thermal energy of the system, and the system is limited to one or several low energy states. 

When the temperature increases or the frequency related to motion decreases (with a 

longer time scale), the discrete energy level description becomes unimportant. Under such 
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conditions, higher energy levels can be described by thermal excitation. 

The preliminary estimation of the frequency of the Newtonian physical characteristic 

motion can be carried out according to the simple harmonic analysis. 

{

hγ

kBT
≫ 1,Not applicable to classic sports

hγ

kBT
≪ 1, applicable to classic sports

        (6-3-3) 

h - Planck’s constant, γ- vibration frequency, the classical method is not suitable 

for relatively high frequency motion. At 300k, kBT=2.5 J/mol, from Table.6.1 can be 

seen that these problems cannot be dealt with classical theory. 

Table 6.1 T=300k High frequency vibration mode and its ratio14 

Vibration mode 
Wave (1 λ⁄ ) cm-1 

Frequency γ hγ

kBT
 

O-H stretch 3600 1.1ⅹ1014 17 

C-H stretch 3000 9.0ⅹ1013 14 

O-C-O asym.stretch 2400 7.2ⅹ1013 12 

C=O (carbonyl) strectch 1700 5.1ⅹ1013 8 

C-N stretch 1250 3.8ⅹ1013 6 

O-C-O bend 700 2.1ⅹ1013 3 

6.3.5 Flow chart of molecular dynamics operation 

Initial system setup 

From Figure 6.3 It can be seen that in order to perform molecular dynamics 

calculations, you must first establish a calculation model, set the initial coordinates and 

initial speed of the calculation model; select the appropriate time step; select the 

appropriate interaction potential function between atoms to calculate the force ; Select the 

appropriate algorithm, boundary conditions and external conditions; calculate; perform 

statistical processing on the calculated data. 
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Fig 6.3 Flow chart of molecular dynamics operation 

Molecular dynamics is composed of three main parts: initialization, equilibrium, and 

result analysis. The initial coordinates can be obtained from the crystal structure, the 

initial velocity vector is set according to the pseudo-random number, so that the total 

kinetic energy of the system corresponds to the target temperature. According to the 

classic energy equalization theorem, the energy of each degree of freedom is kBT/2  in 

thermal equilibrium. NF is the total number of degrees of freedom of the system. 

〈E〉 =
1

2
∑ mivi

23N
i=1 = NFkBT/2              (6-3-4) 

After the initial coordinates and initial speed of the system are set, before proceeding 

to simulate the properties of the system, the system must first be brought into equilibrium. 

In this process, kinetic energy and potential energy are transformed into each other. When 

the kinetic energy, potential energy, and total energy fluctuate only around the average 

value, the system reaches equilibrium (corresponding to the microcanonical ensemble). 

Force calculation method 

More than 90% of the calculation time spent in molecular dynamics simulation is 
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used to calculate the force acting on the atom, and the time used is roughly proportional 

to the square of the number of atoms. For short-range forces, the cut-off radius method is 

used, which means only the forces within the force range are calculated, which greatly 

reduces the amount of calculation; for long-range forces such as Coulomb force, it is 

necessary to find an approximate treatment method to reduce the amount of calculation. 

Ewald summation method is a commonly used one. 

1. Cut-off radius method15 

Pre-select cut-off radius rc, only calculated the force between particles in the sphere 

with the rc. L > 2rc (L is the length of the periodic box of MD). When the number of 

particle of system is too large, the Verlet algorithm can be used. 

 

Fig 6.4 Neighborhood list 

Figure 6.4 can be established for each particle in the system. rc is the truncation 

radius and rlis the neighborhood radius. When calculating the force of particle 1, only 

calculate the sum of the forces on particle 1 of the three particles 2, 3, and 4 within the 

truncation radius, and the effects of other particles are ignored. During the calculation 

process, this table needs to be updated every certain number of steps. 

2. Ewald summation16 

The Ewald summation method was developed by Ewald in 1921 when he was 

studying the energy of ionic crystals. In this method, a particle interacts with all other 

atoms in the simulated box and mirror particles in periodic cells. The Coulomb potential 

between charges is: 

U =
1

2
∑ ∑

qiqj

4πε0rij

N
j=1

N
i=1                    (6-3-5) 



 134 / 144 

 

 

rij is the distance of charge i and charge j, There are 6 boxes at L from the center box. 

  U =
1

2
∑ ∑ ∑

qiqj

4πε0|rij+rbox|

N
j=1

N
i=1

6
nbox=1             (6-3-6) 

The potential energy of the charge at the center of the box is usually written as 

U =
1

2
∑ ∑ ∑

qiqj

4πε0|rij+n|

N
j=1

N
i=1

∞
|n|=0                  (6-3-7) 

The problem now is: the sum of this formula converges very slowly, in fact it is 

conditionally convergent. Ewald uses a technique in the summation, which is to transform 

the above equation into two series that converge quickly. Each point charge is surrounded 

by two charge distributions of equal size and opposite signs, as shown in Figure 6.5. 

 

Fig 6.5 The charge distribution in Ewald summation method 

This charge distribution function is represented by Gaussian distribution as: 

ρ(r) =
qiα

3

π1.5
exp (-α3r2)                  (6-3-8) 

The real space summation is given by: 

U1 =
1

2
∑ ∑ ∑

qiqj

4πε0

erfc(|rij+n|)

|rij+n|

∞
|n|=0

N
j=1

N
i=1             (6-3-9) 

In this formula, erfc is residual error function: 

erfc(x) =
2

√π
∫ exp (-t2)dt
∞

x
               (6-3-10) 
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The new summation of the error-containing function can quickly converge. The speed of 

convergence depends on the width of the Gaussian function. The wider the Gaussian 

distribution function, the faster the series will converge. 

The second term, the potential function generated by the charge distribution function is: 

U2 =
1

2
∑ ∑ ∑

1

πL3

qiqj

4πε0

4π2

k2
exp (-

k2

4α2
)cos (k ∙ rij)

N
j=1  N

i=1k≠0  (6-3-11) 

The potential of real space should also include the third term: the interaction of the 

Gaussian charge distribution itself: 

U3 = -
α

√π
∑

qk2

4πε0

N
k=1                   (6-3-12) 

In addition, the potential generated by the spherical medium around the simulation box 

must be added: 

Ucorrection =
2π

3L3
|∑

qi

4πε0
ri

N
i=1 |

2

            (6-3-13) 

So, the total expression of Ewald sum should be: 

U =
1

2
∑ ∑ {∑

qiqj

4πε0

erfc(|rij+n|)

|rij+n|

∞
|n|=0 + ∑

1

πL3

qiqj

4πε0

4π2

k2
exp (-

k2

4α2
)cos (k ∙k≠0

N
j=1

N
i=1

rij) -
α

√π
∑

qk2

4πε0

N
k=1 +

2π

3L3
|∑

qi

4πε0
ri

N
i=1 |

2

} (6-3-14 

6.3.6 Numerical solution of molecular motion equation 

The Newton equation of the multi-particle system cannot be solved analytically and 

needs to be solved by numerical integration. The basic idea of the finite difference 

technique is to divide the integration into many small steps, and the time of each small 

step is fixed at δt. The sum of the forces of a particle is equal to the vector sum of the 

interaction forces between it and all other particles. According to this force, we can get 

the acceleration of this particle, combined with the position and velocity at time t, we can 

get the position and velocity at time t + δt. This force is assumed to be constant during 

the time interval. 

Here are a few common algorithms: 

Verlet algorithm17 

Using the position and velocity at t and t-δt, to calculate the position r(t+ δt), the 

derivation of the Verlet algorithm can be expanded by using Taylor series. 

ri(t + δt) = ri(t) + δtvi(t) +
1

2
δt2ai(t) + ⋯         (6-3-15) 
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ri(t-δt) = ri(t)-δtvi(t) +
1

2
δt2ai(t)-…         (6-3-16) 

Sum up (6-3-15) (6-3-16): 

 ri(t + δt) = 2ri(t)-ri(t-δt) +  δt
2 Fi(t)

mi
            (6-3-17) 

v(t) = [r(t + δt)-r(t-δt)]/2δt             (6-3-18) 

 

The Verlet algorithm is simple, but the disadvantage is that the position r(t + δt) 

which is a small term must be obtained by the difference between very large two terms 

2r(t)  and r(t-δt)  which is likely to cause loss of accuracy. The velocity term is not 

shown in the equation, and it is not a self-heuristic algorithm. 

Leap-frog algorithm18 

The speed differential is expressed by the difference of the speed at the time t + δt 

and t-δt. 

vi(t+δt/2)-vi(t-δt/2)

δt
=

Fi(t)

mi
                 (6-3-19) 

The velocity of t + δt 

vi(t + δt/2) = vi(t-t/2) +
Fi(t)δt

mi
            (6-3-20) 

the differential of atomic coordinates can be expressed as 

ri(t+δt)-ri(t)

δt
= vi(t + δt/2)               (6-3-21) 

To execute the leap-frog algorithm,v(t-
δt

2
) and acceleration at t must be determined 

to calculate the v(t +
δt

2
), then  r(t + δt) can be calculated by equation (6-3-21).  

v(t) =
1

2
[v (t +

δt

2
) + v(t-

δt

2
)]             (6-3-22) 

The Leap-frog algorithm has two advantages over the Verlet algorithm: it includes a 

velocity term, and the amount of calculation is slightly smaller. It also has obvious flaws: 

position and speed are not synchronized. This means that at a certain position, it is 

impossible to calculate the contribution of kinetic energy to the total energy at the same 

time. 

Velocity Verlet algorithm19 

The velocity Verlet algorithm can give position, velocity and acceleration at the same 
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time without sacrificing accuracy. 

ri(t + δt) = r(t) + δtvi(t) +
1

2m
Fi(t)δt

2        (6-3-23) 

vi(t + δt) =  vi(t) +
1

2m
[Fi(t + δt) + Fi(t)] δt

2     (6-3-24) 

The algorithm needs to store the coordinates, speed and force of each time step. Each 

time step of this method involves two time steps, and it is necessary to calculate the force 

after the coordinate update and before the speed update. Among these three algorithms, 

the speed Verlet algorithm has the best accuracy and stability. The calculation of force is 

time-consuming, if memory is not a problem, higher-order methods can use a larger time 

step, so the calculation is very beneficial. 

6.3.7 Potential function20–26 

The potential function is a function that represents the interaction between atoms 

(molecules), also known as the force field. The interaction between atoms controls the 

interaction behavior between atoms and fundamentally determines all the properties of 

the material. This effect is specifically described by the potential function. 

The interaction potential between atoms can be divided into classical potential and 

first-principle potential according to the source; the classical potential can be divided into 

the interaction potential between atoms and the interaction potential between molecules 

according to the scope of use; according to the form of the potential function, it can be 

divided into pairs Potential and multi-body potential, which as shown in Figure 6.6. 
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Fig 6.6 Classification of interaction potential 

In this work, the specifical used potential, and formula as shown in Chapter 3 method 

part. Here, it mainly introduces the classification of potential field, and its specific 

mathematical expression will not be introduced in detail. 

6.3.8 Ensemble theory27,28 

Ensemble is a concept of statistical mechanics, which was created by Gibbs in 1901. 

The object of molecular dynamics research is a multi-particle system, but due to the 

limitation of computer memory and calculation speed, the number of particles in the 

simulated system is limited, but the laws of statistical physics are still valid, so the 

computer-simulated multi-particle system uses statistics to describe the laws of physics. 

An ensemble is a huge system, composed of identical systems with exactly the same 

composition, nature, size and shape, and a collection of extremely large numbers of 

systems. Each system is in a certain state of microscopic motion, and is independent of 

each other. The microscopic state of motion constitutes a continuous area in the phase 

space (the space formed by the generalized coordinates and the generalized momentum 

is called the phase space), and the macroscopic quantity corresponding to the microscopic 

quantity is the average of all possible motion states under certain macroscopic conditions. 

For any microscopic quantity A(p, q), the macroscopic average can be expressed as: 
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A̅ =
∫A(p,q)ρ(p,q,t)d3Nqd3Np

ρ(p,q)d3Nqd3Np
                 (6-3-25) 

In the formula, N is the total number of particles in the system, q and p are the generalized 

coordinates and generalized momentum, and ρ is the weighting factor. 

Molecular dynamics and Monte Carlo methods include equilibrium and non-

equilibrium simulations. According to the characteristics of the research object, the main 

ensembles are micro-canonical ensemble (NVE), canonical ensemble (NVT), isothermal 

and pressure ensemble (NPT), isenthalpy and pressure ensemble (NPH) and so on. 
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